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PREFACE. 


The absolute differential calculus came into prominence as 
the instrument best fitted for dealing with the general theory of 
relativity and it has also been found indispensable for the differ- 
ential geometry of hyperspaces. Although many books have ap- 
peared dealing with this calculus in relation to these advanced 
theories, there are very few that use it to develop more element- 
ary subjects. The present book was written with the object of 
providing such a text-book, enabling the student to become 
acquainted with tensor methods much earlier in his mathemati- 
cal education. There is no better way in which tlie student can 
appreciate the power of tensorial methods than by seeing them 
applied to subjects with which he is already familiar, and the 
topics treated here do not go outside the ordiiiary university hon- 
ours course in mathematics. IsTaturally the book is not intended 
to give a full account of the subjects chosen, but tiro author bas 
tried to give a brief consistent treatment of each. 

The contents are divided into four parts. The first hgs been 
included in order to make the book inde])endent of other works 
and contains an elementary exposition of the fundamental ideas 
and notation of tensor theory. The second part gives tlie 
cation of the calculus to algebraic geometry and is really the 
geometrical treatment of tensor algebra. Thus the first half of 
the book deals with the algebraic, as distinct from the differiai- 
tial, properties of tensors and only linear transformations are 
considered. 

The third part introduces the absolute differential calculus 
pro])er, namely, the theory of the differentiation of tensors. It 
deals with elementary differential geometry and approaches the 
problem of covariant differentiation from the geometrical ])oint 
of view. It is hoped that this section will be of value to the stu- 
dent as an introduction to advanced differential geometry. The 
method of treatment has been chosen with this object in view. 



vi 


PREFACE. 


Tie fourth section treats of applied mathematics, giving 
applications to dynamics, electricity, elasticity and hydrodyna- 
mics. A short ’account has been given of the geometrisation of 
general dynamics. The final chapter deals with the special 
theory of relativity from the tensor point of view, in the lioi^o 
that it will prove a useful introduction to the more difficult gene- 
ral theory. An appendix has been added on the use of orthogonal 
curvilinear coordinates in mathematical physios, in whicJi t]i(3 
notation of the text is connected with that commonly used in 
text-books that do not employ tensor notation. 

The absence of examples in most of the books on the tensor 
calculus that have appeared up to the present is a serious dis- 
advantage. In the present work there is a large collection of 
examples and it is hoped that they will enable the reader to acquire 
facility in working out problems by tensor methods. Answers 
to the examples are usually given and in many cases hints for 
solution are added. 

My best thanks are due'to Professor T. Levi-Civita, Professor 
A. Palatini, Professor J. L. Synge and Dr. John Dougall for 
valuable suggestions during the preparation of the mamivscript. 

A. J. McCONNELI.. 


Trinity College, Dublin, 
April 1931, 
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PART I 

Algebraic Preliminaries 


CHAPTER I 

Notation and Definitions 

1. The indicial notation. 

The notation of the absolute differential calculus or, as it 
is frequently called, the tensor calculus, is so much an integral 
part of the calculus that once the student has beconie aeons- 
toined to its peculiarities Jie will have gone a long way towards 
solving the difficulties of the theory itself. We shall therefore 
devote the present chapter to a discussion of the notation 
alone, applying it briefly to the tlieory of determinants, and we 
shall postpone to the next chapter the tensor theory proper. 

If we are given a set of three independent variables, they may 
be denoted by three different letters, such as x, y, but we 
shall find it more convenient to denote the variables by the 
same letter, distinguishing them by means of indices. Thus 
we may write the three variables x^, or, as they may be 

more compactly written, 

cc, (r = l,2, 3) , . . (1) 

Now in (1) we have written the index f as a subscript, but we 
could equally well have used superscripts instead, so that the 
variables would be written or 

(r = l,2,3) (2) 

Mere it must he undersiood that does not mean that x is raised to the 
Ttti poioer, hut r is m^d merely to distinguish the three variables. In the seqiK^l 
wo shall hiave occasion to use both, subscripts and superscripts, and in 
the next chapter we shall give a special significance to the position of tJie 

(E 287) ' 1 
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index. In fact we shall find that, in accordance with the convention 
adopted later, the form (2) is the appropriate one for our variables and 
not (1). 

A homogeneous linear function of the variables is obviously 
of the form 

g 

a;** s ai aji + + a^oifi, .... (3) 

W = 1 

where a^, are constants. Thus the coefficients of a linear 
form can be written 

ar (r==l,2, 3). 

Systems of quantities, which, like and depend on oiK'. imhx 
only, are called systems of the first order or simple sysfemSf and 
the separate terms, and Ug, %, are called tlu^ elements 

or components of the system. It is obvious that a system of the 
first order has three components. Moreover there are two tyfXis 
of simple systems, namely, those in which the index is above 
and those in which it is below, and hence all simple systeniH arc', 
of one or other of the two forms 

a\ (r = 1, 2, 3) (4) 

On the other hand, a homogeneous quadratic function of the 
variables is of the form 

^ % ( 35 ^)^ + 0^12 35 ^ 

+^21 x^ x^ + ^22 (x^)^ + cugg (0) 

+ ^31 X^ + ^32 3?^ + Ugg 

the a's being again constants. We see that the coefficients of a 
quadratic form depend on two indices, and are written 

(m, 1, 2, 3). 

Systems, which depend on two indices, are called double systems 
or systems of the second order. Since the indices may be either 
above or below, it follows that double systems can be of three 
types 

(r, 5:= 1, 2, 3), (0) 

and it is easily seen that there are 9 components iii eacli fiyst(U)U 
Similarly we have systems of the third order , which depend 
on three indices and which can be of four types, 

(T, 5, ^==1,2,3). . . , (7) 
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Here eacli system contains 3® or 27 components. We can continue 
in this way to systems of any order. 

To complete the series we shall call a single quantity, a, 
which has no indices, a system of order zero. 

Although we have taken the number of variables to be three for de- 
finiteness, all that has been said applies also to any number of variables 
except that the range of values for the indices will be different. For 
example, if the number of variables were four, the indices would range 
from 1 to 4 instead of from 1 to 3 as above. 

Examples. 

1. Show that a system of the fourth order may be of any one of five 
types, 

2. If the number of variables were four, how many components would 
there be in systems of the second and third orders ? 


2. The summation convention. 


We shall now adopt two important conventions with regard 
to indices. In the tensor calculus we very frequently deal with 
sums of the types (3) and (5), and it is to be noted that in these 
formulae the indices to which the Z sign refers appear twice 
in every case. It will add very much to the compactness of 
our formulae if we can dispense with the S sign, and this can 
be effected if we agree that a Z sign is understood whenever 
an index is repeated in a single term. Thus (3) would now read 

( 8 ) 

and (5) becomes 


^mn ^ ^11 

+ + ^22 

+ # + agg X^ + ttgg (X^)^ 


. . (9) 


The only inconvenience possessed by our convention arises when 
we wish to write down tho general term in either of tho sums (8) or (9). 
It is very seldom that we require to do this, but we can provide for such an 
eventuality by agreeing that the summation convention will only apply 
when the repeated index is a small italic letter and by using capital letters 
for repeated indices which are not to bo summed. Thus the general terms 
in the sums (8) and (9) will be denoted by 

’ “'MN ^ < 


respectively. 
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Oui first conveation therefore reads: 

A repeated small italic index is to he summed from I to 3. 
Since the repeated index is to be summed froiri 1 to 3, it 
follows that the particular letter used f^or the r(‘p(iat(‘(| hulvx is 
quite immaterial, and we ■ V;f' - for it any I(dtnr w(^ 
please without altering tl cxpresskm we are 

dealing with. Thus 

^ Qr + a.2, x^ + , 

and 

a^ « a?’” a?" ^ a,. , x'^ x^, 

For this reason the repeated index is often referred' to us a dummy 
index. 

An index which is not repeated in atiy singlti t(‘.rin is Icnown 
as a free index. Thus all the indices in tlie fornnihu* (I), 
(6) and (7) are free indices, and it is to be notiul that in these 
formulae the free indices have the range of values from 1 to 3. 
shall hence take for our second convention : 

A free or unrepeated small italic index is (o have the rmi{/r of 
values 1, 2, 3. 

For example, a system of the second order will now rt^ad 

^rs 

without any explicit znention of the range of vuhi(‘S of r find 
In other words, stands for any one of the 9 quantities 

^21 > ^22 i ^23 

^81 > ®32 > ^33 ♦ 

Although the fact has no significance for the present, wo r{‘mark 
that we shall find almost always that a dummy ind(‘X will appc'ar onoe as 
a subscript and once as a superscript, and we shall as far as possibU* koop 
to such an arrangement in this chapter. 

Examples. 

1. Write out in full the system of linear equations given by 

a?* = h.r, 

2. How many terms are included in the sum 

3. Show that Is a system of the first order, and write out its com- 
ponents in full. 
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3. Addition, multiplication, and contraction of systems. 


In dealing witb the algebra of systems there are three main 
algebraical operations, which are called addition, multiplica- 
tion and contraction. 


(i) Addition, This operation applies only to systems of the 
same order and type. If we are given two systems of the same 
order and type, and if we add each component of the first 
system to the corresponding component of the second, we 
obviously arrive at a system of the same order and type as the 
original systems. This process is the operation of addition and 
the resulting system is called the sum of the two systems. Thus, 
if a[^ and are two triple systems, then the system defined 
by the equations 

( 10 ) 


is the sum of and We are here speaking of the algebraic 
sum so that subtraction is included as a particxilar case. More- 
over the operation can be immediately extended to find the sum 
of any number of systems, provided they are all of the same 
order and type. 

(ii) Multiplication. We shall now define the product of two 
systems. If we take two systems of any kind and multiply each 
component of the first by each component of the second, we get 
a system whose order equals the sum of the orders of the two 
original systems, and this resultipg system is called the product 
of these systems. For example, if is a triple system and 

h'^'^ is a double system, we see that the system whose 
components are given by the equations 


rmn 


-Linn 


( 11 ) 


is a system of the fifth order and is the product of and 
The process can of course be extended to define the product of 
any number of systems. 

(hi) Contraction. The ' process of contraction can best be 
explained by an example. Let us take a system of the fifth order, 

^HtU9 

which has both upper and lower indices. If we now put u equal 
to p, we get the system , and since p is now a repeated index 
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it must be summed from 1 to 3 in accordance with our con- 
vention. Thus the new system, obtained in this way, is 




?) = 1 


tp ' 






(:ia) 


We therefore see that our new system (12) is of th(' Unnl order, 
that is, its order is two less than that of the original system. 
The operation can evidently be repeated sevcuul tim<>s for we 
can contract with respect to any pair of indices, otui of wluhdi 
is a subscript and the other a superscript. In the exami)i(‘ given 
above we can contract once more with respect in) r and L, ob- 
taining the simple system, 






*srp’ 


There is another operation on systems, culled convposilion or 
inner multipliGation, which is not a new operation hut* is riNiJIy 
a combination of multiplication and contruetioii, 1'o (‘.ompourid 
two systems we first take their product and then (MJiiiu'uci- this 
product with respecTt to a subscript of one and a supensf'ript 
of the other. Thus an inner product of two systems, and 
is the system 

3 


a" 

sp 




p^i 


4. Symmetric and skew-symmetric systems. 

If we are given a system, with two Hnl)HcriptH, it may 
happen that each component is unaltered in vahui when the 
indices are interchanged, that is, 

^mn 

The system is then said to be symfneirie. More generally, a sysficun 
having any number of subscripts is said to be symnudiricj in two 
of these subscripts if the components of the system unaltt^red 
when the two indices are interchanged, and the system is aomr 
pletely symmetric in the subscripts if the interchange of any 
two subscripts leaves the components unaltered. A (U)mi)l(‘ttdy 
symmetric system of the third order will therefore satisfy th (5 
relations 

%inp ^mpn ^nmp %pm %mn '•^pnm' 

On tbe other hand, the system is sTcewsymmeinc if tlui 
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interchange of indices alters the sign of the component but not 
its numerical value, in which case we have 

Ojmn 

These equations, written in full, read 

^11 ~ ^11 5 *^22 ^ ^22 5 ^33 ~ ^33 J 

*^3 2 *^215 ^23 ^ 32 ? ^'31 ^'^13 9 

from which we deduce immediately that = 0533 = 0. 

Similarly a system may be sJvew-symnietric with respect to two 
subscripts, or may be completely skew-syxnmetric in all its 
subscripts. A completely skew-symmetric system of the third 
order will satisfy the relations 

^mnp ^mi)n ^nmy ^iimn ^pnm' 

The above remarks about symmetry and skew-symmetry apply 
equally well to superscripts. 

Examples. 

* 1. How many distinct compononts are there in the oomjdetcly sym- 

metric system of the third order? 

I 2, Hhow that the skow-symmctric system of the third order has only 
ono non-zero distinct component. 

^ 3. If is skow-symmctric, prove that 

and, conversely, prove that if this equation is true for all values of the 
variables then is skew-symmetric. 

. 4. If is a double system satisfying the equations 

= 0 , 

prove that either 6 = — 0 and is symmetric, or & =s c and is skew- 
aymmetric. 

[The indices r and 8 can have any of the values 1, 2, 3 and hence the 
above sot of equations can be written in the equivalent form 
= 0. Adding to the above equation we get (6 + c) -j- »«,.) = 0. There- 
fore either 6 = — c or etc.. .] 

5. The skew-symmetric three-systems and the Kroneeker deltas. 

Let ^ completely skew-symmetric system of the third 

order, that is, its components are altered in sign but not in ab- 
solute value when any two of its indices are interchanged. Conse- 
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qiiently we see that its components can have only the following 
three distinct values: 

(i) 0 , when any two of the indices are equal, 

(ii) + permutation of 123, 

(iii) — ^ 123 , when rst is an odd permutation of J23. 

We shall denote by e^st the skew-symmotrie, syshmi whose 
components have the values 0 , -|- 1 , — 1 > and we shall refer 
to it as the e-system. We have ^123 ^ ^ j ^^k(‘w- 

symmetric system of the third order, then 

^rst ^ ^12^ ^rsi (It5) 

We can also have all the indices superscripts, so tliat wo liavo 
the corresponding skew-symmetric system whos<^ ehumad^H 
have exactly the same values as those of W(‘. sliall find that 
both these systems are of great value in dealing with (l(‘t(‘rnii- 
nants. 

Now from these two systems, e^ftt and we can dc'diKui 
other systems by the operations of multiplication and (‘,ontra(;« 
tion. By multiplication we have the system of th(‘^ sixth ordcT, 


s t 

^mnp ““ 




u,p 


( 11 ) 


Having regard to the values which the c-systems csan take, 
we see that the new system has the following values: 

(i) 0 , when two or more of the subscripts (or superscripts) 
are the same, 

(ii) + 1 , when rst and mnp differ by an even number of 
permutations, 

(iii) — 1 , when rst and mnp differ by an odd number of 
permutations. 

Let us next contract <5;,*^, thus giving us the system of tho 
fourth order 


^mn ^9tinp 


^mni “I" 


(15) 


We first observe that this is zero if r and s are the same or if m 
and n are the same. Also if we give r, s the special values 1 , 2 
respectively, we see from (15) that 


'5^” =: 

■'m7i ^tHnZP 
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and therefore vanishes unless m, is a permutation of ] , 2, 
when it is + 1 for an even permutation and — 1 for an odd 
permutation. We liave similar results if we give r, 5 any other 
special values. Hence takes the values: - 

(i) 0, when two of the subscripts or superscripts arc the same, 
or when the superscripts have not the same two values 
as the subscripts, 

(ii) + 1, when r, s and m, n are the same permutation of the 
same two numbers, 

(iii) — 1, when r, s and m, n are opposite permutations of the 
same two numbers. 

If we contract and halve the result, we obtain the double 
system, 

+ . . (IG) 

When we put r == 1 in we get 

and we sec that < 3 ^^ vanishes unless = 1, in which case it 
equUls + 1 * The results are similar when we put r equal to 2 or 3 . 
H(mce has the values 

(i) 0, if r and m are not equal, 

(ii) 4” 1? if ^ equals m. 

All these < 3 -system 8 are generally referred to as the Kroneoker 
deltas. 


Examples. 


I. Prove that 


<5.^ = 3, <5,L1 = 


2 <5;;,, <5-^=3! 


2. Prove that 




xr _ j,' r n 
^m n * 


3 . Prove the formulae: 


< 5 r«' 


xr .Aun . 


[To prove the second result, let f, s take the special values B, S. 
Wo know that vanishes except when m, n take the values JB, S, and 
we have 






1 . 
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Consequently (remembering our agreement in § 2 as to capital inclioos), 
wliich proves tlie result. The others follow similarly.] 

Determinants 

6. The determinant formed by a double system <. 

We shall now show how our notation may be (‘inployod i;o 
develop the elements of the theory of determinaiitH. Tin* (b'inr- 
minant of the third order, whose elements are the doubles syshMu 
a'", is written 

aj; al aij 

Kl- al 4 (4 : . (17) 

al aij aij 

Here the upper index denotes the row and the Jow(U‘ ind<‘x tho- 
column. If the determinant is expanded in full by (‘.oluniihs, 
it reads, by the definition of the dotenninaiit, 

i, h h 

where % /, ^ is a permutation of 1, 2, 3, and the plus or uiinus 
sign is given according as the permutation is ev(m or odd. \i(*- 
membering the properties of the e-systems, wo thcTcdorc*, 
that the determinant equals , that is, with our 


summation convention, 

I I jfc * • • * » • • # (i^) 

If we expand the determinant by rows, we easily see that we 
have the similar formula 

|a,"| =e‘«a;iflsf a| (I'j) 

Let us examine 

a\ (20) 


We shall first prove that this is completely skew-symroctrio 
in r, s, t. The indices i, j, k are dummy indices and we 
have seen that the letter .denoting a dummy index is quite 
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immaterial. Coiisequentlf we do not alter the sum if we sub- 
stitute k for the dummy index i, and i for the dummy index k. 
Thus 


< K 




eki, a\ ai at = 




since an intercliange of two indices in e,; 3-;, changes the sign. 
J-Tence (20) changes sign if f and i are interchanged, and the same 
result liolds for any other two of the indices r, s, which proves 
our Btateinent. Moreover (20) takes the value | aj,’ | when f, s, t 
]iav(‘. th(\ ])articuiar values 1, 2, 3 res2:)ectivcly, and wo conclude 
from the equations (13) that 


Hiniilarly, 


etjk ai = I I (21) 

e‘^'^c(U4al = \fC\e^'^* ( 22 ) 


W<‘. have said tliat the upper indices denote the rows and 
tJu'- low(u.’ the columns. The equations (21) and (22) therefore 
show tliat an interchange of any two rows or columns changOvS 
th(^ sign of tlie determinant but not its absolute value, and, in 
]}a,rti(uilar, if two rows or two columns are identical the deter- 
niinant vanishes. 

As an oxaitipk'. of ilic ])owor of this notation wc may prove the well- 
known theorfMU on. tlu^ mnltiplication of two determinants. Lot the cle- 
meiils of the lic^tt^rmitlaniJH rd' and K. Then 


<lx l&i'l = 

Konoo if wo put 

< - <n K + < ^3. 

wo have 

and the formula for the j^roduct of two determinants is 


i<ix|6ri = i<6ri 


(23) 


KxAMemss. 


1. Provo that | | 1 . 

2. If then | | is the reciprocal of 

3. If is a double system such that 6^^ 6”'' ~ <5^, show that 


4. Hhow that 

dVAalaW,- 


Sl‘l, and (S?/i4a'»?=3!l*r|- 
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5. Work out the results corresponding to the above for deterniinants 
of the fourth order, by examining the case where the in(lic(‘H hav(^ th('. 
range of values 1, 2, 3, 4. 

[We find that the e-systems are now systems of the fotirth order, 
and there are four types of Kronecker deltas.] 


7. The cofactors of the elements in a determinant. 


When the determinant (IT), p. 10, is expanded in full it is 
obvious that any element such as a!', appears once in each of 
a certain number of terms of the expansion. The coeffic,i(‘nt 
of in this expansion we call the eofactor of the element a!f in 
the determinant and we denote it by A],. Our object is to find 
an explicit expression for this cofactor. 

Let us consider the element a[. From (18), p. 10, the cofaotor 
of is seen to be e^^^ ail which can be written 




that is, 


2 ! 










and a similai result holds for the cofactors and A!'.. Con- 
sequently we see that the cofactor of a^' is given by ' 

= (24) 

■ Having obtained expressions for the oofactors wo are 
now in a position to obtain the expansion of the detcrniinaiit 
in terms of the elements of any one row or of any one column. 
Let us consider a“Al^. We have 


A* **■ J 


Jik ^ 
2!® 


1 

2 ! 

_1 

2 ! 




d 


Hk 

I'ik' 


Hence, if we denote the determinant by 

(ij, = A, (f^ ^ ^ 25 ) 

This formula gives the expansion of the determinant in terms 
of the elements of the column. The student will have no 
difficulty in proving the similar relation 
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C^,nAT — (26) 


wliicli is tte expansion in terms of tlie elements of the row. 

These formulae can be written in a slightly different form, 
which will be found useful later. If A is not zero, let us put 

that is, a* is the cofactor of in A , divided by A . The for- 
mulae (25) and (26) now read 

i Mil /c\n\ 

Ifil/jjt Ctiffi ssss (Xrift sss (J.j, * , , » . 0 , (2T) 


Examples. 

1. To &ximas the 00 factors of the reciprocal cleierminant m terms of the 
elemeMs of the original defernmiant. 

Tlu^ reciprocal deiermmant oiA is that whoso olemcnts aro A],. Lot A 
and A^ d(‘not(^ tlio rcM'iprooal determinant of A and the oofactors of its 
(‘lenienls. Wo wish to express these quantities in terms of A. and the elements 
of A. Wn have, by tin* riih^ for tho multiplication of determinants, 

I A - I Ai < \^ \ A 4 i - AL 

if A =1= 1), 

A^AK 


Also, a.p|)lying (25) to the reciprocfvl determinant, wo obtain 

A^Al d^A. 

If w(^ multiply this equation by aj and sum s from 1 to 3, wo get 


that is, 

Therefore, if A 4= 5, 

2. Provo that 


AJ'djA = , 

Iff A ^ afA -- uffA^. 
Af = Aaf. 


e^'^^Al = 4 » and e^^j^Ay = 4 4- 

3. Provo that 

d„\i af < = ui ai - 4 «*; = < 5^//; 4 • 

4. Show that 

^ ^ '5*'/; fif a", n\ , 4“ Al, = a A. 




-- - A' 


5. Turova that 
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8. Linear equations. 


A system of three linear equations can be written 
a\ + alx^ ■+ fflj 
a® x^ + a| a;® + a® = 6® , 
a® + al a:® + alx^ — ¥' . 

If we use our conventions regarding the indices these cun he 
compressed into 


a‘-^Tr=.V 


(28) 


We wish to find the solution of these equations. 

Let us suppose that A is not zero. Then if wo. multiply (28) 
by A’ and sum r from 1 to 3, we shall have 


or 

But 


A6:,x’’‘ = 4J’'‘ ( 2 !)) 


and therefore, dividing (29) by A, 

A 


(30) 


It is easy to verify by direct substitution that (30) (loos satisfy the lhH‘ar 
equations and we conclude that there is a unique solution. 

If = 0, but all the cofactors of its elements are not ^.(‘ro, wr> h(h^ from 
(29) that the equations are inconsistent unless When this 

relation is satisfied we have identically 

which shows that the three equations (28) are linearly oonneetofl , IIiuh 
we have only to satisfy two of* the equations and thc^ third is also sat iHfi(‘d, 
A particularly interesting case of (28) is whore Jf 0. W(‘ ilaui nm 
that the equations have the unique solution ^ 0 unlt‘HH A in 
Also, if A is zero, the equations are not independent and w(‘ enn find 
non-zero values of to satisfy them. That is, A = 0 is the necessary find 
sufficient condition that the equations 

< = 0 

should have a non -zero solution. 


Examples. 

1. If all the cofactors Aj. are zero, show that -- aJ.r/J and that 

the equations (28) are inconsistent unless 4 4 , 

2. If the conditions of Ex. 1 are fulfilled, show that the three eq un tioiiH 
are only equivalent to one equation. 
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9. Corresponding formulae for the system a^n- 


We have developed the theory of determinants where the 
elements are of the form a]. Obviously the results are exactly 
the same if the elements are written both indices being 
subscripts. But if we are to arrange matters so that a dummy 
index will always appear once as a subscript and 'once as a super- 
script in each term, we shall require to modify our formulae 
a little. We shall only state the results and leave the student to 
prove the various formulae. 

Writing out the determinant in full, we have 


<^11 <^12 <*13 

A ^ \ Uffin \ ^ \ (^21 <*22 ^^23 I (^1) 

<*31 <*32 <^<3I 

SO that the first index denotes the row and the second index the column. 
We have 

A = (32) 

and 




“/r <*j-4r 


'ri ^sj ^tlc • 


Ae,, 


(33) 


The cofactors of the elements are given by the formulae 




2! 


'js ^7&t 


(34) 


where is the eof actor of ai^, in the determinant. Also the expansion 


of the determinant in terms of the elements of the rtli column is 

= (35) 

whilst the expansion in terms of the elements of the rtb row is 

= A<f‘ (36) 

If A is not zero, let us put 

so that is the cofacior of air iu A, divided by A; Then 

««»• (37) 


If the system a^n Is symmetric we say that the determinant is sym^ 
metric and if Is skew-symmetric the determinant is skew-symmetric. 


Examples. 

1. If is symmetric, show that A’"” is also symmetric. 

2. If a^in is skew-symmetric, show that in the third-order deter- 
minant A^^ is symmetric and A is zero. 
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3. Prove 

Brnin ~ ^rmn ^^nk' 

4. Solve the equations arm^”" == 6^, following the analogy of § 8, p. 14. 

5. Write down the formulae connected Avith the determinant formed 
by the double system 


10, Positive definite quadratic forms. The determinantal 
equation. 

The quadratic form positive dejinite 

if it vanishes only for the values == 0 and is jiositive for fill 
other real valties of 

If we are given two quadratic forms 
where and are two symmetric double systems, we have 
often to consider the symmetric determinant 

6^1 ^ 11 } ^^12 ^12 9 ^la 

^^21 — ” ^21 9 ^^22 ^22 5 ^^23 ^23 

^ ^31 ^31 9 ^^33 ^32 a ^ %3 ^33 

This determinant we shall briefly denote by \0a^n — ^mn\* 
We wish to prove that if a^n ^ positive definite quadratic 

form then the roots of the determinantal eq^mtion 

j ^Ci<mn H^nin j ^ 

are all real. 

Let us suppose that a + is a root of (38). Then (p. 14) there exist 
non-zero quantities X^+ such that 

[(a+ (A”+ == 0. 


Equating real and imaginary parts we have 

— — (39) 

— (40) 


If we multiply (40) by and (39) by and sum m from 1 to 3, wo 
obtain by subtraction 

^ (a ^ « + ^«) (b^n - hm) ^ 0, 

Now 2% are not all zero and is positive definite. Hanco 

^-ud cannot both be zero, and we conclude that 

which proves that the root is real. We have therefore proved our theorem* 
If we multiply (39) by (40) by and sum m from 1 to 3, we 
get by addition 

a -f /;«) = > A" + 
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If we are also given that is a positive definite form then the 

right-hand side of tliis equation is positive and we conclude that a is posi- 
tive. We have hence the following result: 

If posUivc definite forms then the roots 

of the determinantal equation (38) are all real and positive. 

Example. 

If is positive definite and is skew-symmetric, prove 

that the roots of (38) are either zero or purely imaginary. Deduce that the 
skew-symmetric determinant of odd order is zero. 


EXAMPLES I. 

1. Prove that if a;’™ ?/« = 0 for arbitrary values of and 
then a^n = 0. 

2. Prove the numerical relations: 


sii k 
n p 


3. Prove 


^7H it 


xhlp /<iik xh I "jAwju . 

'^rnt ^7>tup '^rat ' 


■2! 


6';,, < 5 ;; 

< 5 “ < 5 » , 


5 ?’ . 1 1 
n p 


<5j: <3^ 
K. K SI 

' 4 < 5 ^ 


4. If a .,<8 &r8 are both symmetric systems, such that 

^‘ra l^tu ^‘rul^at “f” t^ru ^tu^ra ^ ^ j 

then a^a — 

5. If fop arbitrary values of show that 

' am » 4" <^'7i 7» ^ n 4“ w > 

hence, if a^n ^nd symmetric, amn = 

6. If a^n is either symmetric or skew-symmetric and A = 0, show 

that can be chosen such that k x^. 

Hence deduce that if are all zero, then every is zero. 

[The quantities x^ are those which satisfy a,n^n 0.] 

7. If A == 0 show that the solutions of the equations x^'^ — 0 
satisfy 

(x^f : (x^)^ : (a;8)2 =:== : A^K 

8. If are quantities such that == i5* , prove that ot^’^ is the 

cofactor of a,.., in the determinant A, divided by A. 

[We have a,.,,, that is, 

9. Derivative of a determinant. If a^ are all functions of the variables x^. 
show that 

(E 287) 


2 
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r dA ^ 


dA_ _ „ da 

dz' ~ dx' 




10. Let hrnn = Oa,nn - wherc and arc two nyninK^triti 

systems sncli that is positive definite, and let F and }F>^ ’» denote 

the determinant \ h^,n\ and the cofactors of its elements. 

(i) Prove that ^ EH'^^ — where dashes denote 

differentiations with respect to 0. 

(ii) Deduce that if 6 is a double root of if — 0, then it is a root of ('aeh 
of the ec[uations = 0. 

11. Prove the following formulae connecting A, ; 


ddmn . 

dare 

do^ 

dUra 

d{logA) _ 

dar, 

dU 

da^^dara " 
dU 

da'"" da"'* ‘ 


• -- ; 




: A (a’"" a^« — a"‘®a'’") , 


• A (it’ffi s^rn n^ra)’ 


' n 


d{lo^A) 


12. If af satisfies the relations, = dj’ , show that {liiher 

^ 1 and I aj* — dj I = 0 , or J. = — 1 and | + d'f | =t:s 0. 

[ I < ± d: \ A =^\ a;;, af ± t?;;, af | - | (5^ ± | - ± | ^4’ ± ! ] • 

13. Functional Determinants. If y\ y'^ arc a sot of fuiKjiions of 

a;S iK®, we denote by the functional determinant, or 

Jacobian, of the y^B with respect to the aj’s, that is, 

y^) dy^ 

d(x^, a;®, rc®) doj® 

Prove that, if z\ z% s® are functions of the i/b, then 

dg'’ ggr ^ym Qym 

dx^ dy^ dx^ dy^ 'WiF 

14. Prove that 




dy d^y^ da;" 

dx dx^dx'^ dy'^ 


d{y^, y^) ^ dj^ 

d(x^, x^, x^) ' da;" 


15. Prove that 
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16. Bordered Determinants, The determinant A is said to be bordered 
when an additional row and column are added. Eor example, such a 
determinant is 

^hi ^^12 ^^13 '^h 

f^22 ^^23 ^^'2 

10 

Prove that 

a«n „ 

Vn W 

17. li is the cofactor of the determinant 1 |, prove that 

7nn r s ^ ^ r ^'na ^ms ^^nr) • 

18. If am 7 i 7 f>mn ‘*<^6 tw^o doiiblc systems, show that | A’” | 
== A'^B^ and show that the cofactors of the elements in \ A^^^h^^bna l 
arc 


CHAPTER II 
Tisnsor Analysis 

1. Linear transformations. 

Let ns suppose that the variables, cd®, are trans- 
formed into a new set of variables, 5;^, by the linear 

transformation 

x'^ == + gI x^ + cl , 

S- = cl + cl x? + cl , 

x^ ^ cl x'^ + c'j x^ + cl x^ , 

where the c's are constants. Making use of our conventions 
about the indices, these equations are compressed into the 
single formula 

= . ( 1 ) 

We assume that c = | c’’ | , the determinant of the transforma- 
tion, is not zero. Let y'l be the cofactor of in the de- 
terminant c, divided by c. Then 

?« r jn tr /o\ 

^niy.H (^) 

and we can solve equations (1) for the cej's, giving 

r* T -^nt 

X =y,nOC 

which shows that the given transformation is reversible. 


( 3 ) 
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Again, if c’ = 6' , we have 

x’’ ~ x', 


which is the identical transformation. 

If we transform first from the varmbles x^' to x^, according 
to equations (1), and then from x>' to x‘>', according to the equa- 
tions 

x’' = Cx, 

we see that the transformation from the original variables x/ 
to is given by __ 


wnere 


This transformation is consequently also of the linear form. 

A series of transformations is said to form a groirp rf it HaiJsfif'H the 
following conditions: (i) if the transformations from to and from 
to i"' are of the series, then the transformation from to x^' is also of 
the series; (ii) the series contains the identical and the rovcTHibh^ trans- 
formations. 

Hence we see that the system of linear transformations forms a group. 


1. Show that 

2. Prove that 


Examples. 

|y;’|===l/o. 

icri = icri*ic:i 


2. Invariants, contravariant and covariant vectors. 

We now ask the question: — Given systems of different 
orders as defined in the previous chapter, how can these systems 
transform when the variables are transformed by a linear trans- 
formation? 

This question leads us to the definition of a tensor. A tensor 
is a system of numbers or functions of the type considered in the 
last chapter, whose components obey a certain law of transformation 
when the variables undergo a linear transformation (I). Con- 
sequently there will be tensors of order ^ero, one, two, three, 
and so on, just as there are systems of these orders. 

Let us first consider a system of order zero, that is, a single 
number or function. If this quantity has the same value in the 
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new variables as it has in the old variables it is called 
a scalar^ or an invariant, or a tensor of order zero. Hence the 
quantity a is an invariant if 

a = (4) 

where d is the value of the quantity in the new variables. 

Next let us consider systems of order one. Now a simple 
case of a system of the first order is the system of variables 
itself, namely The components of this system become x"' 
after the transformation, where 

== ot)*'' . 

Hence this, gives one way in which a system of the first order 
may transform. Any such system, whose components transform 
in this way, is called a contravariant tensor of order one or, alter- 
natively, a contravariant .vector. Thus is a contravariant vectpr 
if its transformed components, are given by the equations 

a^' = a:a\ (5) 


when the variables undergo the linear transformation (1). 

There is another way in which the components of a 1 -system 
may transform. We have seen that the coefficients of a linear 
form in the x's also form a system of order one. Thus the coeffi- 
cients of the linear form are the components of a system a^. 
Let us now suppose that the a"s transform in such a way that 
the linear form remains under the transformation 

of variables. If we denote by the new components of the system 
a^ after the transformation, we have 


since the linear form is an invariant. It follows, from (3), that 


Since a dummy index may be denoted by any letter, these 
equations can be written in the form 


If these relations are to be true for all values of the variables 
we must have 

— — y,. Chyn, * . « % t . « • » (6) 
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This is obviously a different transformation law from (5), and 
a system of the first order, whose components transform in this 
way, is called a covariant tensor of order one or a covan ant vector. 

We have thus two types of tensors of the first ord(U’, and w(^ 
distinguish these types by the position of the index. It the tensor 
is contravariant we use a superscript as index, and if it is co- 
variant we use a subscript as index. In other words, an upper 
index denotes contravariance, and a lower index covariance. 


Examples. 


1. Show that 


a == -?r— « 




dx^ 
dx^' 


dx'^ 


V, ■■ 




2. Prove the formulae: 


3. If 9 ? is an invariant function of the variables show that tlu' 
system is a covariant vector. 

4. Show that the differentials, dx^, of the variables form a contra- 
variant vector. 


3. Tensors of any order. 

Our next step is to examine systems of orders liiglnn' tluin 
one, and to inquire how these may be conveniently transforiruMl. 

Let us consider a double system. A simple case of a doubhj 
system is given by the product of two vectors or systtmis of 
the first order, and such a product may be of three diffc'.ront 
types : (i) the product of two contravariant vectors, (ii) the pro- 
duct of two covariant vectors, (iii) the product of a contra- 
variant and a covariant vector. 

(i) Thus (a^' b'‘^) is a double system, which is the product of 
two contravariant vectors a^, h^\ The components of this double 
system in the new variables are given by 

Hence a double system, a”, may transform according to the 
equations 
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A system, whose components transform in this way, is called a 
contramriant double tensor^ and it is distinguished by both 
indices being superscripts. 

(ii) Again, is a double system, which is the product 

of two covariant vectors a,,, 6^. Its new components after the 
transformation are 

Consequently a double system, transform according to- 

the equations 

Yr Ya 5 (^*) 

and a system, transforming in this way, is called a covariant 
double tensor. It is distinguished by both indices being subscripts. 

(iii) Lastly, (a^ is a double system formed by the inulth 
plication of a contra variant vector, and a covariant vector, 
b^. The transformation of this system is in accordance with the 
equations 

(«'■&.,) = (CO (r:c)==cy;:‘(«’"6j- 

Hence a double system, dl , can transform according to the law 

(Ig — — €!ifi . . . . ' («)) 

Such a double system is called a mixed double tensor and is 
distinguished by one upper and one lower index. 

It will be an easy matter for the student to generalise our definitions 
to include tensors of any order. As an example, lot us consider a triple 
tensor or tensor of the third order. Obviously one such system is obtained 
by multiplying together three vectors. As a type, let us take the triple 
system (a’’ c^), obtained by multiplying together a contravariant vector, 

and two covariant vectors, 6,., Its transformation law is 

(a'-^c,) = (c;a“) (y”6J {yf o,) = 4 y? yf 

Therefore a triple system, may transform according to the equations 

( 10 ) 

Any triple system, whoso components transform in this way, is called 
a mixed trifle tensor, contravariant with respect to the upper index and 
co variant with respect to both lower indices. 

As a mnemonic to remember the laws of transformation of tensors 
we have the following: 

(i) The typical contravariant vector is x^, and all contravariant 
vectors transform in the same way as x'^. 
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(ii) The typical covariant vector is whiav. (f is an invariant 

function of the variables and all co variant veciorH tinnsfcuni like this, 

(iii) The typical tensor oi any order is a produid- of vcc-iorH lornual 
as follows: — for every contravariant (or upper) index we hav(' ii cu)Titra- 
variant vector as a factor of the products and foi eV(uy covuiuuit (or 
lower) index we have a oovariant vector as a factor. 

We notice that each component of a in^ the xmw 

variables is a linear combination of the compoiumts in tlu^ old 
variables. Consequently, if all the components of a tonsor ar(^ 
zero in the original system of variables, tiny ar(‘. also all z(‘r<) 
in the new variables. This is the most important ]>r()porty 
possessed by tensors. 

Another fact to be noted is the arbikarinm of Wo 

may take as the components of a tensor in onc^ scA of va.riabl(^s 
any set of quantities of the requisite mimbor and d(diiu‘ ilunr 
components in any other system of variable's by tlu‘, liru‘a.r 
equations expressing the law of transformal/ion for i-hat |)a.r- 
ticular tensor. Thus, if we wish to obtain a triple, tensor cton* 
travariant in one index and covariant in the otluvr two, wo 
can take any set of 3,^ quantities as th(‘, eomponeudis of tin*, 
tensor in the variables and the comj)()nentH in tlH‘ vari- 
ables x"' will then be given by the equations (10). 

Examples, 

1. Write down the transformation laws for tlu^ difh'rent typers of 
tensors of the fourth order. 

2. Show that is a double oovariant tensor, f being a ftuietion 

of the jc’s. 

3. If we have an equation of the form == 6^ btiween the ic'r.Hors 

Kif K* one system of variables, show that the samo rchdlons 

between the components hold in every system of variabk's. 

4. Show that <5^, are tensors, that la, the Kmieckn ddias 

are tensors. 

[These results follow from equations (2), p. 19,] 

5. If a tensor has its components in ono system of variables symnudrio 
(or skew-symmetric), show that its components in ovary oih(‘r Hynt-tun of 
variables are also symmetric (or skew-symmetrio). Such a tensor in eallofl 
symmetric (or shew-symmetrio). 

4. Addition, multipiication and contraption of tensors. 

We have seen in the last chapter that the adtlition of the 
corresponding components of two systems of tlie same order 
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and tyfe gives anotlier system of that order and type. Thus, 
if we have the two triple systems, and , then 




( 11 ) 


defines another system, called the sum of the original two. We 
shall now show that, if and are triple tensors, so also 
is For the components in the new system of variables are 
given by 


= + K = <« 7: yf <; + y; yf 

=<.y:yf«‘,+6:;)=ciy:yrc:;, 


which proves our statement. Thus the operation of addition 
applied to two tensors gives another tensor of the same order 
and type. Subtraction is of course included as a particular case 
of addition. It follows immediately from these results that the 
equations 


form a tensor equation, that is, if they are true in one system of 
variables, they are true in all systems; for these equations 
merely state that the tensor {a [ — has all its components 
zero in one system of variables and therefore in all others. 

We have also found that, when we multiply each component 
of one system by every component of another system, we obtain 
a system whose order is equal to the sum of the orders of the 
two given systems. Thus if.a'’^ is a 3-system and is a 2-system, 
then defined by the equations 

( 12 ) 

is a 6-system, which is called the 'product of the two original 
systems. We leave it as an exercise to the student to prove that, 
if and bl are tensors of the types indicated by their indices, 
then is a 5-tensor with its indices in the correct positions 
as sixbsoripts and superscripts. Hence the process of multi- 
plication applied to tensors produces other tensors. It is to be 
noted that in the operations of addition and multiplication a 
subscript remains a subscript and a superscript remains a super- 
script. 

Finally there is the operation of contraction to be considered, 
and we shall see that it also produces tensors when it is performed 
on tensors. Let us take a mixed tensor, say of the third order for 
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simplicity, and let us denote it by cUlf If we make the indices r 
and t the same, so that the system becomes a'V, and if wc reinciU'* 
ber that the dummy index r is to be summed from 1 to 3, wo 
see that the new system has its order reduced by two — by 
one covariant and . one contravariant index. We shall show 
that the contracted system is also a tensor. Denoting, as usual, 
the transformed components of the systems by barred letters, 
we have 

— r n P ' 

= Om Y> Yt “«P • 

When we contract t and t, this gives us 

— r r n v jtn cp ^ ?i jin ^i) 

^isr ys Tr ^np Xf ^up Xv ^np9 , 

which shows that 6,, = is a covariant vector. ' 

We therefore see that the three elementary opcvatioiiH of addition, 
multiplication and contraction are all tensor operations, and any com- 
bination of these operations on given tensors will obviously prodiua^ n(‘w 
tensors. Hence we can often recognise the tensorial character of a systtmi 
by observing that it is formed by a combination of thcBc operationH mi 
known tensors. For example, if and 6”^” are two tensors, then 
is an invariant, for it is formed by multiplying the two tensors togeiluu’ 
and then contracting both pairs of indices. 


Examples. 

1. Show that aj'i hf is a tensor of the third order. 

2, Show that the equations, form a tensorial set 

of equations. 


5. The quotient law of tensors. 

Let us suppose tliat we are given a set of equations of the 
form 

connecting the systems B‘\ G’'. If we know that and Jf‘ 
are tensors of the types indicated by their indices, wc can im- 
mediately deduce that O’’ is a tensor of the typo indicated, 
since it is obtained by mnltiplying the other two systems tog(!tlior 
and contracting. Now it is of the greatest importance to be able 
to recognise tensors by the converse method; that is, if we 
know that C’’ and 5®" are tensors, can we deduce that A‘' 
is a tensor? “ 
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In this connection we have the following result, which we 
are stating in a simple form hut which can obviously be general- 
ised to apply to systems of any order: 

If we are given the relation 

A{r,s,t)B^^ ^0^ ( 1 : 1 ) 

where C^' is known to he a tensor and is an arhitrojry tensor, 
then A {r, s, i) is a tensor and is to he represented hy A'^]. 

To prove this theorem, let us give the variables a;'’ the linear trans- 
formation (1), p* 19, to the variables and let barred letters refer to the 
new set of variables. Wo have 

A(r, s, t) == 4 A(m, 39 ) , 

and 

Therefore 

[A{r, s, t) — yf A(m, n, 33 )] = 0 (14) 

But B^Hs a perfectly arbitrary tensor and hence so also is B^K Consequently 
all the coefficients of R®Mn (14) must be zero, that is, 

A(r, () = c^yJ^yfAim, n, p), 

which shows that A (r, s,/) is a triple tensor and is correctly represented 
hy Al), 

It is important, to notice that the tensor must be com- 
pletely arbitrary, and must not be restricted to be either sym- 
metric or skew-symmetric. What is essential is that we shall 
be able to give an arbitrary value to any one component and 
make all the others xero. 

’ There is a particular case of our quotient theorem which is 
of some importance. Let us suppose that are thre(^ 

arbitrary vectors, of which the first two are contravariant and 
the last covariant. If we know that A^tx" if is an invariant, 
our quotient theorem states that A^] is a triple tensor, 
that is, the coefficients of a mnltilinear form in the variables 
if, Zr form a tensor. This result is sometimes taken as a definition 
of tensors, and it is easy to deduce from this definition the laws 
of transformation of tensors under a linear transformation of 
variables. 

Examples. 

L If wo arc given the relation (13), where B^^ is an arbitrary symmetric 
tcHHor, prove that [A (r, s, if) + A (r, t, s)} is a tensor. Hence deduce that, 
if A (r, s, t) is symmetrical in the indices s, t, then A (r, s, 1) is a tensor. 
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2. If we are given the relation (13), where is an arbitrary 

syMinetric tensor, prove that s, t) — A(r, 5)} is a tensor, and, 

if A (r, s, t) is skew-symmetrical in s, t, then A (f, s, t) is a tensor. 

3. If is an invariant, and is symmetric, show that 

is a tensor. 

4. From the results of Ex. 3, p. 9, deduce that the Kroncckor deltas 
are all tensors. 

5. If a^rtn is a tensor, show that a""”, the cofactor of in 
divided by !«,»„!, is also a tensor. 

[Let fc'" be an arbitrary vector, then hg = is also an arbitrary 

vector. Now a** h, = and the quotient law applies,] 


6. Relative or weighted tensors. 

We shall now extend the definition of a tensor, and wo shall 
call the new tensors relative or weighted tensors to distiiignish 
them from the type of tensor we have been considering up to the 
present. 

Thus far a set of quantities, is said to be a tensor if it 
transforms according to the equations 


Here the equations of transformation from the variables to 
the variables are 

( 16 ) 

and the determinant of this transformation, 

y = I r) I (17) 

IS not zero. 

We extend the term tensor to a system of the type, 
which transforms in accordance with the equations 

= , .... (18) 

wliere {y)^ means tie detenninant y raised to tie power M.. 
Tie equations (18) differ from (16) only in tie factor (y)" on 
tie rigit-iand side. In fact tie equations (15) arc only a parti- 
cular case of tie equations (18), namely, wiere M = 0, so tiat our 
new definition of tensor includes tie old. Tie set of quantities, 
wiici satisfy equations (18), we call a relative tensor and wo 
define its weight as M, Tie tensors we iavo boon discussing 
previously are all of weigit zero, and are referred to as absolute 
tensors wien we wisi to distinguisi tiem. We stall usually 
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nnderstand by the word tensor an absolute tensor unless the 
contrary is explicitly stated. Relative tensors of orders one and 
zero are called respectively relative vectors and relative invariants^ 
just as for absolute tensors. 

It is important to note that, if we know an invariant of weight 
one, we can immediately turn any relative tensor into an 
absolute tensor. For let us suppose that the qitantity K is an 
invariant of weight one, and that €^1^ is a tensor of weight M. 
The transformed quantity K is given by 

K^yK, 

and therefore 

where we have raised each side to the power. In other 
words is an invariant of weight M. Also 

Consequently 

{K-^^ a'^t) = y” yf ,) , 

that is, {K ali) is an. absolixte tensor. In the sequel we shall 
transform relative .tensors into absolute tensors in this way 
wherever it is possible, and consequently we shall be dealing 
almost always with absolute tensors. 

We leave the student to verily the following properties of relative 
tensors, which are analogous to those possessed by absolute tensors : 

(i) Addition. If we add together the corresponding components of 
two relative tensors of the same order and of the same weight M, we obtain 
a tensor of weight M, which is called the sum of the two original tensors , 

(ii) Multiplication. If we multiply each component of a relative tensor 
of weight M and order m by every component of a relative tensor of weight 
N and order we obtain a tensor of weight -f- JV and order m + 
whicih is called the product of the two original tensors. 

(iii) Oonlraction. The operation of contracting an upper and a lower 
index roaults in a relative tensor of the same weight as that of the original 
tensor but with the order diminished by two. 

(iv) The quotient law. If we are given the relation 

A[r, s, == <7% 

where is known to bo a relative tensor of weight M and is an arbi- 
trary relative tensor of weight N, then A (r, 5 , t) is a relative tensor of weight 
M representable by The proofs of these results are exactly the 

same as those already given for absolute tensors, the only modification 
required being the introduction of the additional factor in the laws of 
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Examples . 

1. Prove that relative tensors of toeighls — 1 and 1 n> 

spectively. 

From tlie formulae (21) and (22), p. 11, we have 


and 

y ^rst " ^ynn ft ? 

We know that c = 1/y, and hence these equations can be written 


ey>t==iy) ^yTvtvf^unpy 

Now the e-systeins have exactly the same components in (m*ry sysitnn 
of variables, namely, 0, 1, — 1 according to the arrangtmient of the indi(u*H, 
Therefore the e-systems in the set of variables will still bo cb'notcti by 
e^.g^ande^'^L Consequentlythese last two equations give th(‘ laws by whitj h 
the e-systems transform, and we see immediately that fir„t in a i;ripl(^ 
eovariant tensor of weight — 1 and is a triple confravariant tcaiMor of 

weight 1. 

2. Deduce from Ex. 1. that the Kronecker deltas are absolute tensors, 

3. K all the components of a relative tensor vanish in ono systcun of 
variables, show that they vanish in every other system. 

* 4. If all the components of two relative tensors of the name ordt'r an<i 
weight are equal in one system of variables, show that they are (upial in 
every system. 

[Two tensors whose components are equal in any system of variable's 
are said to be equal. 1 

5. If aJi is a tensor depending on a variable parameter i, show tlmt the 
derivative of the tensor with respect to Hs a tensor of the same order 
and weight. 

[This result is proved by differentiating the equations wliicih give 
the laws of transformation of tensors, and is due to the fact tiiat tJu' 
are constants.] 

6. If is a tensor, whose components are functions of the variable's 
icL show that the partial derivatives form a tensor whoso order 
is increased by one covariant index. 

[This result is also due to the fact that the are constants.] 

7. If is a relative tensor of weight M, show that 




of i 


7. General functional transformations. 

Up to tte present we Lave considered only linear tmm- 
formations of variables, and we have defined tensors of different 
orders with respect to such transformations. We shall now 



11] 


TENSOK ANALYSIS 


3t 


consider more general transformations of our variables, and 
inquire if we can extend our definitions of tensors to include 
these new transformations. 

Let us suppose that the transformation from the variables 
x'^' to is the general functional one, that is, the^’’ are arbitrary 
functions of the The formulae of transformation will be there- 
fore of the form 

ssa fr 

where /^, /^, f are three arbitrary functions of the cc's. We shall 
assume that the functions we deal with possess derivatives 
up to any order required, and also that the transformation (19) 
is reversible. Hence we have the inverse transformation 

5 = ( 55 ^, 55 '^) ( 20 ) 

The necessary and sufficient condition that the transformation 
may be reversible is that the functional determinant, 


should not be zero. This determinant is often referred to briefly 
as the determinant of the transformation. We note that the linear 
transformation (1), p. 19, is only a particular case of the functional 
transformation (19), namely, the case where the functions on 
the right-hand side of (19) are linear homogeneous functions 
of 

If we take the differentials of (19) and (20), we obtain 


dx'^ = 


dx'^ 

dx^ 


dx^ 


( 22 ) 


dx'>' = 

ox^ 


If we write 


d¥ r_dx^ 
dx’’ dx” - ' ’ ■ 

we see that equations (22) and (23) become 

d¥ ^c[dx\ dx^'=^/Jx\ 


(23) 

(24) 


In other words, the transformation of the differentials is a linear 
one, similar to (1) and (3), p. 19. The essential difference is that 
now the c's and y's are not in general constants but are functions 
of and hence of x'^ also. 
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Examples. 


1 . 

2 . 

3. 


Show that the 
Prove that 


system of transformations (19) forms a group. 

dx^' dx^ 

dx^ dx^' 


Show that 


dx^' _ ^ dx" ' 
d~x^ " ' dx^~ 


4. Show that we have the general linear transformation of vanahlt's 
dx^' 

if we take the quantities to be constants. 


8. Tensors with respect- to the general functional transformation. 

We shall next define tensors with respect to the system of 
functional transformations. If we are given a system of functi<ms 
of a certain order, we say that it forms a tensor with respect to the 
transformation (19) ivhen it is a tensor with respect to the. linear 
transformation (22), (23) between the differentials of the old and 
new variables. 

Thus a system a[^ is a tensor of weight M for the general 
transformation when its components in the new variabhss 
satisfy the relations* 


Qofd M Qq(>v Q Q 

\ d d lic^ d ^ 


(25) 


for all values of the variables. As before, tensors of orders one 
and zero are called respectively vectors and invariants, and ten- 
sors of weight zero are referred to as absolute tensors. 

Since linear transformations are only particular cases of 
functional transformations, we see that all systems which are 
tensors with respect to functional transformations are also tenHors 
with respect to linear transformations. But the converse is not 
true, for there exist systems which are tensors with respect to 
linear transformations and are not tensors with respect to func- 
tional transformations. For example, the variables themsolvcB 
are vectors under a linear change but are not vectors under the 
change (19). 


* It may be noted as a useful mnemonic that the free indioas r, if, t 
on the right of (25) are attached to the barred Jettem 
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From the nature of the formulae (25), which give the de- 
finition of a tensor, we see that all processes or operations 
that are purely algebraic in character apply equally to tensors 
of the general transformation and tensors of the linear transfor- 
mation. Consequently all the important results regarding addi- 
tion, multiplication, contraction and the quotient law of tensors 
can be taken over without alteration to apply to the more 
general type of tensor. 

We shall mostly confine our attention to absolute tensors, 
and it will be understood that the tensor is an absolute one unless 
the contrary is explicitly stated. The law of transformation 
for the absolute tensor is 




. . . (2G) 


The student will easily verify the following: 

(i) The typical contravariant vector is 

(ii) The typical covariant vector is whore (p is an absolute in- 


variant. 

(iii) The typical tensor of any order is formed by multiplying together 
the requisite number of covariant and contravariant vectors, as described 
in § 3, p. 22. 

We must remark that if is a tensor function of the variables, then 
its derivatives with respect to do not form a tensor. The result which 
we found (p. 30) to be true for tensors of the linear transformation holds 

no longer, since the quantities are not now constants but are func- 

0 X 

tions of tho variables. Indeed, if we differentiate (20), we find 


da’^t dxr diB” dxv dic'' dr4i'^ dW die" d^x^' 

d»“ " dx"‘ dx‘ dx* dx'‘ dx'‘ dx"‘'dx^ dPdS““'‘^' 

d^ d^x^ dx^ d^y d^ df dx^i „ 

da:"' dx‘dx" dP “"P + dP" dP dP dP" dit"' ’ 


which shows that the derivatives do not satisfy the law of tensor trans- 
formation. This problem qf forming tensors by differentiation we postpone 
to Part III (p. 146). 


Examples. 

1 . Write down the transformations for tensors of rank one, two, three, 
giving the different types of each order. 

2. If is an absolute invariant, show that 4^ is a covariant vector. 

3. If is symmetric and dJaj” is an invariant, show that 

„ is a covariant tensor. 

E (287) 


3 
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EXAMPLES II. 

1. If oj* is an absolute tensor, show that | | is an absolnto invn.riii.iit. 

[| I = 1 I = 1 4 1 • I y:< 1 = 1 4 1 • I y” I • I < I = I < I •] 

2. If is an absolute covariant tensor, show that \(imn\ 
variant of weight 2. 

3. If a”'” is an absolute contravariant tensor, show that |a'»” | is an 
invariant of weight — 2. 

4. If A|i), Afs), AJa), are three absolute contravariant vectors, show 
that I ^.f,) I is an invariant of weight — 1 . 

[When we are dealing with several tensors we may distingiiisli one. 
tensor from another by an index, which we enclose in brackd-s to sliow 
that it does not denote tensorial character.] 

5. If Aj®’, are three absolute co variant veotors, show that 

I I is an invariant of weight 1. 

6. Deduce from Exs.4 and 5 that and are relative tensors of 
weights — 1 and 1 respectively (cf. p. 30). 

[ I 1 = ^fx) X and 1 1?' | = e"' Al»'.] 

7. If Omn is an absolute tensor such tliat 1 | =a .4 is positive and 
not zero, prove that the two systems 

are absolute tensors. 

8. Prove that the cofactors of the determinant | a'J | are absolutes ti'nsors, 
where is an absolute tensor. 

9. If is the cofactor of in divided by |a/.|, prove that aj’ is 
an absolute tensor. 

10. Show that the cofactors of the determinant | | all rc‘lative 

tensors of weight 2, where a^n is an absolute covariant tensor, 

11. li A =^\(i^n \ and a’”’* is the cofactor of in A, divided by A, 
prove that a^« is an absolute contravariant tensor. 

12. If is the cofactor of in the determinant of Ex, 4, divided 
by the determinant, prove that X\P , X ?^ , X]P are three absolute covurinnt 
vectors. 

13. If I -- Ogntn I vanishes for a value Oq of 6 in one set of variableH, 

where are absolute tensors, show that — in the new 

variables also vanishes for 0 = 0o • In other words the roots of lamn — O ^ I 
are invariants. 

14. If all the cofaotors of the elements of | | vanish in one set of 

variables then they all vanish in every other set of variables. 

16. H p = a„ , prove that Henoo 

deduce that if (p is an invariant then (ajnn+ <^nm) is a co variant tensor 
under linear transformations. 
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PART II 
Algebraic Geometry 


CHAPTEE III 
Rectilinear Coordinates 

1. Coordinates and tensors. 

If we take three orthogonal planes intersecting at a point 0, 
we know that the position of any point P in space is uniquely 
determined by the three perpendi- 
culars from P on these planes, each 
with its proper sign. Let OYg 
OY^Y-^ and 07^72 be the three 
planes, and let the three perpendi- 
culars be y-, y^). These perpendi- 
culars are called the coordinates of 
the point P relative to a Cartesian 
orthogonal system of axes, the three ^ 

planes are the coordinate planes, the ^ 
three straight lines OY^, OFg 

are the coordinate axes, and 0 is the /y^ 
origin of coordinates. 

Let us now make a general linear transformation to new 
variables , according to the equations 

= a^; 2/^ + ^3 + <4 if , 

== (4 y^ + 4 + 4 ? 

^ 0^8 yl ^3 ^3 ^3 ^ 

Remembering our conventions as to indices, these equations 
may be written more briefly 

= ( 1 ) 

36 
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We assume that the determinant |«’'{ is not zero, and conse- 
quently we can solve (1) for the y’s in terms of the a;'s, giving' 

(-') 

We conclude that to every point in space there coTOwponds a 
imique set of values of x’' and, conversely, to each set of values 
of x'^ there corresponds a unique point of space. The variahh'S 
CB’’ can therefore be looked upon as the coordinates of a point 
in space. All such coordinates, which are obtaiiied by a limair 
transformation of the y’s, we shall call reotilinear i‘o<miinaks. 

It is a well-known result that the equation of a, plane throu^'Ji tlu‘ 
origin in orthogonal Cartesian coordinates is a linear equation of tiu' form 

(.‘Ij 

Consequently we see that = 0, = 0 and = 0 are th(i ('quations 

of three planes through 0. These planes we shall call the coordimlv. 
of the system x^. Also if we take the intersections of tlu‘se plau<‘H in pairs 
we get three straight lines through 0, which we call the coaniwulc. aurs 
of the system. Obviously the equations of the three coordinate ax(*s are the 
three pairs of equations 

aj® = 0 0 

= 0 ’ =1 0 ’ . 

We shall denote these axes by OXq, OZg, OX3 respectively. Lastly w(‘ eall 
the origin of the system the point whose coordinates arc ■ 0 , - 0 , 

a;3 = 0, and we see from (2) that the origin of the syat(*m is fclu* same as 
that of the Cartesian system. In other words, the origin is unchanged 
by the transformation (1). 

If we tave two systems of rectilinear coordinates x^' and \vd\ 
it is obvious from the relations (1) and (2) that thesti two sots 
of variables are connected by a linear relation 

= ( 4 )' 

where the c"s are constants; and that this can be solved for 

in terms of namely 

= ( 5 ) 

Thus the change from one set of rectilinear coordinates to another 
is equivalent to a linear transformation of variables. W(i can 
therefore define tensors, vectors and invariants with respect to a 
transformation of rectilinear coordinates. For example, is 

a triple tensor if its components in the new system of coordinates 
satisfy the equations 
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Example. 

Show that the fundamental Cartesian system ?/»■ is one of the set of 
rectilinear coordinate systems. 


2. Contravariant vectors and displacements. 

We have seen that with respect to a linear transformation 
of variables the variables themselves form a contravariant 
vector. In other words, the coordinates of any point are the com- 
ponents of a contravariant vector. We shall now show that the 
converse is also true, that is, to every contravariant vector there 
corresponds a point whose coordinates in any coordinate system 
are the components of the vector in that system. Let be a 
given contravariant vector and let A be the point whose co- 
ordinates are a^, a^, in any one system of coordinates. If 
x'^ are the coordinates of A, then 


x'^ == a’’ 


is a vector equation which is true in one coordinate system. It is 
therefore true in every coordinate system, and our result is 
proved. Instead of fixing attention on the point A, we may 
speak of the displacement OA, and we have the following geo- 
metrical interpretation of contravariant vectors: to every contra- 
variant vector there corresfonds a displacement OA from the origin. 


Let m interpret geometrically the 
addition of two contravariant vectors 
and 6^. Corresponding to these vectors we 
have two displacements OA and OB. If we 
complete the parallelogram of which OA 
and OB are the adjacent sides, we obtain 
the dia.gonal OP. If wo let be the co- 
ordinates of P, it is a simple theorem on projections to prove that 
when the axes are orthogonal Cartesian 



b^. 


Hence this is a vector equation which is true in the fundamental Cartesian 
system of §1. Conseqxiently it is true in every rectilinear coordinate 
system, and we see that the point of coordinates (a*'+ h^) is that which 
is given by the vectorial addition of the two displacements OA and OB. 
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If we are given thr<*e (li,s})Ia<‘(‘nh‘ntH OA, 
OB, OG, we may complet<‘ the paral!(‘I(‘|>ip(‘(l 
whose edges are these (lisplne(‘Tnenls and t hus 
obtain the diagonal OP. If tlu^ displaet'nnails 
are represented by tli(‘ three V(H^l<)rH (r\ h’\ 
we see that I’^'Preseiits the ve<d.or | 
and hence 6>P represents the sum (rP’ > I /O' - f^). 

Conversely, if we resolve OP into llu^ thre(' 
displacements OA^ OB and 0(K we see that 
the cooi’dinates of P are /P’H- 


Examples. 


1. Show that the point P whose coordinates ar(‘ Xv/*', whc‘r<* k is a 
constant, lies on the line OA and that k = OPjOA. 

[Xr is an invariant and has the value OP/OA in the fmidanu'nt nl (^ar- 
tesian system.] 

2. If we draw from the point Xq a line eqnal and paralhd it) , show 
that the resulting point has for its coordinates (y.’JJd'- 

3. Prove that eq^ial mid 'parallel displacemeiifs are rejmw'nfed by the 
same contravariatit vector. 


4. A, B, G are three given points. If wo tak(‘ three f)oints iU, A" 

on the lines 0-4 , OB, OG at distances a '04., fi>OH, yA>(> n’sptud iv<dy 
from O, show that the point obtained by compounding the tHH[)la(‘(‘mentH 
OL, CM, ON vectorially has the coordinates ///)’* | pc'). 

5. Show that the point — joining tlu^ poinis 
0 ;^ and x^, dividing them in the ratio ^y/A. 


3, The unit points and the geometrical interpretation of recti- 
linear coordinates. 

There are three points which are of special interest in the rcctilint'fir 
system x^. These are the points whose coordinates are (1 , 0, 0), (0, 1 , ()) 
and (0, 0, 1). We shall call them the unB points of the cooniinaie sy^lmi 
and we shall denote them by E^, -S/j respectively . If we write the cjoordi- 
nates of the unit point as ©(i), we see that in every coordinate Hysteni 

®(0 - («] 

where df equals zero if ^ =b and equals unity if r «= 

Here we enclose the index i in brackets to show that it cIoch not denote 
tensorial character but merely indicates the particular unit point we are 
dealing with. We notice that the unit points are three points lying one in 
each of the coordinate axes. Also, having regard to (6), wa have the 
relations 

^ ^ ef^) =T Cq) H- jc® ejg) -j- x^ e[a, 


(7) 
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Let us take the point Li whose coordinates are This is a 

point on the axis OX-^ at such a distance that OL^ == OE^. Similarly 
and Lg are points on the other two coordinate axes. If we complete the 
parallelepiped of which OL^ are the edges, we know that the 

point P arrived at in this way has for its coordinates 
Hence from (7) we see that the co- 
ordinates of P are This gives 
us a geometrical interpretation of L 

rectilinear coordinates. Wo draw 
through P planes parallel to the 
coordinate planes, which intersect 
the axes in Li, Zg, Zg. Then the 
three ratios OL^jOE-^, OEi^lOE^, 

OZ3/OZ3 are the rectilinear co- 
ordinates of P. In other words, 
to determine a rectilinear coordinate O 
system uniquely we require three 
axes OXx, OZ2, OX^ and three unit 
points Zi, Z2? -^3 0^ these axes. 

We shall now prove that w 
can take as unit points of a rec- 
tilinear system any three distinct 
points which are not coplanar with 0. 

Lot us return to our original Car- 
tesian system y^, and let 7y(i) bo the Cartesian coordinates of the three- 
given points, which we may call Zg/Zg. The three points do 
not all lie on the same plane through 0, and hence the quantities y\]) do 
not satisfy simultaneously a linear equation of the form (3), p. 3C. The 
necessary and sufficient condition that this be so is that the determinant. 


\y’»)\ ( 8 ) 

be different from zero. Let us make the linear transformation 

( 0 ). 


to now variables Since (8) is not zero, this transformation is reversible 
and defines a unique rectilinear system x^. We shall prove that the 
unit points of the system x^ are the three given points. For the ytli unit 
point has coordinates in the a;- system, and therefore its Cartesian 
coordinates are, from (9), 

y’'=ym4i> = y’H) = 

Hence Z^, Zg, Z3 are the unit points of the rectilinear system x^, which 
proves our theorem. 

We remark here that the system of coordinates a;’" is a Cartesian 
system if the unit points are at unit distances from the origin, that is, if 

OZi OZ2 = OZ3 = 1. 

These coordinates are orthogonal if the coordinate planes are perpendi- 
cular to each other, otherwise they are oblique. We conclude that all Cartesian 
coordinate systems with the point 0 as origin form a subset of the set of recti^ 
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linear coordinate systems with the same origin. In fact, a rectilinear system 
is only a Cartesian system modified by introducing scales of measnrcmt^nt 
along each ^xis» 

Examples. 

1. If the equations aj = 0 have two distinct non-zero solutions show 
that all the cofactors of \a^^ \ are zero. 

In the coordinate system let the quantities bo taken as the 
components of a tensor. Then aj* == 0 is a tensor equatioxi whiesh is trut^ 
in all coordinate systems if it is true in any one system. 

Let xl and 4 be the two distinct solutions and lot ns take a now coordi- 
nate system in which these two points are the unit points Ei, Eg . Tlmi 
we have 

- aj* efg, = < di ^ al = 0. 

The determinant i al in the new system is 

0 0 0 

0 0 0 

~d\ OiQ 

and we see that all the cofactors are zero in the now system. Bnt tht^ 
cofaotors form a tensor and hence they must vanish in t^very systemu 
Thus all the cofactors of | | are zero. 

2. If the equations a^ x’'^ — V' have two distinct solutions, show that. 

I a^ I must be zero, and that if there are three independent solutions then 
all the cofactors of | | must he zero. 

[Three independent solutions are three which are such that onc^ is not 
a linear combination of the other two,] 

3. If we denote by OP the vector displacement OP, prove that 

where are the coordinates of P and are the unit points of thc^ co- 
ordinate system. 

4. If E^r^ are the unit points of the rectilinear system W, show that 

= Yr OP(.,) . 

[Hote that OP ^ x^ OB , and this relation 

is true for all values of x^. Thus we see that a covariant vector transforms 
in the same way (covariantly) as the unit points, and a oontravariani 
vector in the opposite way (contravariantly).] 

5. Show that we can always choose an orthogonal Cartesian system 
such that any given contravaxiant vector may have two of its components 
zero in that system. 
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4. The distance between two points and the fundamental 
double tensor. The e- systems. 

Let P and Q be two points whose rectilinear coordinates 
are and If and are their coordinates referred to the 
fundamental Cartesian system, it is well-known that the distance 
S between P and Q is given by 


= (PQf ^{y\- y\f + {yl - ylf + {y\ - ylf 

But, from ( 2 ), p. 36, 


Hence we have 


„ f t 

2/1 ) 


2/2 =<"<• 




. ( 10 ) 


where we put 

9 inn ^n “r ^iti ‘ • * 

We note that symmetric system, that is, 


9mn 9nm- 

In particular the distance from 0 to the point P, whose coordi- 
nates are a?’’, is given by 

d^ = (12) 

Now d is an invariant and hence x'^ x'^ is an invariant. 
Since g^n symmetric and x^ is an arbitrary contravariant 
vector, we can therefore conclude from the quotient law of tensors 
that is a double eovariant tensor. We shall refer to it as the 
jundamenlal or metrie tensor. We notice incidentally that the qua- 
dratic form ( 12 ) is positive definite and can vanish only if 
x^^O. 

If we denote by g the determinant \g^nn\ by the 
cof actor of 17 , in we know (cf, p. 15) that 

3! (/ = e”' g,^, 2! g,^^ 

Since is a relative tensor of weight 1 (p. 30), we see that g 
is a relative invariant of weight 2 and is a relative tensor 
of weight 2 . Moreover, from (11), we have 
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and so g is positive and different from zero. Hence if W('. divider 
by g and denote the quotient by we obtain the im])ortaiit 
result that the cofactor of divided by g, is an aksolnte 
GontTavariant tensor. Also, if we put 

^rst^ e*’**^*^ =« , . . . (Id) 

we have immediately that these quantities arc ahsolulc tensors, 
which we shall refer to as the s-systenis. 

If we are given a contra variant vector At’’, we have connected 
with it an invariant A defined by the equation 

1 

= {^ 4 ) 

We call A the magnitude of the vector A^\ Similarly we. chvfine 
the magnitude of the covariant vector by tlie equation 

i 

( 15 ) 

A unit vector is one whose magnitude is unity and hence, if A’’ 
and jUf. are unit vectors, we have the equations 

(IG) 

A unit vector is often called a versor. 


Examples. 

1. Prove that 

2. Prove that the distances of the unit points from the origin axo 
given by 

3. Show that the necessary and sufficient conditions that a coordimte 
system be Cartesian are ffu = Sfaa = j'ss = 1. 

^ 4. Show that a veraor X'- defines a point A at unit distance from the 
origin and consequently that every versor defines a unique direction, 

5. Show that for a rectangular Cartesian system we have 

[1, 0, 0] 

fir=l, Sr„ = e„(, = g'„„= 0, 1, 0 [ = g«». 

lo, 0, iJ 
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5. The angle between two directions ; orthogonality. 

Let A and jB be two points at unit distances A/ 

from the origin, and let and be the versors / 

giving the directions OA, OB, that is, xV 

are the coordinates of At, 5. We wish to find a A 
formula for the angle 6 between OAt and OB. 

In the triangle OAB we have ^ 

AB^ =- OA^ + OB^ - 20 A- OB cos 0 == 2(1 ^ cos0) (17) 
Now 

= gmn + g^n ^ ^gmn 

since A^’ and (jl'^ are unit vectors. It follows from (17) that 

(18) 

If is a contravariant vector defining a point P, then 
the versor A'^jA, where A is the magnitude of A^, defines the 
point on OP at unit distance from the origin. Hence A'^/xi is 
the versor giving the direction of the line joining 0 to the point 
a 1^. We conohide that, if At’’ and B'^ are two contravariant 
vectors whose magnitudes are At and B, then the angle 6 between 
the directions of At’’ and S’’ is given by 


cos 0 = 


Tb 


(19) 


We can now write down the condition that two directions 
may he orthogonal. If the directions A’’, /t’’ are perpendicular, 
0 == 7 z:/ 2 and we. have 

(20) 

Similarly the lines joining 0 to the points A"^ and S’* are ortho- 
gonal if 

gmnA”>B» =0. 


Examples. 

1. Provo that the angles between the coordinate axes are given by 

S^sa 9ii 


2 


1^2 2 933 


31 • 


COS 6 


12 


COS tl , 


Fa'll ?3 
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2 . If «!, cc^, as are the angles which tire vca'sor inakt'S with tJie 
coordinate axes, show that cos a^ = {7i»i 

[[•^ cos «1 = jr,„„ ;i“ eft, = j 7 „,„ r* == g, A’"] . 

3 . If the coordinates are rectangular Cartesian, show that the 

of the angles whicfh the versor makes with the cu)ordinat(? axess arc 
}?■ , 7 ? , 7 ^ . These are usually referred to as direolicm co.s mr.s*. 

4 . Prove that in an oblique Cartesian system of coordinates the 
have the values 

I I, COS012, cosd;i3 
cos 621, I, cosdaa 
00s 031, cos0aa9 1 

o. If k*, are two unit vectors, show that the angle Q bctwet‘n i/heir 
directions satisfies the equation 

Sin^ & = (gmn9f,~gmr g«,) A® A" fl' H" . 

6. If y-i, y^, 73 are the direction cosines of the dircclion A', sliow ilmt, 
in oblique Cartesian coordinates they satisfy the relation fl’”" • 1 . 


6. Associated tensors. 

We shall now explain the important proctvsscs of raisin/^ 
and lowering the indices of a tensor in order to ohtaifi new 
tensors. 

Let /U be a given contravariant vector. If wo nmltiply it 
by the tensor and contract we get the oovafianl vector 
which we shall denote hy A^. Thns 


■^r ( 21 ) 

and we have changed the index from a superscript to a subscript. 
This IS the process of lowering m index. Let us now take, the 
covariant vector and let us raise the index by niulti])]yiricf 
it by the tensor and contracting. We have 


9 A.. 




■- 0 , A' 




Hence if we begin by lowering an index and then raise it again 
by the processes that we h'ave just explained we see that we got 
back to the original vector. The processes of raising and lowering 
indices are therefore completely reciprocal. Two voctons A'^ 
an A „ related in this way, are called associated vectors and are 
usually denoted by the same letter A. In fact they are so in- 
timately connected that we sometimes say that they represent 
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the same vector, the giving the contravariant components 
and the the co variant components of that vector. 

Let ns next consider the double covariant tensor A^.^, Here 
there are two indices that can be raised. If we wish to raise 
the first index we mnltiply by and contract with respect 
to the first index. We shall write this process 

A:,^r'A„, ( 23 ) 

In order that we may know which index has been raised, we place 
a dot before the 5 , showing clearly that 5 is the second index 
and that the first has been raised. The process of raising the 
second index will similarly be written 

(2i) 

Lastly we can raise both indices in accordance with the formulae 
Ars^grmgsnA^^ (25) 

We remark here that if A^s is symmetrical it is a simple matter 
to see that A^',, and A‘^ have exactly the same values, and both 
can be written A'^, the dot being now unnecessary. The student 
is left to formulate the rules for lowering indices in a double 
tensor and to show that if we lower the superscripts in (23), 
(24) and (25) we return to the original tensor. 

These processes can obviously be extended to tensors of any order. 
We shall illustrate them by one further example. Let be a triple con- 
travariant tensor. The process of lowering the second index is given by 

= ( 26 ) 

We insert just sufficient dots to show that the index has been brought 
down vertically. 

All tensors obtained from each other in this way are called 
associated tensors. 

There are two results which are of interest in this connection. 
(!) In any term where there appears a dummy index we can 
raise this index from its lower position and at the same time 
lower it from' its upper position without altering the value of 
the term. For example, we have 

and we see that the dummy index r has been raised and lowered 
in the way mentioned. 
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(ii) If there is a free index in every term of a tensor equation, 
we obtain an equivalent equation by raising or lowering this free 
index in every place it occurs. For example, tlie equations 

^rs t ^ 


are equivalent to the equations 

firm A = / 7 ?’ ?? fj, 

that is, to 

in whict we see tliat the index r has been everywhere raised. 


Examples. 

1. Show that the magnitude of a vector equals the magnitude of its 
associate. 

2. If A is the magnitude of A’*, then ==> A^A^. 

3. If A^ and are two vectors of magnitudes A and .B, show that 
A^Bj. ^ AB cos 6, where 6 is the angle between the dirc'ctiouH of 
and B^. 

4. If the coordinates are orthogonal Cartesian, show that tlu‘ com- 
ponents of a vector and its associate are identical. 

[In ordinary vector analysis there is invariably implied a reftremu'- 
to an orthogonal coordinate system, and this is why contravariant and 
CO variant vectors are not distinguished in that ealoulus,] 

5. Show that ayid <5’// are associaM imsora, 

6. Show that Srst associated ieiisors, 

[We have gCrat ^ grm9an 3 that is, enr i == e”* " ^ |7f m C'a n -1 


7. Scalar and vector products of vectors, 

G Let OA and OB be two diHpla(‘.einont8 

given by the vectors whoso magni- 

tudes are A and B, If 9 'is the angle betweeen 
these directions we know that 

ol— ^ g^mn COB d. . (27) 

\Jd t 

V / This invariant gnuA”^ 5” is called the nualar 
No I produot of A^ and and wo know that it 
can be written in the equivalent forms 

where A^, B^ are the associated vectors. 

If !!'■ is the unit vector in the direction of we therefore 
have 
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= ( 28 ) 

But A cos 6 is just the projection of OA on tlie line 05. Hence 
the projection of A^ in the direction is given by A ^ 

Let us next consider the vector 


To find the geoinetrical interpretation of this vector, let ns choose a 
special coordinate system as follows. We take the «^-axis along OA and 
the S^-axis perpendicular to OA and in the plane of OA and OB\ finally 
we take the S®-axis perpendicular to both OA and OR, so that our new 


system is orthogonal and Cartesian, In this special 
system we have 

A’’ ^(.4,0,0), R''^(Rgos 0, Rsin0, 0) , 

and the associated vectors have the same com- 
ponents. Also 

"gTinn ^ Qrtnn^ 

Hence the components of O’* in the new system are 

O'* = AR 

that isj __ _ _ 

01 = 02 = 0, Oi=ARsin(9. 



In other words the vector O’* lies along 0X3, the perpendicular to the plane 
of OA and OR, and its magnitude is AR sin d. These are purely geometrical 
relations and are therefore independent of any particular coordinate system. 
Wc may then return to the original coordinate system and say that 
O’* has its direction along the perpendicular to the plane of OA and OB and 
Us magnitude AR sin B . 

Although we have proved that O’* lies along the perpendicular to the 
plane OAR, we have still to decide what is its sense along this line. Multi- 
plying (29) by Oy and summing with respect to r from 1 to 3, we get 

02 = gr n 0, A,„ R,, == £,„ n P A"^ R'^ 0^ 

that is. O’* is in such a direction that the invariant s^iY^j^A^B'^C'^is positive. 
We are therefore led to examine the sign of the expression 

£,,„^A’’^R«0^ (30) 

where A’’, R’*, O’* are any three vectors. This quantity is an invariant 
and if wc lake the same special Cartesian system as before we see that it 
equals 0‘^AR sin 6, It will therefore vanish only if = 0, which means 
that O’* lies in the plane OAR. Consequently (30) vanishes only if 
one vector becomes coplanar with the other two. If then we deform the 
triad (A’*, R**, O’*) continuously in such a way that they never become 
coplanar we see that (30) varies continuously and must always retain the 
same sign since it cannot vanish. Let us deform it continuously until A’* 
coincides with the positive i<j^-axis, R** with the positive cc^-axis and O’* 
with the ic^-axis. We say that the original triad has a positive or negative 
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orientation according as the deformed <7^ lies along the positive* or 3 i(*gativt 5 
direction of the a;^-axis. Now (30) becomes for the d(‘lornU‘(l triad 
+ ABO'^'g or — ABG\^'g according as we are in the first or st'eoud 
case. Tfe conclude that the triad {A\ B^, G'^) has a fosUive or Qwgatlvc 
orientation according as (30) is positive or negative. 

The vector defined by the equations (29), is tlu^ndore 
in such a direction that the orientation of the triad {A'‘\ CA') 

is positive. The vector (29) is called tJie vector 'product of IP. 

If we denote hy the versor of the perpendicular to iti 

the correct sense we can write 

gr mn Bn^AB Sill 6 (31 ) 


Examples. 

1 . If a, ft y are the angles between each pair of the triad of dvrvdiom 
OA, OB, OG, prove that 

1, COS)^, COSjd 

cosy, 1 , cos a sin^y sin“ 9 ?, 

cos /5, cos a, 1 

where p is the angle which 00 mahes with the plane OAB. 

Let A% 0^ be three vectors along OA, OB, 00 and Jet their magni- 
tudes be A, B, G. If v’’ is the unit vector orthogonal to A^, we iuivt^ 

the angle between and equal to — 9 ;, that is, 

At 

0 sin p = Gj,v^. 

Hence we conclude from (31) that 

ABC&mysiap^ . 

Now this last expression is an invariant, and if we take the coordinai t^s 
to he Cartesian and such that OA, OB, 00 are the axes wo have 

fg ABO. 

Moreover in this system a, p, y are the angles between the axes, and 
have the values 

1 , cosy, cos ^ 
cosy, 1 , cos a 
cos/?, cos a, 1 

Therefore combining the two preceding equations wo have the result 
required. 

2 . Prove that the projections of the vector A^ on the coordinate 

axes are A-^j^fg^^^ - 42 /T 9^2 2 j -dg/y^gg . Hence if the coordinates are Car- 
tesian these projections are A^, A^, A^. 
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3. Show that the unit vector perpendicular to the plane has 

for its covariant components 

fge. 

r23 /y?2a9'33sm 

^23* 

[The covariant components are given by 

^rmn ^(2) ™ ^ 23 ] • 

4. If I’’, ^4’', are three mutually orthogonal unit vectors, prove that 

«rs4 = ± 1* 

5. If are two vectors and 6 the angle between them, then 

A2 gin2 6 = B'^ B^ . 

[We may either choose a special Cartesian system of coordinates or 
use (31).] 

6. IP we put = A’’ J5® — A^ B'^^ show that G^^ is skew-symmetric 

and that ^ ^ke covariant components of the vector product 

of A% 


8. Areas and volumes. 

Let Pi and Pg be two given points; we wish to find an expression 
for the area of the triangle 0 Let ^(l)J i^(2) be the coordinates of 

Pi and Pg . We know that the magnitude of the vector 
^rmn ®( 2 ) OPj * OPg sin(Pi 0 p 2 ). But this is 
twice the area of the triangle OPi P ^ . Denoting this 
area by A, we have therefore 

4id^ = ^mptj ^fl) ^(2) • 

which gives an expression for the area A. Moreover 
if v’' is the unit vector orthogonal to the plane of the c 
triangle and chosen such that the orientation of the 
triad (OPi, OP^, v^) is positive, then equations (31), 
p. 48, give 

^ • • ‘ * 

Let Pq be a third point whose coordinates are a’Jjj) . As in Ex. 1 (p.48) 
the invariant ^fa) has for its value 

emHp^M<>!m^la)==OPi-OP2-OP3sin(PiOPi)ain(p, . . (34) 

where (p is the angle which OPq makes with the plane OPi P 2 . Now OPi • OP^ 
sin {P^OP^) is twice the area of the triangle OPj Pg and OP^ sin (p is the 
perpendicular from P^ on the plane OPiPg. Hence the right-hand side 
of (34) is six times the volume of the tetrahedron OPj Pg P^. Denoting 
this volume by F, we have 

6rs=: • • • * * • • * * (S5) 

Since ^ l^his equation may be written 

(E 287) 



4 
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^a) ^fi) ^(1) 

67 = )^7 x%^ x%^ . (,%» 


Examples. 

Prove that the area of the triangle OE^ is (|7r/^^)“ . 

2. Prove that the volume of the tetrahedron (9A\ IL is J 

3. If a, &, c are the edges OA, OBy 00 of a tetrahetlron and cc, /L) 
are the angles between these edges, show that 


QV^ahc 


1 . 

cosy, 

cos /i 

cos y f 

1, 

cos a 

cos |S, 

cos a, 

1 


[Calculate the invariant (35) in a Cartesian system in which OA 
OB) 00 are the axes.] 


EXAMPLES III. 

1. If the coordinate system is orthogonal, prove that 
1 




I7ii 






r 


f/a a 


2. If A^^ A” = 0, then A^ = 0. 

3. If 023 is the angle between OX^ and OXg, show that 


sin^ On 


rll 


i/2 2 i/a 3 


4. If A*" is a unit vector, prove that the cosines of the angles which 
this direction makes with the coordinate axes are 


5, Show that 


A 

\9i: hi 




1 - 008=023- e0s2e3j-C082e„+ 2 oOS0j2COsO23COsO„ - 

Oil 1/22 {/iia 

6. If is a skew-symmetric contravariant tensor, then 


ihA^-K FgA^i, |/|7A12) 

axe the components of a covariant vector. 

[It is the vector 

1, If Ays is a skew-symmetric covariant tensor, then 


UzJhy Ailfg, A2/F0) 

are the components of a contravariant vector. 
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[These two results prove that we can always turn a skew-symmetric 
double tensor into a vector.] 

8 . If Ars is skew -symmetric and prove that 

2Ars=-Sr8tGK 

9. If and tcjoj are the coordinates of two points Pj and and if 

< 1 ) < 2 ) 

« V * 

^^’< 1 ) ^< 2 ) 


prove that the area A of the triangle OF^P^ is given by 
8^2 = 


10. If the coordinates are orthogonal Cartesian show that A-^, 

A^^ of Ex. 9 are twice the areas of the triangles projected on the co- 
ordinate planes. Deduce from Ex. 9 that 


11 . If 


4^2 == (^23)2 + (^31)2 (_412)2, 




»a) »( 1 ) »U) 

^{ 2 ) ^( 2 ) ^ 2 ) > 
®(3) ^( 8 ) ^(3) 


where are the coordinates of three points P^, Pa, P 3 . Prove that 


(i) (ii) = 6 F£’'s*, 

V being the volume of OP-^P^P^. 

12. If we put 

^( 1 ) ^( 2 ) ^(3) 

^’( 2 ) ^{3) 

1 1 1 




show that the area of the triangle Pi Pa Pg is given by 

13. If 

^( 1 ) ^{ 2 ) ^( 8 ) ^’( 4 ) 

^ <i) <) 

^( 1 ) ^ 12 ) ^( 8 ) ^( 4 ) 

1111 

where aifg)? i^(8>> coordinates of four points P1P2P3P4J 

and if F is the volume of the tetrahedron P^P^P^P^i then 

jgra< ==: 0 -p QTSt^ 


[Prove that B^^^ is completely skew-symmetric and that 
|/7pi23=^6F.] 

14. If we are given N points N), show that 

the mean centre of these joints for mnlti'ples A(a) has the coordinates 
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= 2 ^{(t) I 2 ^(a) I • 

a = l / ^a=:l ^ 

[This is a vector equation which is easily proved to be true in ortho- 
gonal Cartesian coordinates.] 

15. Show that the four points 

x\ -f- -}- ^3 iCo x\ ~f" ^3 “-f" ^'4 

1 -f- ^1 ^ 1 + ^2 ^ 1 4" 

all lie on the line joining xl and and that their cross-ratio is 

h ~ ^3 1^1 h _ 

^2 -^3 / -^2 

16. If , tK(/) are the coordinates of 6 points P,-, PJ and if V, V' ar(5 
the volumes of the tetrahedra OP^ Pq Pq , 0P{ P^ PJ respectively, then 

. g V cos (11) cos (12) cos (13) 

36 FF' = I JOP^ • 6>Pj| cos (21) cos (22) cos (23) 
cos (31) cos (32) cos (33) 
where (i 5) is the angle between OP^ and OP< . 

[ 6 F = 1 . 6 F' - I . Hence 3 6 FF' = | »,•;?> a-i’; | .] 

17. We are given three vectors AJi) at the point 0. If is tli(» cofa(4ior 

of jlfj-) in the determinant | |, divided by the determinant, pro V(5 that 

each of the vectors is orthogonal to two of tln^ vectors . 

[This result follows from the fact that , For (‘xaini>l(‘, the 

vector associate to is perpendicular to both and A'Jij).] 

18. If the axes are Cartesian and ^2, ag are the direction cosineH of 
a direction show that 

Psin2 _ 2i; (cos 023 — cos 0ia cos 0^3) ag ag = 1 — Z'oos^' 023 
+ 2 cos 023 cos 031 cos 012* 

[Here ocr = A, and the equation is simply A« = 1 written out 

in full.] 


CHAPTEE IV 

The Plane 

1 . The equation of a plane. 

Let P^, P2, P3 be three points whose coordinatCvS are 
*«) j • If-P is the mean centre of the points Pi, P^, P3 for mul- 
tiples X, ii,v, we know from elementary considerations that P 
lies in the plane of the three given points and we can include 
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every point oiiuhe plane by varying A, v. Now 

the equation 


X"' -= ^^( 1 ) + + VOO^iti) 

X + 11+ V 


. . ( 1 ) 


where are the coordinates of P, is a vector equation which is 
true in any orthogonal Cartesian system of coordinates. It is 
therefore true in every rectilinear system and gives the coordi- 
nates of every point of the plane P^ P^ Pg. Hence we may 
regard ( 1 ) as one form in which the equation of the plane may 
be expressed. 

The relations ( 1 ) can be written 


X (x ) -j- /W ( ^ t ) “h ^ = 0 , 

Eliminating ix and we have 

and when this is expanded we get a linear equation in the x\. 
Conversely, if satisfies a linear equation, we can take the same 
steps in the reverse order leading back to the equations ( 1 ). 
Tlierejore every linear equation in x'^ is the equation of a plane. 
Every linear equation is of the form 


OrOC^^hj ( 2 ) 

where is a co variant vector and b is an invariant, and con- 
sequently the equation of a plane can be written in the form ( 2 ). 
We note that if h equals zero the plane passes through the origin 
whilst if h is not zero the origin does not lie in the plane. 

We have now two forms in which the equation of a plane 
may be written, namely, (1) and (2). There is a third form which 
is really a modification of ( 1 ). Let 
Pq, coordinates ojjj, be a point of 
the plane and lot be two 

vectors at Po whose directions lie- 
in the plane. Then the points 

4* (-1 + /^ + '^) -^1^' 

and xl + (A + + v) S' obvioushr 

lie in the plane. If we take and these two points as the 
three points of ( 1 ), we see that any point of the plane can be 
expressed in the form 

ocr^x'^ + liA^ + VB'' , . . . 5 . . . (3) 
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for suitable values of and v. This form expresses the coordinates 
of a point of the plane in terms of a given point of the plane 
and two directions in it. In particular, any point of a plane 
passing through the origin can be expressed in the form 

+ 7'B^’ (4) 

In other words, all vectors at the origin which are coplanar with 
the two vectors A^' and are of the form (4). 

Exatviples, 

1. The intercepts of the plane (2) on the axes are of lengths 

IKlI, jfel. 

2. If A^i are unit orthogonal vectors of the piano at the point 
Fq, then any point of the plane is given by 

-f r cos 0 ^ sin QB^\ 

where r = PPq and 6 is the angle which PPo makes with A''. 

3. In (1) show that A :v = A (PP2 P3) •* A (PPg P^) .* A {PP^ Pg). 

4. If ajJh and are two points not lying in the plane (2), find thc^ 

ratio such that the point should lie in the 

plane. Deduce that the plane divides space into two i^arts such that 
[a^x^ — 6) is positive for the points on one side of the plane and negative 
for the points on the other side. 


2. The perpendicular distance from a point to a plane. 

Let us be given a plane whose equation is 
a.^ cc’’ = 6 . 

If jrJij and are any two points of the plane then and 
must satisfy this equation. By subtraction we have 

®r{<>-<x))=0 (5) 

JSTow is aay vector lying in the plane. Hence the 

relation (5) tells ns that the vector 

is perpendicular to every vector lying in the plane, and con- 
sequently it must be orthogonal to the plane itself. If we denote 
the magnitude of by a, that is 


( 6 ) 
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we conclude tliat the unit vector 'perpendicular to the plane is 
a'^ja. 

Let be a point which does not lie in the plane. We 
wish to find the perpendicular distance from to the plane. 
If is any point of the plane, then obviously the perpendicular 
distance d is the projection of the vector {x "' — x^) on the per- 
‘peiidicular to the plane. Hence 

^ a?;) 

a 

But x'^ lies on the plane, that is, 


Therefore 


X'^ = b. 

s = ^ ~ — 


( 7 ) 


In particular, the perpendicular from the origin on the plane is 


( 8 ) 

Wo have Hocn that the expression {h — ^*'’3) has different signs 

according to the side of the plane on wliicli a’o lies. The perpendicular 
is th(‘refore positive from points on one side of the plane and negative 
from points on the otluT side. 

We can place the equation of the plane in a special form 
which is called the normal form of the equation. Let us divide 
equation (2) by a, the magnitude of The equation of the 
plane is now of the form 

^^x^ = p, (9) 

whore is a unit vector. Also in the normal form the per- 

pendicular from is 

( 10 ) 


and p is the perpendicular distance from the origin. In this case 
the unit vector normal to the plane is 1’’= 


Examples. 

1. Prove that the angle 0 between the 'planes and a' = V, 

is given by cos 0 ^ g^^^ (im. a^Jaa', 

The unit vectorH normal to the two planes are a^ja and where 

a, a' are the magnitudes of and a' , and the angle 6 between the planes 
is the same as the angle between tiio normal vectors. Hence 
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cos 0 = 


g^na’^a'” 


But a’- = g’''"a„ and = Therefore 

and the equation for cos 6 hecomes 


g^’^rCl', 


2. Prove that the perpendiculars from the unit points Ej, Eg, Ej- 

on the plane have the lengths -LL“2 ^ ■ respootivoly. 

^ ^ a cc a 

3. Prove ttat the cosines of the angles, which the perpendicular 
vector from 0 on the plane makes with the coordinate axes, are 


^^2 ^3 

ayfl'22 ay(703 

4. Prove that two planes and a'^x^'^h' are orthogonal 

if p-’"” == 0, and are parallel if a/ == Ic a ,. . 

5. n P is any point on the perpendicular from Pq on the plane show 
that 33^== iCfl + p a^ja, where p is the distance PPq. Deduce the length 
of the perpendicular from Pq on the plane. 


3. The intersection of two planes. 

Let 

= b 
— V 

be the equations of the two given planes. We shall use the notation 


( 11 ) 


A 


ra — 


a,, 

a' 


a,, a' — a, a', 


( 12 ) 


and we see that is a skew-symmetric tensor. 

There are only two possibilities : either the i)lanes are parallel or they 
are not parallel, the case of coincidence being inchided under that of 
parallelism. 

I. The planes are parallel. In this case we must have 

af, 

where h is an invariant. In other words, 

= 0 (13) 

If, in addition, tlie two planes are coincident we sec that h = h'jh and 
we must also have the equations 

a ' __ 

¥~T' 

These last equations can be written in another form, namely, the equations 

a^ = e^b, a'.=-e,.V ( 14 ) 

must be satisfied simultaneously. 
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II. The planes are not parallel. The conditions for this are that the 
q^nantities are not all zero. This wc may write briefly 

A-fg =|=0j (15) 

remarking that this does not mean that all the A^s are different from 
zero; it mc'rc'iy expresses that ^4 is not a zero tensor. The planes now inter- 
sect in a definittH straight line. This straight line is obviously in both planes 
and is pcrpcmdioular to both a'^ and n/’*. Consequently its direction is that 
of the vector . If a;(,’ is any point on the line of intersection 

then every other point of tlie line is given by 

x^' a, 

for all values of L 

Wo may therefore classify oiir results as follows: 

(A) 0, there is a finite line of intersection. 

(B) 

(i) ^ , the planes arc parallel and there is a lino of inter- 

seotion at infinity. 
ch ^ a> 

(ii) i the planes are coincident. 

Lot us next consider tho equation 

X iif — b) -f* //. (a.;. — ft') = 0 (16) 


If tho xdancs (11) are parallel or coincident, (16) is the equation of a par- 
allel or coincident plane for different values of the ratio A/a. 

If the plaiK'H are not parallel, then (16) is a plane passing through 
tlu^ir lin(>> of intersection. Hence if we vary Kjp wo obtain all the planes 
passing through tho lino of intersection of tho planes (11). We shall now 
int(^r})r(‘.t thc^ ratio Xjp, Let the plane (16) make angles a, a' with the planes 
(11). Tlien, if ft’, ft' are tlu^ perpendiculars on the two planes (11) from any 
point on (Iti), wc hoc that 


But 

ft == 

Therefore, froan (16), 
and 


ft'/ ft — sina'/Hin a. 


• a,, x*' 


a 


ft' = 


■ a; X ' 


a' 


i. 


Ac&ft + //.a'ft' = 0, 

a' sin a' 


a ft 


asm a 


(17) 


Examples. 

1. Prove that 2 s'*"'’* a',. 

2. Show that the unit vector drawn parallel to the line of intersection 

of the planes (11) is atijaa' sin 6, where 0 is the angle between 

the planes. 
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3. Show tiiat the angle 6 between the planes is given by 

2 sin^ 6 = A^n 

4. The point where the line of intersection of the planes cuts the 
coordinate plane = 0 has the coordinates 


/ haj — b'a.^ b a[-b 'a^^ ^ 

V *^12 -^21 / 


5. By equating the magnitudes of the two equal vectors 

s' "H > 


prove that 


I 


II a* sin0 = sin a -h fA>a'^ + 2 A/i aa' cos 0)“ 


4. The intersection of three planes. 


Let the equations of the three planes be 

^(1) /j3?* 2,(1) 

42) ^ 

ajP 0^' =- 

or, as they may be more briefly written, 

(jg) 

We shall use the following notation 





4" 

4^’ 






Arst 


a® 

4"' = 

e<u-4‘’ O'? 

4*' ■ 

t . . . 

. • (10) 



4“' 

4»> 

4”’ 





^(1) 

af> af> 
a<.“> oW 

AfJ 

= 

4.“| 4“> 
4."'4‘' 



> 1 

4“> 1 • ' 

, . (20) 


These quantities are all skew-symmetric tensors. We nhall divi(l(^ the 
discussion of the mutual relations of the three pianos into tlio following 
parts : 

I. All three 'planes are parallel, coincidence being consicU'rcKl a npc'clal 
case of parallelism. Reference to the last section will show that wt‘ muni 
have 

= 0 , 

and this of course entails the vanishing of .4,. a,. We divide this caH(^ into 
three sub-cases. 

(a) All three planes are coincident. The conditions for this arc 

__ 

2,(1) 2)(S) ~ 




that is, 


( 21 ) 
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(/3) Only two planes are coincident. Let the last two be the two ooinoident 
planes. We must have in this case 

af ) == , af'> == 0 ,, 4= 0 ,. 6(1) . 

The intersection is a straight line at infinity. 

(y) No two planes are coincident. Here no two of the three sets of equa- 
tions (21) can be satisfied simultaneously. The intersection is a straight 
line at infinity. 

II. Only two planes are parallel. Let the last two be parallel. Then 
we m\ist have (p. 56) 

.4(^=0, 

It is a consequence of the vanishing of that 

Aret = 0 . 

(a) The two parallel planes are coincident. For coincidence we must have 


Also it is a simple matter to verify that under these circumstances 




The intersection is a finite straight line, namely the intersection of the third 
plane with the two coincident planes. 

(/5) The two parallel planes are not coincident , that is, 


It follows that 


af'^ L 
6(i) + *^1) • 

6 (^') Alfl^O. 


The intersection is now the point common to two parallel straight lines, 
and so is a point at infinity. 

III. No two planes are parallel. We must have 

Now the line of intersection of two of the planes may or may not be parallel 
to the third. The plane 

A ~ 6("> ) + p x^' - ) == 0 

is a piano passing through the line of intersection of the last two planes. 
Hence we can or cannot find values oi X, p such that 

a^i) = X + pi , 

according as the line of intersection of the last two planes is or is not 
parallel to the first. 

(a) // the line of mter section of two is not parallel to the remaining 
plane, we can therefore conclude that 

Afst ={= 0 , 

and the intersection is a unique finite point. 



6o ABSOLUTE BIFEERENTIAL CALCULUS [CHAP. 


(j3) If the line of intersection of two is 'parallel to the remainmg, we imxst 


have 


^ • 


There are now two possibilities. Either this line of intersection docs or 
does not lie in the remaining plane. The former happens if 
-f and this entails 

SO that when this is true the intersection is a finite lino. In the latter case 
that is, 

and the intersection is a point at infinity. 

We have now exhausted all the possibilities, and w^o shall classify our 
results as follows: 

(A) + there is a unique finite point of intersection. 

(B) ^„, = 0, 

(i) A^f I =(=0. There is a unique point of intersection at infinity, 

(ii) — 0. There is a finite line of intersection. 

(C) 

(i) a/.*' — 6j. 4= 0 . There is a unique line of intersection at infinity, 

(ii) ajy — 6,, = 0 . The three planes arc coincid(‘nt, 

[It is to be remarked that the formula 4 moans tliat th(^ 
three tensors Aj,^^ , are not all three zero tensors. Similarly 

af^ — means that the three vectors obtained by putting i 1, 

2, 3 are not all three zero vectors.] 


Examples. 

1. Prove that Arst == ^123 ^rst • 

2. If we put ^ = ^i23/)/p,sliowthatil„j = ^ 8 ,„, anti deduce that 
A is an invariant. 

3. Prove that 

A.t = a?> A'^l = ia* A<\>. 

4. Prove that 

<> A<\> + uf ) Al)! + ag' A ^, . 

5. IiA„t= 0, show that we can choose numbers A,i, , A,g, , A(„, such that 

A,i,a* = 0. 

IS, in addition, 6<*> = 0, then the quantities also satisfy the 

equation 

A«;6'*>=0. 
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5. Plane coordinates. 

We have seen that the equation of a plane is of the form 

b. 

Let us suppose that the plane does not pass through the origin, 
so that b is not zero, and let us divide across by b. The equation 
of the plane becomes 

Putting a^lb, we have finally 

UrOC^^l ( 22 ) 

Now if we are given the three quantities (%, u^) then the 

equation (22) determines the plane uniquely, just as o?^) 

determine a point uniquely. Consequently we call them, by 
analogy with the rectilinear coordinates of the plane^ and we 
shall refer to as the flane variables in contradistinction to 

the x^\ which we call the point variables. The equation (22) 
shows us that the form a covariant vector. Thus if we transform 
from one set of rectilinear coordinates to another, the point 
variables transform in accordance with the equations 

(23) 

whilst the law of transformation of the plane variables is given by 

= (2i) 

yl being the cofactor of in | c** | , divided by | cj | . A transforma- 
tion of rectilinear coordinate systems is therefore given by a 
linear transformation either of point variables or of plane 
variables. 

Lot us put 

(25) 

whore is a given unit vector and 0 is a variable parameter. 
We wish to examine how the plane, whose coordinates are (25), 
varies as 0 varies. Tlie equation of the plane in point variables, 
or, as it is often called, the point equation of the j)lane is, from 
( 22 ), 


, 1 
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Hence as 6 varies we have a series of 'parallel planes^ the normal 
vector to the planes being JlL Moreover, 1/6 is tlie length of the 
perpendicular from the origin on the plane, and therefore the 
plane goes off to infinity as d tends to zero and approaches 
the origin as 6 tends to infinity. We conclude that the plane 
whose coordinates are ( 0 , 0 , 0 ) is the plane at infinity, and if we 
wish to include planes through the origin we must let %, Uo, 
U 3 tend to infinity in given ratios. We see from (25) that 0 must 
he eciual to u, the magnitude of and hence it is equal to the 
reciprocal of the length of the perpendicular from the origin on 
the plane. 

The system of planes (0, 0, t), as t varies, has the point ecpuition 



that is, it is the system of planes parallel to the coordinate plane 
a;3 = 0, and the member of the system, given by ^ = 1, passcH through 
the unit point Uq. We shall call this plane a wiit plane. We have 
similar results for the planes parallel to the other two ccjordinato jdant^H, 
so that we have three unit plmies with coordinates (1, 0, 0), (0, 1, 0) 
and (0, 0, 1). If we write the coordinates of the unit planes in tluj 
form then 

= < 

in each coordinate system. It is easy to see (cf. p. 30) that ive ean 
always choose a coordinate system such that any three planes, lokkh ham 
a unique finite point of intersectioyi and which do not pass Ummgh the 
origin, are the unit planes of that system. Let us draw iiiroiigh the 
origin planes parallel to the three given planes, thus forming a j)ar- 
allelepiped, and let Eq be the corners of the parallelepiped on 

the edges through 0. If we take a coordinate system in which E^, 
E 2 , Eq are the unit points, the three given planes arc jdaneH ilirotigh 
the unit points drawn parallel to the coordinate pianos and ain^ thoni- 
fore the unit planes of the coordinate system. 


Examples. 

1. Show that the point of intersection of the unit plan('0 has for point 
coordinates (1, 1, 1). 

2. Show that the length of the perpendicular fromO on the plane -w,. is 

■ rrzr- , and deduce that the perpendiculars on the unit T>lanc‘s are 


3. Show that the point -it’' is the pole of the piano with roHX)ect to 
the unit sphere whose centre is 0. 
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4 . Provo ihai tlio angle (p between the planes Uj. and Vf is given by 


cos (p = 


{?'»/ u 
ICV 


5 . .Deduce ironi Ex. 4 that the angles 95^2, 97235 between the co- 
ordinates plaiK'S are given by 


cos 9?i 2 



cos 9^2 2 




cos 9)01 




(). Show that to (‘acli unit covariant vector there corresponds a plane 
touching thc‘ unit sphere with centre 0 . 

7 . If c{;;) th(^ nnii, points and cJP the unit planes, show that ef 
is the cofa-ctor of cjh in tlui determinant | | , 


6. Systems of planes. 

If w(^ iiw> given two ])lanca wliosc coordinates are and Vr, 
let ns (‘xn-niine the plane of coordinates 


?^Ur + {i>Vr 
X + ipi 

Tlic i)oiniy (‘-rjuation of tliis plane is 


“1“ /i Vj, 

. A + 



= 1, 


or, as it may 1)(i written, 


(27) 


A x^' — 1) + fi (p^. — 1) == 0. 

Ecf(‘.ronc(i to § 3 (p. 57) shows ns that it is a plane passing through 
the- intersection of and v^. Moreover, if it niakes angles a, ^ 
with tlie planes respectively, then 


or 


A^^sina + /i'ysin/S = 0, 

V sin^ 
wsina 


(28) 


In particular, the plane (Ur + Jcv^)l{l + Jc) divides the angle 
between Un into parts a, fi such that sin ajv sin/?. 

Wc see that the two planes 

T + /c' 


. . . (29) 
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are pairs of planes in a homographic system if h, h are comiocted 
by a linear equation 

akh' -^hh ■{■ck' + d = 0, 


and tbe system is in involution if & = c. 

If we are given three planes, we may denote them by 

uf = M,'."’ , l-C > 


(SO) 


We see from § 4 (p. 68) that the necessary and sufficient con- 
dition that these planes should have a unique finite j)c)int of 
intersection is that 

+ (‘51) 


also any other 
presented by 

= 


plane passing through this point may be rts- 

+ A. 






^(1) + ^(3) + ^11 


)<" ^ £(i) 


(32) 


Examples* 


1. Prove that the cross ratio of the pencil formed by tli<^ phdnss (20) 
and Uj.f Vj. is 


2. Prove that the planes Urt 


Ur + /fJ Vr 

1+ 7r’ 


Ur — /C Vr 


form a Imnnonicj 


pencil. 

3. Show that the planes are the bis(‘ctors of tlu^ aiiLdc' 

between tty, Vr> 

4. Defining parallel planes as planes having a common line of iivt.t*r- 
section at infinity, show that the system of planes i)araUol i-o Ur is Our^ 
as 6 varies. 


7. The equation of a point. 

We have seen that a linear equation in the point variahk^nS 
is the equation of a plane. Let us examine what is represendu^d 
by a linear equation in the plane variables. Such a linear equation 
is of the form 

a^'Ur =! 

By (22), p. 61, this equation expresses the condition that the 
plane should pass through the point Ilmoe the linear 
equation in represents a system of planes passing through a 
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fixed pomt, aiul we call it the plane equation of the point. If h 
tends to Koro, we see that the point a'^jb tends to infinity along 
the line johiiiig 0 to a’', whilst the equation (33) becomes of the 
form 

a’M,, = 0 (34) 


Thus the! homogeneouH linear ccj\iation (34) in plane variables 
represonta the point at infinity in the direction a’’. 

If w(^ arc given two linear cujiuitionH 


iIu‘He will be Himultant'ouHJy by those planes which, pass through 

both Die ])oiniH jukI a'^'/h\ and (35) will then r<‘present the system of 
planes through ilu^ line joining iluw‘ points. Tims two linear plane equa- 
tions r(q)i’es(‘nt Die stra-iglii 1in(‘ joiniiig the two points. Jf we put 




a* 


(36) 


we ]ia,ve Du‘. following eas<‘H: 

(A) If .(*1 ^ “ -"1= (1 , then a'' ’’ 1 0 a/ and the two points are not on a straight 
liiu^ Uu’ough O, I’he line joining the iioints does not iiaaa through the 
origin, 

(B) If yB'** -- Oj the points lie on a line through 0 and wo have two 
Hub-euses: 

(i) — ’ I': , t-he pointH are not eoineident and the line passes through 

the origin. 

ff/ r f^r 

(ii) “-jy-s-ts 5 tlu^ two points are coincident. 

•iriK^ stiuh’nt will remark iho analogy between these results and those 
of § 3 (}>. 56). 

If; we are given thnie lin(‘ar equations 


- h(i). 


(37) 


will rc'piH'sent tln'e(^ givtui jioints and we wish to find tho relations 
between Du^se points. .Lid) us use i.he notation 



<^< 1 ) 

<) 

4(1) 

A’'“~ 



<' 4.0 



(4,1) 

4(fi) 


(3S) 




(:i) 




(4)> 

<0 






»U) 

(4) 


Artt _ 

•^(n) 


^(3) 


Wc‘. leave th(' studfuit to prov(‘, by reasoning similar to that of § 4 
(p. 58), the following results. 

(A) |‘ 0, ih(‘ three points lie on a unique plane not passing 

througli the origin. 

(E iJ87) 


6 
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(B) ^”' = 0, -4;-;h=o. 

(i) 6„-, the three points 


lie on a unique piano througli the 


origin. 

(ii) 6,jj 


= 0, the three points lie on a line not pasning througli i-h(! 


origin. 

(C) =0, j.;;? = 0. 

(i) _ Q^' =[= 0, the points lie on a line through the origin. 

(ii) ai) — d*' = 0, the points are all coincident. 

The student will observe the complete duality c'xLsting hotW(‘(‘n the 
two sets of point and plane variables. The point in one corn'HpondH to 
the plane in the other, the line joining two points com'Hpoiids to t-lu' line 
of intersection of two planes, the origin corresponds to lh(' plan<‘ a.i in- 
finity and so on. This principle of correspondence betwt^en th(^ two M(d.s of 
variables is known as the principle of duality. 


Examples. 

1. Show that the equations in plane coordinates analogous to (.1) and 
(3), p. o3, give two forms of the piano equation of a pointi. 

2. Prove that 

2. {a'^Uj, — b) + ^ {a'^Uy. — b') = 0 

is the equation of any point lying on the line joining fclio points (35). 

3. Show that the point in Ex. 2 divides the points (35) in the ratio 
lih'lll. 

4. Prove that the point 

A<‘i ~ 6(i,) = 0 

is the mean centre of the three points (37) for multiples b/.j, 


EXAMPLES IV. 

1. If the equation of the plane is given in tho form (3), p. 53, show 

that the vector is normal to the plane. 

2. If the equation of the plane is (1), p. 53, show that Uu^ vector 

^(* 2 ) d" ^(3) ^( 3 ) ^( 3 ) ^u)) normal to the plan(‘. 

3. The coordinates of the foot of the perpendicular from iluj point 
Xq on the plane — b are 

+ (& — ci^ 

4. The plane passing through the intersection of the planes ^ h 
and a' a;’’ — b' 0 and also through the origin is 

(b' a,y, — h af) 33 ^ = 0 , 

5 . H a plane makes angles a, ^ with two other plimoH, whioli arc 
molmed to each other at an angle 0, the linos of intersection of tho idanos 
being parallel, prove that 

sin2 0 = sinS a + sina /3 + 2 sin a sin /? cos 0 . 
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0. {!’ H), provi* ihiii iiic uniqut^ point of intersection of the three 

plan(‘S in §4 (p. 58) is 




2 A 


7. Using t.he iK>tation of § 4 (p. 58), 1(4 us denote by M the matrix 

' 

> 

‘ alf (/!<,•» 


(i) Ur(»V('i that the (HJiiditions ylj®} =0 express that 

all tli(‘ (It'U'i’ininanis of tlu^ third onUa' in J7 are zero. 

(ii) Prova* that th(‘ (toiulitions JJ?J 0, j ^ / 6^”^ 

(^xi)rt‘HS that all thc^ (h'tierininants of th(‘ second ordvr in 31 are zero. 

S. if a-r(' thre(‘ ])Ianes Avliuse (ioordinatea satisfy | | + 0, sho-\v 

that th(^ i/ran sfoi’nuitfon to new variahles 

u,, 

is sueli that the giv(‘ii ])hui(>s arc^ tlu^ unit planes of the new system. 
Hmrc. show lhal (fni/ thm\ vumrUvut vectors, nlf\ satislyhig the emuliiion 
1?^;?' | -| d, mti ussmuc. the. values (I, 0, 0), (0, 1, 0) ami (0,0, 1) if the 
eoordhiatr si/sfe.ui is ehoseu. suitably. 

0. Pr()V(‘ that an <u’thogonal Cart-esian system can always be chosen 
Huth that any <H>va riant vector shall hn,V(^ two of its (foniponent-s zero. 

10. Prov<‘ that Mk^ vector /t'"" parullcd to the lino of 

interH('(*.tion of th(‘ plaiU‘M 

;ri. Show that th<i point, whoH(i ecpiation is 

•ifi.V uf % 0, 

is ih(^ point at infinity oji tilie line, of intcu’seetioii of and . 

:i2. L(di w);' 'u]P be fotir planes and ht us pnt 



<1/(0 .^^(1) 

n\P 


.j/CJ) 

wi' 

ulP 

uj‘ 


Prove that and deduce that yl is an invariant. 

I' it 1' 1/ 


lib Ihslnci^ from (112), p. (14, that A — 0 is the condition that tlielour 
jdan(‘M of Kx. 12 should nuMt in a ])oint. 

l*k I f (/> 2 ;, is i-lu^ angles Ixtwet^n ilu? eoordinatt‘ planes — 0 and x^ = 0, 
prov(^ that/ 


15. We a.r(‘. giv(ni threes planes ufP aP‘ — 0 pasaing through the origin 
and a, fi , y a-rc^ tlu^ angles l)(twei‘n tlieir linens of inti'iseetion. By evaluating 
tlie hivariaJit 
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e’'-’' ttP’ 


in the Cartesian system in which these planes are the coordinate planes, 


ur m [-> 


{ -A- 

on HI /A\ 



1^- 

- oos^a — 

cos 2/? •— 

cos 2 

y + 2 cos a 

cos/)' 

coH y 1 

^{ng 



I ' 

(“ 


sin a sin (i 

siny 


r 

16. 

The plane 

1 coordinates of four planes 

ar(^ 


wj :*' '1 

I.',:" and 

we put 







tijP n\ 

ii) 

‘ > 



^(3) = 









Show that 











' u'tP 

“a" 

1 

1 



1 

tllP 

«ii 

u\ 


etc. . . 

Fi? 

uf'> 

uf' 

1 


a 



uli 




ulP 


1 








17. By calculating the invariant 


in the system in -which ulP, arc the unit planen, show 1;lutl; ijiiw 

invariant eq[uals 6 F, where F is the volume of tho teira-hetliuju fni’incul 
by the four planes. 


OHAPTEE V 

The Stbaight Line 

1. The point equations of the straight line. 

There are three different forms in which the equa-tions of a 
straight line can be written. 

First, let ns be given two points and on t]i(‘, line. Tlu‘ 
point 

+ IXX^2) 

* -■ ;. + fi 

is the mean centre of these two points for jnnlti])los X aiul fi. 
In other words, it lies on the straight line and divides tin', giv(n) 
points in the ratio /xjX. For different values of X and /i (1) ro.- 
presents every point on the straight line. 
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Se(!on(lly, Icb ;r;,' b(i 11 jjiivoii point on the straight line and 
let ?l'' he till', unit voetor defining the direction of the line. Then 
any point of tho lino is given by 

= ( 2 ) 

where q is the distance from to along the line. 

Liisdy, the straiglit line may be given as tho intersection 
of two planes, whose eipiations are 

f/->. 

TlioHC giv<‘. iihinl form into wliidi tho equations may be piit. 

Tlu^ piiriic.til.'tr form io l)(‘. um(uI will dfqxmd on the particular 
problem. It we de.aliu^ with Hysteins of points on a single 
lino (hen (i) will be found a eoiiv<mi{‘iit form; if we are dealing 
witJ) .s(*YernJ lines the. form (2) will usually bo most suitable; 
whilst (b) will be. of us(^ only in (hialiiig with planes passing 
through tlu‘- line. 


I0XAWI»[U0H. 

1. If {/. IK t-ho <liH(un<’f‘ lu'twrtMi ;rf,j utul uf.,) slunv that — — - , 

(t 

and kUow timt (1) lakes t la* kirm (2) by pul-tiiig /f/(A H* /i) Q/d, 

2. P»y writin.^; (2) in tlu* form c) d’ C + ^’')> show 

Uini (2) Ik nln‘ad.y iiapHritly in the fonn (1), 

li. Hlanv Hint iii (U) is t»n»p(»rtitninl to . 

4. Kiihl th(' ml ins of A;// for which tfic point (1) JioH (i) on tho piano 
(irX^ • ht (ti) ou the coordiiuvlc plancK. 


2, The relations of two straight linoSt 

We, shall luu'c <»m|>!oy the. foj*!u (2) for tho oquations of tho 


straight liiu'S. L(‘.t (h(*m bo 


,<■1 i,r, 

/'■ ' £.// 


(4) 


Since two parallel veei ors lni,ve the same components, the straight 
lines through the origin parallel to (t) are 

a/' (>X\ »"■ 
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and the angle 
their parallels 
is given by 


between the lines is equal to the angle between 
through 0 . Hence the angle 0 between the lines 

= ( 5 ) 


The two straight lines are perpendicular if 




and are parallel if 


Let us now consider the shortest distance between tlu^ two Hi-rai^hi 
lines. Let PqA and be the lines and through each of IIk'H) l(‘t iis draw 

planes I\^A R and R' par- 

allel to the other. 'These planes 
are obviously parallel to eat'h 
other. We next- draw plain's 
P^Ji'AA' and P[,BAA' pi'rpi'ii- 
dicular to thi'se plani's and 
intersecting the liiu's in A ajid 
A'. It is clear that A A^ is not 
only perpendicular to lioth liiii's 
but is also perpendie-tilar to both 
planes. Also it is easily seen that ^ .A' is the shortest distaac(‘ between 
the lines, for the distance between any two other points of thi' lines is 
greater than the perpendicular distance between thi' two paralli'l plaru's. 

Let the coordinates of Pq, PJ be Xq, resia'ctively anil d the 
shortest distance. The vector 



sin d 


(ti) 


is the unit vector orthogonal to A’’ and that is, to the two straight 
lines. But S is the projection of Pq PJ on this direction. The shortest 
distance between the lines is therefore 


sinO 


(7) 


Examples. 

1. Show that sin^e = " K Kr 

2. The coordinates of A and A' are 

^0 "I" gijj2g (^m 6 Kti) (®o™ ®™) ■ 

3. Prove that the equations of the two parallel planes are 

a;g) = 0, A’" A'” (»?' - w'/) = 0. 



VJ 


TIlli] STRATOHT LINK 


71 


4. Provo that tlio ('quatioiiH oi‘ tlio porpondiouUir pianos are 

(A, cos 0 ~~ ^'r) Ur/' - !<) === 0 , ( a ;, cos 0 - (x^' - xU) - 0 . 

5. [h’ovo that the two lini‘s intorsoet if 


3. The six coordinates of a straight line. 
Lot l\yL 1)(‘. a Htraiglit lino whoso equation 


is given in tlie forjn 

x"' ■— Q)l ‘•I- Q A'’ 

Jjot UB fortu tlio (juantitic^B 


( 8 ) 



• (9) 

TlioHo form a e-ovariant vector and it is 
easily verilhal that th(\y are indojx'.ncleiit of 
tlu', ])nrti(ailar point tliat we take on 
tlie line. Tln^ two veetorH A’’ and determine the straight 
Hiui uniquely, for we. shall now find the equations of the lino 
in tcrrtis of tlnmi. If wo multiply (0) by A„ and sum with 
respect to r from 1 to 3, wt‘. g(it 






r < A,-- <5,:,!; 


which shows tliat the vector is a point on the straight 

lino. The (Hjuations of the straight line can therefore be written 


+ ^?A^ (10) 


Tlui two vectoj’S A’’, /,f,. a.ro calhul the six coordinates of the 
slraiijht line. They satisfy lAic relations 


- 0, 


( 11 ) 


which states that A’’ is a xmit vector and that is orthogonal 
to A’‘. 

Inti^rpretiul g<*omctrioally, A^ is the vorsor giving the direction 
of the lino. Tlu^ V(H!tor /.t’’ is perpendicular to both A^ and x[ 
and its dirt'ction is such that the triad (A'’, is positive. 

Also its magnitude is OPq ^l^at is, it equals OL where L 
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is the foot of the perpendicular from 0 on the lino. Hence if wo 
draw 0 if perpendicular to the plane OLPo, in sirch a direction 
that LPa, OPo, OM form a positive triad, and cut off OM 
equal to 0£, then the point M has for its coordinates’. 

Examples. 

L Prove that the plane == 0 is the plane through 0 containing 
the straight line. 

2. Show that the coordinates of are 

3. If the straight line passes through the origin, show iliat == 0. 

4. Show that ^ ^gmn ~ 9m 7 i ^ ^ ffnin *^o * 

5. Find the six coordinates of each of the coordinate axes. 


4. The plane equations of a straight line. 

We may also express the equations of a straight line in 
terms of plane coordinates. There are two forms iii which the 
equations may be written and these are analogous to tiuj forms 
(1) and (3), pp. 68, 69. 

If and are the coordinates of any two planes j)assing 
through the straight line, then the* plane 

u — + J^uj ^ 

^ X + ii ^ 


is any plane passing through the given line. Tliis form of the 
equations is of value in dealing with systems of phuuis througli 
the straight line. 

The straight line may be given as the join of two points 
whose plane equations are 

‘^(l) ^(1) J 

This is the second form of the equations, and can be used whtui 
we wish to deal with systems of points of the lino in phinc 
coordinates. 

Examples. 

1. Show that as yw/A — 1 the plane (12) tends to the planer 
through 0 containing the straight line. 

2. Deduce from Ex. 1 that the point equation of the plane througli 0 

and the line is = 0, 

3. Show that the vector < 2 ) parallel to tlie straiglii 

and that its magnitude is q betwivxi 

and ^ 
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EXAMPLES V 

1. If a, & are tlie opposite sides of a tetrahedron, d the shortest distance 
between them and 0 the angle between them, prove that the volume 
of the tetrahedron is 

F == 

6 


[Let XQ-jra^^\ x'q^' h be the vertices. Then 

OF- - O « - 4- 6A'' - (ojS - 40 7^ K'^ab.] 

2. Show that the perpendicular distance between two parallel lines 

ojJ •]- Q and 4 = is d where 

< 5 ^ = {dmn- K K) ~ (4 - 

3. If a straight line is defined by two points a;{i), oifs) show that its 
six coordinates are given by 


V' ^(2) ^(1) _ ^(2) ^’(1) 

A - , , 

where d is the distance between 4 d ^^0 42) • 

4. If a straight line is determined by two planes show 

that its six coordinates are given by 


,,{!) ,y(2) 

X _ ^ , 


1/^2) 


where h = sin0, being the magnitudes of and 

and 0 being the angle between them. 

[Use the results of Exs. 2. and 3 of § 4, pp. 72, 73.] 

5. If the six coordinates of two lines are and A'^A^r? show 

that the shortest distance between the lines is 

A^V4 + A^^V,, 

sin 0 

6 being the angle between the lines. 

6. The condition that two lines intersect is = 0. 

7. Show that the planes 

^ ;i"‘ a;"' — fir > fir = 0 
all pass through the line (A’’, fi^. 

8. Show that any plane through the straight line (A^, fi^ is given by 

“ Tis A h fir 

fl 

as 1g varies. Show that h = cot a/a^, where a is the angle between and 
fij,. For = 0 we have the plane passing through the line and perpen- 
dicular to OL. 
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9. The six coordinates of a line may also be looked upon as a contm- 

variant vector }J and the nomzero components of a shew-synimeirie double 
tensor [i'’''* ^ X^Xq, with the relations 1, X^' =^Q . 

Show that the equations of the line are 

10. With the notation of Ex. 9, show that the shortest distance 
between two lines is 

11. If we have two straight lines x^' = Q X\ ^ .rjd- q 
both passing through the point irj, show that the equations of the biso(?tors 
of the angle between them are 

x^ = rrj + i (V ± ) , 

and show that distances along these lines are measured by 2 ^ cos 0/2 and 
2 1 sin 0/2, 0 being the angle between 7^ and 

12. If 0-4, OB, 00 are three directions from 0 given by the unit V(‘ctors 
X% 11 % and OA', OB', 00' are the bisectors of the angles between these 
directions, show that the planes AO A', BOB', 000' all pass thrcjugh 
the line x^ = t{X^A^ /P4- ^0- 

13. Show that the length of the perpendicular from on the line 
x'' = xl -p Q X'' is d where 

= (9n.n Qrs “ 9mr 9n,) - 4) 7 ^ 


14. Show that the equation of the plane through the line x^' — <r[,' -h i^X 

and parallel to the line x^'^q/A' is . 0. 

15. If we are given two straight lines as the intersection of tlu* f)airH 

of planes and u\?\ u\'^\ show that 








w!/’ 






1 

1 

1 

1 




where d is the shortest distance and d the angle between the lines . 
[Use Exs. 4 and 6.] 

16. The condition that the straight lines of Ex. 16 be coplanar is 


,,Vi) „(i) 

«<« = '>• 

1 1 1 

17. Show that the points 

-{•■ k xl x\ -f ¥ 

1 + ' 1 -|- /c' 

form pairs of points of a homographic range on. the line joining x^ and 
if h and h are connected by a relation of the form 

dlclc dr ^ ^ ~f~ <7 "f" = 0 . 
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CHAPTER VI 

The Quadric Cone and the Conic 


1. The equation of a quadric cone. 

A quadric cone is the locus traced out by a family of lines 
which all pass through a point and whose versors A’’ satisfy 
a quadratic relation of the form 


= ( 1 ) 

where components of a symmetric double system. 

The point is called the vertex and each of the lines is called 
a generator of the cone. 

If a?’’ is a point on the cone, the line joining it to the vertex 
is obviously a generator; but the equations of this line are 

Hence we deduce that satisfies the equation 

( 2 ) 

This is therefore the equation of the cone. We see, as we would 
expect, that if a point satisfies the equation (2) then every 
point on the line joining it to the vertex also satisfies (2). Writing 
out (2) in full, we have 


^0 = 0 : 


. (3) 


As we shall deal in this chapter only with cones having a 
common vertex, we may suppose that this vertex is the origin. 
In this case equation (3) takes the simpler form 


= 0 


( 4 ) 


When we change to a new coordinate system x'*' the equation 
of the cone is still of the form 




Hence we conclude that 


— • oil — n 0 fii % 

a X X = Aa X x\ 

where A is some factor. We can always suppose that the system 
is multiplied by such a factor that A= 1, that is, a^n 
is an absolute invariant under a transformation of coordinates. 
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Consequently, since amn is symmetric, we conclude that 
is a double covariant tensor except for a possible factor X. In other 
words, every quadric cone determines a double* covariant tensor. 

Examples. 

1 . Bliow that 

am n X” + ® + a” ^ ^ ’ 

loJiere oc”^^ is the cofactor of a^n in | «„zn U divided by | a^n | ? and 



Let us denote by ” the cofactor of in A, so that a”‘ " nfA. 

We have 

Hence 

+ (*” + «’“ 6,) 

= + dl b, + 61 k X™ + ,5 » a" ‘ 6, 6< 

= „ x”' ®” + 2 6„, a:’" + a’" ” b„, b,, . 

Also 

/I .lun 

and our result follows immediately. The quantity A is iisaally calk^.d 
the discriminant of + 2 + c. 

2. Prove that Zl = 0 is the condition that n H- 2 hm -h o — 0 

should be the equation of a cone. 

3. If Zl — 0, show that the vertex of the cone is — and that 

4. If we put F {x) — 2b^x^+c, show that the equations 

dF 

— 0 give the vertex of the cone. 

5. Show that any straight line not passing through 0 cuts the cone 
in two and only two points. 


2. The equation of a conic. 

Let us now examine the equation corresponding to (2) in 
plane variables. It is 

«“"K-OK-<) = o, (S) 

where is a given plane. We see that a™” is a symmetric contra- 
variant tensor except for an unimportant factor. 
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The planes whose coordinates satisfy (5) will form a family 
of pianos satisfying some geometrical condition. Let u,, be any 
plane, other than which satisfies (5). We see that the plane 


% + 7 
l+A 


. ( 6 ) 


also satisfies (5) no matter what value is given to X. Now as X 
varies the plane (6) always passes through the intersection of 
Uj, and ul, that is, every 
plane through -this line of 
intersection satisfies (5). If 
we take a series of planes 
all satisfying (5), their 
lines of intersection with 
ul will give a family of 
lines in the latter plane 
and this family of lines will 
mvalope a certain curve in 
the flam . Moreover this 
curve is sxich that all planes through any tangent line to it in 
the plnne satisfy the equation (5). Consequently the equation (5) 
expresses the condition that the plane touches a given curve 
in the plane i/f , and we may say that (5) is the tangential equation 
or flane equation of the curve. 

If we take any two planes uf and u ^^^ , whose line of inter- 
section does not lie in ul, then + Zj) is any 

plane through their intersection. This plane will touch the curve 
if its coordinates satisfy (5), that is, if 





Hence through any line in space two and only two planes can 
in general be drawn to touch the curve, and we conclude that 
it is a curve of the second class or a conic. 

The equation (5) is therefore the plane equation of a conic in the plane 
. In other words, every double contravaxiant tensor determines a conic. 
Wo see that to theorems relating to cones with a given point as vertex 
there correspond dual theorems relating to conics lying in a given plane. 
Wg shall work out the theory connected with cones in point coordinates 
and leave the development of the dual theorems in plane coordinates 
to the student, the algebraical work in the two cases being exactly the 
same. 
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If we consider the equation 

— 0, (7) 

this represents a conic in the plane whose coordinates arc (0, 0, 0). 
Hence (7) is the equation of a conic in the 'plane at inimity, 
and therefore to cones with their vertices at the origin will 
correspond conics lying in the plane at infinity. 


1. If we write 


Show that 


Examtles. 





c 


6'") {l(>n+ +.d/yl, 

where is the cofactor of in A, divided by A. 

2. Show that = 0 is the condition that u„i + 2 6 Um + o 0 
should be the equation of a conic. 

3. If zl — 0, show that the plane of the conic is — 6**, and tliat 
c= 

4. If we put 0 {%) — lift + 2 5^ + Cj show that the cqua- 

00 

tions — = 0 give the plane of the conic. 


3. The tangent plane to a cone. 

Let Xq be a point on the cone 

aj"* a:« = 0, (8) 


and let £c^ be any other point. Then ----- is any point 

I “i“ aj 

on the line joining these points, and this will lie on the cone 
provided that 


2 k a,„ „ x”' xl + ¥ a„. „ a;’" a:” = 0 . 


(y) 


This is a quadratic equation for k, the roots of which give 
the points of intersection of the line joining x’’ and x’’ with 
the cone. One of the roots is zero, as we would expect since 
a;, is on the cone. The line joining a:’’, x’’ will touch the cono 
if the second root is zero, that is, if 




( 10 ) 
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This is the equation of a plane and it is such that every line 
lying in it and passing through touches the cone. It is therefore 
the equation of the tangent plane to the cone at the point x[. We 
notice that the tangent plane at x'q contains every point of the 
generator 

x"' =Qxl, 

Moreover the tangent planes at every point of this generator are 
coincident, or, in other words, the plane (10) has a line of contact 
with the cone, namely, the generator. 

We can use this result to find the plane equation of the conic in which 
the cone is cut by the plane at infinity. If is any point on the cone, (10) 
is the equation of the tangent plane at this point and 

dmri ^ ^0 ~1 ••*.( 11 ) 

is a parallel plane. Now the lino of intersection of the tangent plane with 
the plane at infinity is a tangent line to the conic section, and therefore 
the plane (11), which has the same intersection with the plane at infinity, 
also touches the conic. Tl|o plane (11) will be the plane if 

Solving this equation for ajJ, we get 

where is the cofactor of in | ]•, divided by \ a^n I • ®nt Xq is 

any point on the cone and hence satisfies the equation 

^tn n = 0. 

We therefore deduce that 

= 0 . 

This, we know, is the plane equation of a conic in the plane at infinity and 
must bo the section of the cone (8) by the plane at infinity since it is 
touched by every tangent plane of the cone. 


Examples. 

1. Prove that the six coordinates of any generator of the cone are 

given by = 0, V, where A”* — 0, 

2. If we draw tangent planes from the point Xq to the cone, prove 
that the plane containing the lines of contact has for its equation 

= 0 . 

3. Show that the point of contact of the plane which touches the 

conic = 0, is given by the equation 

= 0 ; 
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show that to a generator of the cone in point variables there corresponds 
a tangent line to the conic in the dual theorem. 

4. Deduce from Ex. 3 that the cone formed by lines joining the origin 

to the conic a”* ” = 0 has for its equation in point variables 

= 0, where is cofactor of in divided 

by I 

5. State and prove the dual theorem of Ex. 2. 


4. Poles and polar planes with respect to a cone. 

Let P, coordinates , and Q, coordinates , be any two 
points. The point + ^), which divides PQ in 

the ratio k, lies on the cone if 

+ 2 ^ a,n^ xl, xl^ + »” , = 0 , . ( 12 ) 

and tie roots of this equation in h are tie ratios in wiicJi tic 
two points of intersection of FQ witi tie cone divide tie semnent 
PQ. 

If tie range is iarmonic, tie roots are equal in magnitude 
but opposite in sign. Tins 


and we see tiat aijl, lies on tie plane 

=0 ( 13 ) 

Tiis plane is therefore the locus of tie iarmonic conjugates of 
P, and we call it tie polar plane of P with respect to the cone. 
If two points P and Q are such tiat tie polar plane of one passes 
through tie other, tie points are said to be conjugate poinLs 
with respect to the cone. Tie condition is 

. ^(11^(2) ~ b (H‘) 

We note tiat tie polar planes of all points, which lie on a 
straight ine through 0 , coincide and wo call this plane the 
corijugate plam of the given line. Also if P and^ are conjugate 
points with respect to tie cone then all tie points of tie ’line 
OP are conjugate to every point on OQ. Two such linos arc 
said to be conjM^aie diameters. Tie condition tiat two directions 
Ai, and A, 3 , should be conjugate diameters is 
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Examples. 

1. By expressing the condition that the roots of (12) may be equal, 

show that the equation of the pair of tangent planes from to the 
cone is od^Id 

2. Find the locus of a point Q such that PJR QS has a given cross-ratio 
X, where P is the fixed point and R, jS are the intersections of PQ 
with the cone. 

[The ratio of the roots of (12) equals A.] 

3. Show that the equation of the pole of wj mth respect to the 

conic oi^'' u,^ = 0 is w,. -wj = 0. 

4. Show that the poles of all parallel planes, with respect to the conic 

a’”” ‘^^11 = h, coincide and if p and q are two conjugate planes with 

respect to the conic then every plane parallel to p is conjugate to every 
plane parallel to q. 


5. The canonical equation of a cone. 

Let P be any point which does not lie on the cone 
=: 0. If the coordinates of P are x[, the polar plane 

of P is 

and the point P does not lie on this plane since cc“ 4 = ^ * 

Tlencej if we take any two points x^ and xl lying in the polar 
plane but not collinear with 0, then x[^ x[ are three in- 
dependent points which may be taken as unit points in a new 
coordinate system. Now 




0 , 


and these are invariant equations. Therefore, if we transform 
to the new axes and denote the new quantities by dashes, we 
have 


and 


a' =0. 


The equation of the cone becomes 

a'^^{x^^f + + 2a[,,x''^x'^ + <3 {x^y = 0 . ( 15 ) 

If a', = 0, the cone reduces to a[^{x'y^0, 

that is, to two coincident planes == 0, and we proceed no 
further. 


(n 287) 


6 
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If these conditions are not satisfied, then the section of th( 
cone by the plane x'^ = 0 is the lines 

+ + ... ( 16 ; 

In this plane we can obviously choose a point Q not lying or 
the lines, and then take a point B on the plane and conjugate to Q 
with respect to (16), that is, OQ and 0-R form a harmonic pencil 
with the lines (16). The three points P, Q, R are independeni 
and may be taken as unit points in a certain system of coordiiiateg 
x^. We shall then have in the new system 

^12 ^23 ^31 ^ > 

and the equation of the cone becomes 

+ . . . (17) 

where the a's may have zero values. This form of the equation 
of the cone is called the canonical form. Moreover the number 
of such coordinate systems is infinite as both and are 
arbitrary points. We notice that we may take any points on 
the lines OP, OQ, OR as unit points and the form will still b(3 
canonical. In particular, we may choose the points such that 
the non-zero coefficients of the form (17) may all be plus or minus 
unity. Thus the equation of the cone may talce the S})ecial 
canonical form 

+ + .... ( 1 . 8 ) 

where for example, is either 0 or is ± 1 and has the same 
sign as If the original form is positive definite 

then so must the left hand side of (18), that is, all the ch must 
be plus unity. 

This result shows that we can choose in an infinite nnmher 
of ways a coordinate system in which any symmetric covariant 
tensor a^n have 

‘ = 0, (m + n). 

Examples. 

1. If we are given a positive definite quadratic form, (7-mn show 

iJicvt there exists an infinite number of coordinate systems in which it gives 
the distance of from the origin. 
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If we take any coordinate sj^Btem and let 

9^ ^ ffmn (oc) 

wc know that wo can choose a coordinate system such that 

<P == C^f + {x^, (/ 5 ) 


since tlio form is positive definite'. Thus by a linear transformation of 
variables, whicli we may call T, wo can transform (a) into (/?); hence the 
inverse transformation T~^ transforms {p) into (a). Let us now take 
as being any rectangular Cfartosiaii system of coordinates and let ns make 
the transformation to new variables x^, so that (P) transforms into (a). 
But measures the- distance fromui^ to 0. Therefore in the new coordinate 
system (p also measures the distance from 0 to and we see that the 
nnmbcT of systems available is infinite. 

2. Show that w('. can choose in an infinite number of ways a Cartesian 
system of coordinates in which the equation of the cone assumes the 
canonical form (17). 

3. Rhow that we can reduce the equation of the cone to the form 
(17) and at thc^ same tinier take any plane, which does not touch the cone 
but pa,ss(^s through thc^ origin, as the plane = 0. 

4. Rhow that the conic == 0 can be transformed in an 

infinite numb('r of ways to the canonical form 

^^^(%)^ -j- (Wo)® 

5. Rbow that the equation of the section of the cone 


<Hi 2 (aj'^)2 = 0 


by the ;^hmo at infinity is 


J™ 


2 3 


6. The principal axes of a cone. 

The equation of the plane conjugate to the direction A*' 
with respect to the cone is 

= 0 . 

This plane will be perpendicular to A*" provided 

a,,„A“ = eAr = (19) 

That this equation may be satisfied d must be a root of the 
determinantal equation 

1 fimn “ ® {fmn | — 0 (^ 9 ) 

Conversely, if wc can find a root 6 of this equation we can then 
find a direction P which will satisfy (19). Such a direction is 



84 ABSOLUTE DIFFERENTIAL CALCULUS [CHAP. 

called a 'principal direction or principal axis oj the cone. We 
shall show that there are three principal axes ‘which are mutually 
orthogonal and we shall find the form of the equation of the 
cone when referred to its principal directions as coordinate axes. 

We first observe that the equation (20) has three roots and, 
since a:™ is positive definite, we know (p. 16) that these 
roots are all real. Let us denote them by 6^,0^, Two or more of 
these roots may of course be equal. Corresponding to the root Oj 
we have a direction AJj, satisfying (19), that is, 

( 23 ) 

Let us now ctoose a rectangular Cartesian system cu'’* in wjiicli 
is the cc'^-axis, and in this system we have 

‘^(1} ~ 5 1 ” ?3 3 ^ ^8 3 ^ ^ ? 9 x 2 ^ Oan 3, ^ ^ * 

We deduce from (21), which are vector equations, 

<1 

or. 

Our cone becomes 

+ ^23 + 2 a' a a'a (,y 0 , 

If a' ^ = a' a — a ' 3 = 0, we proceed no further, but if those rela- 
tions are not true we take the section of the cone by the plane 
x'^ = 0. It is 

<3 + 2 “ a;' " + {x' = 0 . . . . (22) 

This is the equation of two straight lines and we may take as 
coordinate axes the bisectors of these lines, the coordinate Bystoin 
being still rectangular Cartesian. Referred to these final coordi- 
nates x'^ the lines (22) become 

«22 (ST+ % (S3)2= 0. 

In other words, the tensor has all its components zero except 
» 22 ? ^ 33 - N'ow the left-hand side of (20) we know to be a 
relative invariant of weight 2; consequently if it vanishes in 
one system of coordinates it vanishes in every other. Thus in 
the system we have that the equation 

0 0 0 

0 ^22 — 6 0 =0 
0 0 


aoo — 
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has the same roots as ( 20 ). But the roots of this last equa- 
tion are ^335 i^hat is, 

® 22^®23 ^ 33 ”® 3 > 

and the equation of the cone is 

• + + • . * ( 23 ) 

where 6^ are the roots of ( 20 ) and the coordinate 

system is rectangular Cartesian. We also see that the vector 
equations (19) are satisfied in the new system by the co- 
ordinate axes which are therefore the principal axes. Of course 
it may happen that some of the 0 's vanish. 

We have proved that we can always choose a rectangular 
Cartesian system such that in it any symmetric covariant tensor 
will have 

a,nn^0p 

Examples. 

1. If O2 =a O3J that is, two of the roots of (20) are equal, prove that 
every direction pcrpendictilar to AJh is a principal direction of the cone. 
In this case the cone is said to be of revokition, the direction AJb being called 
the axis of rcvohition. 

2. If the .three roots of (20) are equal, prove that every direction is 
a principal direction. In this case the cone is said to be isotropic, and 
we seo that its equation may be written g^n fc” = 0. 

3. State and prove the dual theorem of § 6. 

[The dual theorem is that the conic 0 can have its equa- 

tion reduced to canonical form and at the same time the axes be chosen 
rectangular Cartesian.] 


7, The classification of cones. 

Wo have seen that the equation of a cone can be put in the form 

d" = 0, 

and at the same time the axes can be chosen rectangular Cartesian. We 
shall now classify the types of cones that can exist. We shall use the 
usual notation 

A = j dfyi 1 , 9 ^ \ gmn\> 

and denote byA'"« the cofactor of a,nn in A. Since A and g are relative 
invariants of weight 2 and is a relative tensor of weight 2, we see 
that Alg is an absolute invariant and A'^^lg is an absolute tensor. In 
our new coordinate system we have ^ == 1 and 
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Hence 


A . = Ctii ^2 2 ^3 3 J • — (^2 2^3 3 j — Oj CtC . 

-- == ^22 ^ 33 > ~ ^22 ^33 4 “ ^33 ^11 4 " ^11 ^ 22 - 


Also gr’”" is an invariant, that is, 

9^”'" ff'mn “ 4- «^22 4“ «33* 


We conclude that a^, ^ 22 ^ ^33 of the cubic equation 

ft Amn A 

y = o> • • • • ( 2 ^) 

or, 

+ j: = o, .... (25) 

where ©“" = gtgr""" is the oofactor of g„„ in g. Equation (26) is just the 
detexminantal equation 

\(imn- Ogmn\==^^> (26) 

and 52 2 * ^33 roots of this equation, a result which we obtained 

in the last section by another method of proof. 

I. 4" none of roots is zero and the cone is non-degenerate. 

If the three roots are all positive or all negative the cone is imaginary, 
otherwise it is real. 

n. A = 0, hut the first minors of A are not all zero. All the components 
of the relative tensor A are not zero and therefore they cannot be a.ll 
zero in any other coordinate system. Since A is zero, one root of (25) 
at least is zero, say Ugg, and we see that the only component of that 
survives is A®® = ^ 22 * Consequently neither nor ^22 can vanish and 

there is only one zero root. The cone becomes 

%i(^^)"4- a22(^“)^= 

which is the equation of iioo distinct planes through the iB'^-axis. The planes 
are imaginary if and agg have the same sign, otherwise they are real. 

III. A, together with all its first minors, vanishes. Then A^"" = 0, and 
(25) has two zero roots, say and a 2 2 - The equation of the cone is 

“3 3(»'T= 0; 

which is the equation of two coincident planes ^3=0. 

It will be noticed that the conditions stated for each case are in* 
variant conditions which if true in one coordinate system are true in all 
systems. 


Exabiple. 

Show that we have the following classification of the conic 
== 0. 

(i) |a”^”| 4=0, the conic is non-degenerate. 

(ii) |a^"| —0, but all first minors are not zero, the conic reduces 
to two distinct points at infinity. 

(iii) and all its first minors vanish, the conic reduces to two 

coincident points at infinity. 
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EXAMPLES VI. 

1. Show that the cone ^ == 0 degenerates into 

two distinct or coincident planes according as Q equals a single or double 
root of th6 equation | 0 g,nn \ =0. 

2. If the cone = 0 is of revolution, show that we can find 

a quantity 0 such that 

- 0 (7 grs^ 0 . 

[The cone {Umn — 0 a3”‘ a;’* = 0 degenerates into two coincident 

planes when 0 equals the double root of =0. Hence all 

the first minors of the determinant vanish for this value of 0.] 

3. Show that in rectangular Cartesian coordinates the conditions- 
of Ex. 2 become 

«ii«23— 0 ^^‘ 23 j etc. 

4. >Show that if a given plane outs the cone a^n 33™ = 0 in two 
distinct generators we can choose a coordinate system in which a;^ = 0' 
is the given plane and the equation of the cone becomes 

%3 + 2 % g = 0 . 

5. Prove that the angle a between the lines in which the plane 
x'^ = 0 cuts the cone a^n = 0 is given by 

oot“ a = - ^ 

[Evaluate the invariant in the special coordinate system of Ex. 4.] 

6. liiolropic cone. The cone g^n = 0 is called the isotropic cone. 
Show that if two directions at 0 are conjugate with respect to the iso- 
tropic cont‘. they are orthogonal and conversely. 

7. Circle (U infinity. The conic u^^Un = 0 is called the circle at 
infinity. Show that the isotropic cone is the cone obtained by joining O' 
to the points of the circle, and show that two planes are orthogonal if 
they are conjugate with respect to the circle at infinity. 

8. Meciprocal cones. Show that the lines through 0 perpendicular to- 
the tangent planes of a>mn = 0 lie on the cone 

a;™ - 0, 

and show that the perpendiculars to the tangent planes of the latter cone 
lie on the original cone. Two such cones are called reciprocal cones. 

9. If a,nn == 0 is expressed in canonical form, the axes being 
orthogonal Cartesian, show that the reciprocal cone is 

iVi I 2 % 3 

10. The vanishing of the invariant g'^^^ a^m means that there is an 
infinity of triads of mutually orthogonal generators of a:’™ a;™ ~ 0. 

11. The vanishing of the invariant means that there is an 

infinity of triads of mutually orthogonal tangent planes to a^m == 0. 
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12. If =0, show that = 0 represents two planes 

and show that their Intersection is in the direction where 

13. Show that 

(«>n« <^mr ««.) ^0 4 = 0 

represents two planes, which pass through the line ^ 6 iCo and also 
pass through the points common to a;”' a;’^ = 0 and == 0. 

Hence it is the equation of the pair of tangent planes from ajJ to the cone. 

14. If \a^n\ = 0, show that the planes a^n = 0 are orthogonal 

if = 0. 

15. Deduce that if the tangent planes from x^ to the cone are ortho- 
gonal then a:*" lies on the orthoptic cone 

(fif”* " «m n) {cira — <7”* ” r « aJ** a;» = 0 . 

16. If we are given two quadratic forms, 

one of which is positive definite, show that they can he simultaneously 
reduced to the forms 

[We can always choose a coordinate system for which is the 
metric tensor and the result follows from § 6 (p. 83).] 

17. If 6 0 is a multiple root of order a, (a < 3), of the equation |c£r^„ — 
^ gmn\ =0, show that all the first minors have Oq as a multiple root of 
order a — I and all the second minors as a multiple root of order a — 2. 

[These are invariant properties and hence it is sufficient to prove 
them when the tensors are in their simplest forms.] 

IS. Prove that the condition that the plane ^ 0 should touch 
the cone amn = 0 is = 0. 

19. When the equation of the cone is in its canonical form show that 
the coordinate axes are mutually conjugate diameters of the cone and 
conversely. 

20. The conditions that a cone a^n 0 should touch the co- 
ordinate planes are ~ — Q. 

21. If there are three mutually orthogonal directions AJ, XI, XI satis- 
fying the relations 

{ars—6grs) 0, 

where a^s is any double tensor and g^s is the metric tensor, show that 
Ors must be symmetric. [This is the converse of the theorem of § 6 (p. 83). 
It is proved by taking the orthogonal directions as coordinate axes.] 

CHAPTER VII. 

Systems of Cones and Conics 

1. The equation of a system of eones with a common vertex. 

If we are given two cones 

(B) b^^x”^x” = 0,\ 
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having the origin 0 as a common vertex, then any cone with 
the same vertex and passing throngli the points common to 
(1) is of the form 

- 0 h,nn) = 0 ( 2 ) 

Therefore as 0 varies we get a system of cones all of which 
contain the common points of the two original cones (1). 

The system (2) will contain members which are not proper 
cones but are pairs of planes, namely those members for which d 
is a root of the equation 

I 0 0« (3) 

This is a cubic equation and has three roots; therefore in general 
the family (2) has three pairs of planes belonging to it. We 
shall often refer to these members as the degenerate members 
of the family. 

If we transform to a new coordinate system the system 
becomes 

{^71171 0^mw) = 0, (4) 

the parameter 0 giving the same member in the new variables 
as it gave in the old. Also the determinantal equation (3) becomes 

-~0LJ-O (5) 

Now the determinant is Icnown to be a relative invariant of 
weight 2. Hence if it vanishes for any value of 6 in one coordinate 
system, it will vanish for that value in every other system. In 
other words, the roots of the equation (5) are the same as the 
roots of (3), that is, the roots of (3) are invariants. 

Our object is to examine the • different ways in which the 
two cones (1) may be related to each other and we can do this 
by examining the different forms that the system (2) can assume. 

Example. 

Show that tho family of conics = 0 possesses 

degenerate members for the roots of | — 0/5^” | = 0 , and show that 

these degenerate members are pairs of points at infinity. 


2. The common polar directions of a family of cones. 

The planes conjugate to the direction with respect to the 
two cones are respectively 
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These planes will coincide if 

(6) 

and we see that if this condition is satisfied then the planes 
conjugate to with respect to all the cones of the family coincide. 
We shall call such a direction a common polar direction of the 
family. If (6) is true, it follows that d must be a root of the equa- 
tion (3) and, conversely, if 0 is a root of (3) we can always find 
a corresponding direction 2*’ satisfying (6). There is therefore 
alw^ays at least one common polar direction. 

If Aq is a common polar direction of the family we have seen 
that there is a number 6^ such that 


and do is a root of (3). Hence the cone 


reduces to a pair of planes which intersect in the line Xff . More- 
over if is a generator of the cone iz;” = 0, we see that 


<^,nnK‘K=%b,„j:K=0, 


and ?Jq is a generator of every member of the family. But the 
plane conjugate to a generator is the tangent plane along this 
generator. Consequently all the cones have a common tangent 
plane, and we conclude that if a common polar direction is 
a generator of one non-degenerate member of the family then 
all the members touch along this generator. 

If there are two independent common polar directions 
and Aj, we have 


^mn^O ^0 ^mn > ^mn ^mn * 


Now Oq may or may not equal 6^, and we consider the two cases : 
(i) 6 q 4= . We find that 




and consequently 


= KnKK = 0 - 


The directions A^ and X[ are therefore conjugate with respect 
to all the members of the family. 

(ii) 6^ = 0^. Here we see that 
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and every direction in the plane containing H'" and is a common 
polar direction. Let us choose any two vectors in this plane which 
are conjugate with respect to the cone „ a:”* a;’* = 0. Then these 
two vectors are conjugate with respect to any member of the 
family. Therefore if we lime two independent common polar 
directions of the family we can always choose two such directions 
which are conjugate with respect to every member of the system. 

If we have three independent common polar directions 
Xf, Xf, Xf, we have 

= KKnK, 

Wc mean by three independent directions three which are not 
coplanar. Wc have the following cases: 

(i) No two of the 0's are equal. Wc see exactly as in (i) of the 

last paragraph that the directions AJ,, are all mutually 

conjugate with respect to every member of the family. 

(ii) Two of the 0's are equal, say Oq = 0i. We see that every 
direction in the plane containing Ajj and is a common polar 
dircctioTi and we can choose two in the plane which are also 
conjugate with respect to every member. Moreover Xl. is conjugate 
to every dircKition in the plane of X[ and AJ* . 

(iii) All three of th(i 0's are equal. In this case every direction 
is a common polar direction and we have only to take three 
direcitions which will be mutually conjugate with respect to 

= 0 and we see that they will also be mutually con- 
jugate with rcvspect to every member of the system. 

We conclude that if we have three independent common polar 
direciions wc can always choose three such directions 'which are 
also mutually conjugate with respect to every member of the family. 

Examples. 

1. If &wn ” Qmn show that thcro are always three common polar 
direction H whicli are orthogonal to each other. 

% Hhow that if (3) has two distinct roots then there must be two 
independent common polar directions. 

[Xf XI and X^ ^he two directions corresponding to the unequal 
roots and , tlum -|- h 1% . ] 

3. If equation (3) lias three distinct roots show that there must be 
three independent common polar directions. 

4. Investigate the dual theorems regarding a system of conics 

= 3 - 0 ^ showing that to a common polar direction 
there corresponds a commoxi polar line at infinity, that is, a line at in- 
finity which has the same pole with respect to all the conics. 
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3. The canonical forms of the equation of a family of cones. 

We shall now investigate the simplest forms to which we 
can reduce the equation (2), p. 89, of the family of cones and 
in so doing we shall examine the different relations that the 
two cones (1) can have to each other. We may call the cones 

the base cones, and we shall leave aside the singular case where 
all the cones of the family are degenerate, so that we can always 
choose our base cones to be proper cones. In other words we 
choose our base cones such that | | and | 6^^ | ^3:e different 

from zero. 

We shall divide the discussion into different sections accord- 
ing to the number of independent common polar directions 
that exist. 

L Three independent common polar directions. We have seen 
that these three directions can be chosen to be mutually con- 
jugate with respect to both base cones and consequently with 
respect to every cone of the family. Let us take these directions 
as the coordinate axes. Since the axes are conjugate with respect 
to both cones we have in our new coordinate system 

^2 3 = ^31 = ~ ^23 ^ ^31 ~ ^13 ^ ^9 

and the cones become 

= 0 , 

The determinant is now 

hi ^ ^11 3 ^ 0 

^2 2 ® ^2 2 3 9 

^ *33 ^^33 

= ( ^11 ^ ^11 ) (^2 2 ^^ 22 ) (^3 3 — ^ ^ 3 3 ) • 

Hence the roots of the determinantal equation (3), p. 89, are 

^11 ^2 2 %3 

^11 ^2 2 ^33 
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Denoting these roots by 0^, and respectively we therefore 
see that the equation of the family is 


— 6)(a^')‘'*+&22(02 — 6)(!»y+&8s(03-6)(£K*)'^ = O, . (7) 
and the determinant becomes 


01-0 0 

^11 ^22 ^33 0 

0 0 


. . ( 8 ) 


There are three suh-cases: 

(A) ^1, 6*^5 ^3 unequal. The two base cones intersect in four distinct 
generators and the degenerate members of the family are the three pairs of 
planes given for To 

illustrate the cases we shall show the 
section of the family by a plane not 
passing through 0. The common ge- 
nerators are OA, OB, OG,OD (fig. 1). 

The degenerate members are the pairs 
of planes GAB, OOD; OBG, ODA; 

OBDf OGA, and the three common 
polar directions are their lines of 
intersection, namely, OF^OQ, OR. If 
we write any one of the system /S' = 0, 
and if P == 0 , Q — 0 is any one of the 
above pairs of planes, then the family 
of cones is of the form 

AP(2 = 0. 



JTig. 1. 


(B) Two roots equal, (0 
along the two generators in 
nerators OA and 0 B (fig. 2). 
The degenerate members are 
a pair of coincident planes 
0 A B, given by 0 = 0^^ = 02, 
and the pair of tangent 
planes OPA, OPB. The 
common polar directions are 
OF,OQ,OR, where and 
R are any tw,jg points on A B 
which are conjugate with 
respect to the cones. If we 
denote the equation oiO A B 
by P = 0, the family may 
be written 


j 02 =1= 0g). The cones have double contact 
which = 0 cuts tb^ cones, that is, the ge- 



;S'4-;ip2=:0. 


(0) All three roots equal, {Q^— 0a — 03). All the cones now coincide 
for the two base cones are identical. The form of the family is merely 

/S = 0. 


94 


ABSOLUTE DIFFERENTIAL CALCULUS 


[CHAP. 


II. Tivo mdependent polar directions. Let these two directions 
be 0 P and 0 Now 0 P and 0 Q have each the same polar planes 
with respect to every member of the family and they can be 
chosen so as to be conjugate with respect to every member. 
Also the polar plane of either OP ox OQ must coincide with the 
plane OPQ as otherwise the two polar planes would intersect 
in a direction OP, which would be a common polar direction 
and would not be coplanar with OP and 0 Q. Let OP be the one 
whose polar plane is OP§, Consequently OP is a generator of 
every member of the family and OPQ is the common tangent 
plane to every member along OP. In other words, all the cones 
touch along OP. Moreover the polar plane of 0 Q cannot coincide 
with OPQ. Let it cut the cone P in OP and OP. We shall take 
0 P as the ^^-axis, 0 P the ^^-axis and 0 Q the ic^-axis. Since 
OP is a generator and OP, OQ are conjugate with respect to 
both base conics, 

“ ^13 == &13 = 0 . 

Also, since OP is a generator of B and 0§, OP are conjugate 
with respect to A and P, 

0 ao <1 ^ • 

Hence the determinant becomes 

0 , a-^ 2 0 & 2 , 0 

^2 1 ~~ ^ ^2 1 5 ^2 2 J ^ 

(<^33 ^^33) (%2 — 

We see that two of the roots of the determinantal equation are 
equal. Let the roots be 0^, 0 ^, 03 . Then the family becomes 

2 (01 - 0) 551 ^^+ ^22 ( 03 - 0 ) O 5 (9) 

and the determinant may be written 

0 , 0 ^^e, 0 

^12 ^38 01 0 J ^22? ^ 

0 , 0 , 03^0 


( 10 ) 
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Wo coiiBiclor the two sub-cases; 

(A) The cleterminantal equation has only two equal roots. 

The cones have single c(mtaGt along OP (fig. 3) and there arc two 
other distinct generators OA, OB. The degenerate members are the planes 
OPQ, OQ.A, given by 0" 0^, 
and the planes OP A, 0 PB, 
given by The two 

common polar directions arc 
0 P and OQ. SI we write the 
equation of OP <3 as P = 0 
and that of OAP as (2 = 0, 
the family of cones may be 
written 

where P = 0 is a tangent 
plane to all tlie cones. 

(B) 0^ = Ojj. The determinantal 
equation has thre^e equal roots. The 
cones have four-'poM contact along 
OP (fig. 4) and there are no other 
genc'rators common^ The only dege- 
nerate member is the plane OPQ, 
taktm twice, which is given by 6 ^ O-j^. 

The common polar (linnet ions arc OP 
and 0 Q, Q Ixdng any point on the line 
PQ. If wc^ writi‘ the equation of OPQ 
as P^ 0, tlu^ family of cones become 

AP^- 0, 




whc‘re P — 0 is a tang(‘nt piano to all the cones. 

III. One common j)olar direction. Let OP be this direction. 
The polar plane of. OP must pass through OP, otherwise this 
plane would cut the base cones in two pairs of distinct lines and 
we could find at least one other direction in this plane which 
would bo a connnon polar direction. Hence OP is a generator 
and the common polar plane is the tangent plane along OP 
to all the cones, that is, the cones touch along OP. Let OQ be 
any direction in the polar plane of OP and let OP he the inter’* 
section of the cone B by the polar plane of OQ with respect 
to B. We shall take OP as the ’^^-axis, 0 Q as the ^^-axis and OP 
the F-axis. Since OP is a generator of both cones and OP, 
0 Q are coixjugatc with respect to both cones, 


■ 




nf} • 


^13 ■ 


0. 


Since OP is a generator of the cone B and OQ, OP are con- 
jugate with respect to P, • 
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^2 2 — ^2 3 — ^ * 

Hence tlie determinant is 

6 j % 2 ^^129 ^ 

^21 ^^21? ^22 ? ^23 

0 , % 2 5 ^33 ^^3 3 

— — ( a ^ 0^33) (% 2 ^^12)^- 

Now there can be only one distinct root of the determinantal 
equation since there is only one common polar direction. Hence 
if we denote this root by 0, we must have 

^2 2 “^1^1 2 3 % 3 ^^ 1 ^ 33 * 

The family of cones is 'therefore 

2 &i2(0i— 0) + 2 a.^s 

+ h3(0i-6) 

and the degenerate member is given by 0 == 0i, that is, by 
X^ — 0^ 2^23^®+ 522^^= 

The second plane cuts the cones in OP and another generator 
different from OP, that is, there is a common generator other 
than OP. We may simplify our results by taking this generator 
as OP, the in which case 

^2 2 ~ ^ * 

The system of cones may then be written 

2 bv 2 (di ^ 0) + 3 ^23 + 633 (01 - 0) 0,(11) 

and the determinant becomes 

0 , 0, -~-0, 0 

633 0 aas .... (12) 

0 (0,-6) 

Tlie cones haye three-point contact along OP (fig. 5) and there is one 
other common generator OR, The only degenerate member is the 
pair of planes OPQ^ OPR, given by Q = 0^, The only common polar 



VII] 


SYSTEMS OE CONES AND CONICS 


97 


direction Is OP. I£ we 
write the c^qiiatioiivS of 
the planes OPQ, OPE 
as P = 0 , 0 = 0 respec- 
tively, we see that the 
family of cones is 

where P ™ 0 is a tan- 
gent plane to all the 
cones and the j>lane Q 0 passes through the generator of contact, 

Wc have exhausted all the possible types that can arise and 
our next [)robleni will be to discriminate analytically between 
the different cases. 



Examples. 

1. Show that »2 2 cannot vanish in eqiiation (9). 

[Its vanishing would make OE a, common polar direction.] 

2. Show that ^23 cannot vanish in equation ( 11 ). 

3. Prove the following dual results for the system of conics 

(a^” — 0^ 

the algebraic work being practically identical with that of § 3 (p. 92) : 

1 (A). TJk^ conics all touch four distinct lines at infinity. 

I (.Bh conics touch two distiiact lines at infinity in two given 
points (flouble contact). 

I (0). Th(^ conics are identical. 

II (A). The conics touch a straight line at a given point (single contact) 
and toxich, two other distinct straight lines. 

II (B). The conics all touch a straight line at a given point (contact of 
the third order) and have no other tangent lines in common. 

111. The conies touch a given straight line at a given point (contact 
of the second order) and have one other common tangent line. 

[The canonical forma of the different cases are exactly similar to those 
above and wc have merely to interpret our results by the principle of 
duality.] 


4. The theory of elementary divisors. 

In order that we may discriminate completely between the 
different cases of § 3 (p. 92) we shall have to digress a little into 
the theory of the elementary divisors of a determinant. 

Let ^mn be two covariant tensors with respect to 

linear transformations, and let us put 

^ ^ 0 1 )^ ^ . 


(E 287) 


7 


. . (13) 
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We wish to consider the determinant 

i I ^ I ^mn ® ^mn 1 * (^'^) 

We know that j | is a relative invariant of weight 2, that its 
cofactors form a relative tensor of weight 2 and that its 
elements ioTm an absolute tensor. Thus if the variables are 
^iven a transformation 

0 = y — ly's 

we have the formulae 

j \ ~ y^ \ ^mn j J 

. (15) 

1 -ylyVw K.-<AKr 

We shall assume that the determinant | | is not zero. 

Let ns take the highest common factor of all the elements 
Jirnn let ns denote it by (6). We see that it cannot be of 
higher degree in d than 1, and we shall choose it so that the 
first coefficient is always unity, that is, {6) will either be 1 or 
(6 — a). In the same way let ns take the highest common factor 
of all the two-rowed determinants in (14), or, what is the same 
thing, the highest common factor of all the cofaotors 
We shall denote it by (0), and again take the first coefficient 
as unity, so that (0) is one of the three forms 1, (0 — a), 
(0 — -a) (0 — jS). Lastly we take the determinant itself and divide 
by — I ^3id we shall denote the result by (0) so that 
Dg (0) is a cubic polynomial in 0 whose first coefficient is unity. 

We see from (15) that, since the c^s are constants, the 
highest common factor of all the A , ^,4 is also the highest common 
factor of all the and vice versa. Hence (0) is an invariant 
under the linear transformation and similarly (0) and B^ (0) 
are invariants. Moreover a determinant can be linearly expanded 
in terms of the cofactors. Therefore Dg (0) must contain B^ (0) 
as a factor and in the same way B^ (0) must contain Bi(0). 
We can then write 


^ 3 ( 0 ) = 


Ml 

A(0) 




Di ( 0 ) ’ 



(16) 


where the E's are polynomials in 0, and we see that they are all 
invariants. These polynomials are often called the invariant 
factors of the determinant (14). 
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We shall now factorise each of the invariant factors. Let 
(0 — a) be a linear factor of any one, and let this factor be repeated 
Cl times in iSj, Cg times in and times in E^. Then such of 
the expressions 

(0-k)'S (0— a)<^s (9 — a)"* .... (17) 

as are not merely constants are called the elementary divisors of 
(14) corresponding to the linear factor {0 — a). We therefore see 
tliat we have elementary divisors corresponding to each of the 
linear factors of the E's. Moreover since the E'b are invariants 
we infer that the elementary divisors are invariants and, in 
particular, the numbers e^, are invariants. 

It is the indices that arc of importance in (17) and we shall 
often express the fact that (17) are the elementary divisors 
corresponding to the linear factor (0 — oc) by the symbol 

( 18 ) 

enclosing in round brackets the indices belonging to any one factor 
(0 — a). The symbol (18) is called the characteristic of the factor. 
Also wo deduce from (IG) that 

D,m:=^E,{Q)E,{d)ES)> (19) 

which shows that any factor of the E'b is also a factor of Dg 
and hence is a factor of the determinant (14), Consequently 
when examining (14) for elementary divisors we need consider 
only the linear factors of the determinant. 

As a simple example let xis consider the determinant 

0 — a 0 0 

0 0-a 0 =(0-a)2(0~-i?). 

0 0 

Hero a)^ (0 — /I), Dg == (0 — a), == 1 and so E^^{0 — a) 

(0 — /i), ^2=^(0 — a), ^1=1. Corresponding to the factor (0 — a) the 
Symbol is therefore (1 1 0); in practice we leave out the zeros and read 
this (11). Corresponding to (0 — p) the symbol is (1 0 0), or, leaving out 
the zeros, it becomes 1 since no bracket is now required. The whole in- 
formation about the elementary divisors is then contained in the charac- 
teristic [{11)1], where indices inside a round bracket apply to one factor. 

We shall find that we can classify the different cases of § 3 
(p. 92) by means of the elementary divisors of (14). 
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Exaiveples. 

1. Show that is a factor of Dg and a factor of Dg, and dednce 
that contains E-^ as a factor. 

2. Show thatDgDj contains as a factor and deduce that E.^ con- 
tains as a factor. 

[If is the cofactor of in the reciprocal determinant, then 
hrs 1 IS divisible by and is the highest 

common factor of \Jirs\^i-mnf 

3. Infer from Exs. 1 and 2 that, in (18), 63 > 


5. Analytical discrimination of the cases. 

Let us consider the different cases of §3 (p. 92), examining 
the elementary divisors of the determinant (14) in each case. 
Since the elementary divisors are invariants it is sufficient to 
find them in any coordinate system. 

1(A). The determinant for this particular case is, in its simplest 
form, (8), p. 93, where 63 > ^3 different. We have 

i>,(e)^(e--e,)(e^d,)(d~d,), A(d)-i, n,(0)^i, 

E^{d) = {d-d,){e-d^){d-d,), E^{6)^i, E^{d)^i. 

There are three distinct roots and the characteristic symbol for this 
case is 

[ 111 ] ( 20 ) 

1(B). The determinant is (8), p. 93, where 0^ — 6q. Hence 
A( 0 )- {0-0i)“(0""03). Dg(0) = (0^0i), Di(0)-1, 

( 0 “ 03 ). E^id) = {d~~e^). E^{0)^'l. 

There are two distinct roots and the characteristic is 

[( 11 ) 1 ] ( 21 ) 

I (C). The determinant is (8), p. 93, where 0^ — — 0^, Hence 

D, (d) = (e~dtr, E.id) ^ {6 - 6^)\ Di(0) = (0-~0,), 

E, id) = (0 -- 0i), E, (0) = (0 - 0,), E^ (0) (0 - 0,), 

There is only one distinct root and the characteristic is 

[( 111)1 ( 22 ) 

n (A). The determinant is here (10), p. 94, where 0^ and Oq arc not 
equal and agg is not zero. 

A(0) = (0-0i)Md-03), Dg(0 )=l, Di( 0 )==l, 

•E3W = fe-0i)M0-03), B,(e) = i, Si(e) = i. 
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The number of distinct roots is two and we find for the characteristic 

[21]. . (23) 

II (B). The determinant is still (10), p. 94, bnt now 0 ^ = ^ 3 . 

AW -(0- AW - (0-6,), D^{Q) = 1, 

A ( 0 ) - (0 - 0i)'^ A (0) == (0 - W, W = 1* 

There is only one distinct root and we have for the characteristic 

[(21)] (24) 

III. Ill this caso the deterniinant is (12), p. 96, in which A 3 Is not 

zero. Tims 

A(0) - (0 - 0l)^ A(0) = 1, A(0) = A 

A( 0 )-( 0 - 0 l)^ A( 0 ) = 1 , A( 0 )= 1 . 

There is only one distinct root and the characteristic reads 

[ 3 ] ( 25 ) 

We obBcrvc tliat the characteristic is different in each case 
and tlierefore serves to distinguish one case from another. 
Thus if we know the elementary divisors of 

0 h, (26) 

we Ivuow the canonical forms to which the quadratic forms 

afp'HH /■) /Y»W 

mn , Ujyi d/ 

can be redxiced, namely, the particular case of those mentioned 
above whose characteristic is the same as that of (26). 
Consequently if two pairs of quadratic forms 

x'*‘ and a!,,,,^x''"*x''\ 6'^^^ have the same elementary 

divisors tht‘. first pair can be transformed into the second by 
a linear transformation and vice versa. For the family 

n ^ n) 

can be reduced to its canonical form by a transformation T, 
and the family 

can be reduced to the same form by a transformation T\ There- 
fore, denoting inverse transformations by and T'~^, we see 
that the transformation will transform the first pair 

into the second, and will transform the second pair 

into the first. 
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It must be remarked that we have excluded from the dis- 
cussion the singular case where both the quadratic forms are 
degenerate, which is the case where the determinantal equation 
vanishes for all values of Q. 

Examples. 

1. Show that the coefficients of the cubic polynomial — 0^-mnl 
are all relative invariants of weight 2. 

We shall let A, B be the determinants | | respectively, 

the cofactor of in A and the cofactor of in B, When 
we expand we find that 

\a^^~ eh^^ \ A - BQK 

Now A, B are relative invariants of weight 2 and A™”, are relative 
tensors of the same weight. Hence the theorem follows immediately. 
These coefficients are often denoted by special symbols, the usual notation 
being J, Q, A', Since they are invariants we should expect that their 
vanishing will imply some geometrical relationship between the cones. 
Thus x4 = 0 implies that the first cone degenerates, and ^ = 0 implies 
that the second degenerates. We shall find that the vanishing of the other 
two can also be interpreted geometrically. 

2. Show that ifA™^‘6TO„==0 there is an infinity of triads of generators 
of the B cone which are mutually conjugate with respect to the A cone. 
Similarly for a^^^ B”^^ == 0. 

[Reduce A to canonical form and at the same time take two coordinate 
axes as generators of JS, then calculate the invariant in this system.] 

3. li — 0 show that there is an infinity of triads of tangent 

planes to the A cone which are mutually conjugate with respect to the 
B cone. Similarly for = 0. 

[Choose a coordinate system such that B is reduced to canonical form, 
and two of the coordinate planes touch A, and calculate the invariant 
in this system.] 

4. If we are given two conics = 0 and exa- 

mine the elementary divisors of |a^«— in each of the oases of 
Ex. 3 (p. 97) and hence distinguish these cases analytically. 

5. Show that the coefficients of the cubic polynomial | I 

are relative invariants of weight —2, and find what their vanishing 
signifies geometrically. 


EXAMPLES VII. 

1. If a root of I | ~ 0 is of a certain multiplicity for all 

the first minors prove that it must be a multiple root of the determinant 
of a higher order. 

2. Show that the necessary and sufficient condition that the cones 
A and B should have double contact is that (3), p. 89, should have a double 
root which is also a root of all the first minors. 
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3. Show that A and B have simple contact if (3), p. 89, has a double 
root which is not a root of all the first minors. 

4. The cones A and B will have contact of the second order if (3),. 
p. 89, has a triple root which is not a root of all the first minors. 

5. If the cone B is the isotropic cone, prove the following properties 

of the family = 0 : 

(i) Show that the canonical form must come under section I (p. 92),. 
that is, the form must be, (in rectangular Cartesians), 

(0, B) + (0, - 0) (x^f + (03 ^ 0) (x3)2 = 0. 

[This reduction has been already carried out at p. 83.] 

(ii) The common polar directions are the principal axes of A. 

(iii) The degenerate members are pairs of planes whose lines of inter- 
section are the principal axes. 

(iv) The cone A is of revolution if it has double contact with the iso- 
tropic cone. 

6. If we consider the family of conics (a’”” — 6 Un === O' 

obtained from the conics = 0 and the circle at infinity, show 

that they have the following properties: 

(i) The canonical form is 

(0, 0) (Wi)2 + (02 0) {u^f + (03 - 0) (^3)2 == 0. 

[This reduction has been already indicated in Ex. 3 (p. 85).] 

(ii) The common polar lines are conjugate with respect to the circle 
at infinity. 

(iii) The degenerate members are three pairs of points, a pair on each 
of the common polar lines. 

7. Confocal Cones. Let us consider the cones obtained by joining the 
conics of Ex. 6 to the origin. This is a system of confocal cones; show 
that they have the following properties: 

(i) The canonical form of the family is 

+.y (2' ^0. 

(ii) The family has the same principal planes, namely, those obtained 
by joining 0 to the common polar lines of the family of conics. 

(iii) The degenerate members are three pairs of lines through 0, 
a pair in each of the principal planes. These lines are called the focal lines 
of the family. 

8. If B = 6wn = 0 show that the planes h^n 0 are 

conjugate with respect to the cone x'^ a;” = 0. 

9. Infer from Ex. 8 that the condition that the planes x'^ x"^ ^ 0 

should be orthogonal is — 0* 

10. What are the theorems dual to Exs. 8 and 9 ? 

11. If the tangent planes from the point P to the cone B are conjugate 
with respect to the cone A, then P lies on the cone 

^mrKs) 0- 

Also show that the equation of this cone can be written in the equivalent 
form 
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12. Find the locus of a point P such that the tangent planes from it 
to the cone B are orthogonal, 

[This is the particular case of Ex. 11, where == 

13. Find the locus of P such that the pairs of tangent planes from it 
to the cones A and B form a harmonic range. 

[This is the same problem as Ex. 11.] 

14. If the polar planes of P with respect to the cones A and B are ortho- 
gonal show that P lies on the cone 

0 . 

15. If the polar plane of P with respect to the cone B touches the 
cone A show that the locus of P is the cone 

A^^ hfnr ^ns = 0 . 


CHAPTEE VIII 
Central Quadrics 

1. The point equation of a central quadric. 

A central quadric is a surface whose equation is of the form 

O (»"— *o) = 1 (1) 

The point is called the centre of the quadric. This point may 
without loss of generality be taken as the origin, in which case 
the equation becomes 

( 2 ) 

We see immediately that if is taken to be symmetric, as it 
always can be, then it is a covariant double tensor. 

If Xq is any point and a line be drawn through it in the 
direction the equation of this line is 

= < + 

where g is the distance between the points and x'\ and the 
line cuts the quadric in the points given by the equation 

e^a„,„rA'' + 2ea,„,r< + a^„« = l. . . (3) 

Tte roots of tliis equation are the distances from to the 
points of intersection of the line with the quadric, which we 
shall caU Q for brevity. 
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From this equation we make the following observations; 

(i) Defining the folarflane of xf, with resfed to Q as the locus 
of all points x'' such that the points x^, x’’ form a harmonic range 
with the points of intersection, we find that the equation of the 
polar plane of as’' with respect to Q is 

a, = (4) 

(ii) If lies on the quadric, the polar plane of coincides 
with the tangent 'plane to Q at a;'', and the equation of the tangent 
plane at aj’j is (4), where x’f, is now a point on the quadric. 

(iii) If a;;,' is the centre of Q, then x’f,— 0, and the equation 
(3) becomes 

= (5) 

that is, all chords of Q through the centre are bisected at the 
centre. 

(iv) The line through a;’’ will touch Q if 

= (%n - 1 ) • 

Hence tlie equation of the tangent cone from ic’' to Q is 




or, as it may be written, 


l)(a,.^x’;x:-l). . ( 6 ) 


Examples. 

1. The distance from the centre to tlie quadric in the direction A*" 
is called the semi-dimmter in that direction. Show that this distance is 

• 

2. Show that l/^an, 1/F%3 semi-diameters in the 

directions of the coordinate axes, provided the axes are Cartesian. 

3. If is a generator of the cone a^n = 0, show that both the 
roots of (5) are infinite. This cone is called the asymptotic cone. 


2. The tangential equation of a central quadric. 

Lot us now find the condition that the plane 

UpX'^'—l (7) 

should touch the quadric Q. If is the point of contact the tan- 
gent plane to Q is 
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and this plane is to be identical with (7). Hence 



Multiplying across by the cofactor of in A, we have 
A^^Ur==-Axl. 

If H 4^ 0 and if we put = A'^^jA^ we get 



But 

a?'* = 1 . 

Hence 




(3) 


(9) 

(10) 


which is the condition that the plane must satisfy if it touches 
Q. We therefore call (10) the flane or tangential equation of the 
quadrio. 

Conversely, if the plane Ur satisfies the relation (10), we 
shall show that the plane touches a quadric surface. Let u^. be a 
particular value satisfying (10), and let us consider the point 

af'^u,ul=l ( 11 ) 

If we denote this point by then 


O 

11 

A 


If [a’'® 1 =j= we deduce that 




where a^g is the cofactor of in | 

ul satisfies (10). Hence 

, divided by |a’'®|. But 


(12) 


and the plane has for its point equation 

In other words, the plane is a tangent plane to the surface 

and the 'point of contact is 

vs 0 -4 

a xi^u„ = l. 

So far we have considered only the cases where | and 
I a”®” j are not zero. The other cases we shall leave for the present. 
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Examples. 

1. Show that tho polo of the piano with respect to 

is < == 

2. Show that the centre is the pole of the plane at infinity. 

3. Prove that the equation of the conic in which the plane uf. cuts the 
quadric is given by 

3. Canonical form of the equation of a quadric. Principal axes. 

We have seen that the quadratic form x'^ can be 

reduced in an infinity of ways to the form 
+ %3 equation of the quadric becomes 

Oiii pl)“4-7fi32 + . . (13) 

We call tliis form the canonical form of the equation. Moreover 
we know that we can always reduce the equation to this form 
and at the same time choose the axes to be rectangular Cartesian. 
In this last case the coordinate axes are called the princi'pal 
axes and the coordinate planes are called the 'princi'pal pla^ies 
of the quadric. Also the quantities 

1 _ _ 1 _ 1 

y*^ii i y%3 

which are the semi-diameters of the quadric in the directions of 
the principal axes are called the lengths of the principal semi- 
axes. 

Sim.ilarly we have seen that the form 
reduced to the form (%)“* Hence the 

plane equation of the second degree can be reduced to the 
canonical form 

+ • • • (14) 

in an infinity of ways. Moreover we can, in at least one way, 
reduce the equation to (14) and at the same time choose the 
axes to be rectangular Cartesian. 

Examples. 

1. Show that the principal semi-axes of the quadric (2) are l/]0i, 

l/l02’ where Oj, 0a, 03 axe the roots of \amn — Ohmnl == 0. 

2. Show that the coordinates of the tangent plane to the quadric (13) 
satisfy tho equation 

W , j. ^ 1 

1 t/'Z a ^3 3 
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3. Show that the plane, whose coordinates satisfy ( 14), touches the 
quadric 


+ • 


+ 


= 1. 


4. Two points are con]ugate, with respect to a quadric if one lies on 
the polar plane of the other. Show that the condition that and Xq be 
conjugate with respect to x"' — 1 is x\^ ^ 1. 

5. Two planes are conjugate if the pole of one lies in the other. Show 

that -zqL are conjugate with respect to oc’"'' n,,, = 1 if a'"" uj, %%:=== I . 


4. Classification of the central quadrics. 

By taking the principal axes of the quadric as coordinate axes 
and thus reducing its equation to canonical form we can classify the 
different possible types of central quadrics. Let us take the determinant 

A. = I j (L5) 

When the equation is in canonical form we have 



0 

0 


0 0 

«2 2 0 

0 ^3 3 


== 1 ^2 2 3 • 


(16) 


We divide the discussion into the following cases. 

I. A:^ 0. It follows that A is not zero, that is, none of the a^s vanish, 
and the equation of the quadric is 


«n + «22 + «33 = 1 (17) 

There are four subcases according to the signs of the coefficients : 

(i) If all three are positive, the quadric is an ellipsoid. 

(ii) If two are positive and one negative, the quadric is a hyperboloid 
of one sheet. 

(iii) If one is positive and two negative, the quadric is a hyperboloid 
oj two sheets. 

(iv) If all three are negative, the quadric is imaginary, 

II. A =0, hut all the first minors not zero. In this case ^ = 0 but all 
the first minors of -4 are not zero. Thus one only of the a’s is zero, say «3 3. 
The equation of the quadric is 


«11 + »22 = 1. . . . ' (18) 

and the quadric is a cylinder, whose axis is the ^-axis and whose cross- 
section is the conic given by (15) together with = 0. 

(i) If ^22 both positive, the cylinder is elliptic. 

(ii) If one is positive and one negative, the cylinder is hyperbolic. 

(iii) If both are negative, the cylinder is imaginary. 
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II. A — 0, — 0. 1‘Iere -4 = 0, = 0, and therefore two of 

the S’s are zero, aay a 22 ^ ^ 33 . The equation of the quadric becomes 

a^i(x^)^ = l ( 19 ) 

and the quadric is a pair of parallel planes, 

(i) If fill positive, the planes are real, 

(ii) If «!! is negative, the planes are imaginanj. 


Examtles. 

1. To examine lohat the plane equation -j - ^22 (,^g )2 _ 1 

represents. 

Let wy. be a plane whoso coordinates satisfy the equation 

(%)® + == 1 (a) 

and let us consider the point 

4 - Uq u§ = 1, 

If wo denote its coordinates by we have 

. aJJI = 0 
or 

cc^i ’ ^^2 — ^02 » ay — u . 

But ulj satififios (a), and hence we have 

1, *2 = 0 , 


W lM)! 
0^11 r 0^22 


that is, a?o lies on the conie + 1> a;2 = 0. Also the plane 

u^, has for its equation in point coordinates — 1 , or 




£C“ ccr; 


+ ul cc^ = 1 , 


and wo sco that this plane for all values of ul touches the conic at the 
point Xq, Hence (oc) expresses the condition that the plane u,, touches a 
conic, or, in other words, (a) is the plane equation of a conic, which is in 
the plane = 0 and has the origin as centre. 

2 . Show that aP- (%)^ = 1 represents two points on the rr^-axis having 
the origin as the middle point between them. 

8 . Classify the different types of surfaces represented by the equation 
= 1 , showing that we obtain the following cases: 

I. |a^”| 4" 0; a quadric whose centre is 0. 

II. ^ I — 0, but all the first minors not zero ; a conic with centre at 0, 

III. « I = 0 and all the first minors zero ; a pair of points, reflections 
of each other in the origin. 

4 . If .4 0 , show that the axis of the cylinder ^ a;” == 1 is given 

by where ^ 0 . 

5, If all the first minors of a-re zero, show that a^n is ^ 

perfect square. 
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5. Confoeal quadrics. 

= l (20) 

be tlie tangential equation of a central quadric and let us take the 
circle at infinity 

( 21 ) 

Every plane which touches both ( 20 ) and ( 21 ) will also touch 
every member of the family 

(«»" « — 6 (22) 

We call such a family a system of confoeal quadrics, and we 

see that it is a family of concentric quadrics, 0 being the common 
centre. 

The family has four degenerate members. One is the circle 
at infinity, which is given when the parameter d is infinite, 
and the other three are the members given by the values of 6 
which satisfy the equation • 

( 23 ) 

These members we know are conics with their centres at 0 , and 
they are called the focal conics of the system. 

We shall now obtain the canonical form of the equation 
of a confoeal system. We can always reduce the two quadratic 
forms and of which the second is positive 

definite, simultaneously to the forms 

all (1^,)2 + + ^33 and {u^f + {u^f + (^3)^ . 

Hence the equation of the family becomes 

(^1 _ 6) 4. (^22 _ 0) + (^33 _ e) (^J2 ^ 1 , 

Also the values ai^, are the roots of ( 23 ), so that if we 

denote these roots by dj, 03 the equation of the family is 

(di - S) (u,r + ( 6 , ~ d) (u,r + ( 6 s - 6) (u,)^ = 1 . ( 24 ) 

Moreover, since o'™™ is the metric tensor we see that the new 
coordinate system is rectangular and Cartesian. The corre- 
sponding point equation of ( 24 ) is 

(^1)2 (^2)2 (^ 3)2 ^ 

Oi-e ^02-6^ 03-0 


( 25 ) 
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and it is seen that all the menihers have the same principal axes 
and planes. The focal conics are obtained by putting d = 

02) 03 i^^ (2d-). For example, putting 0~ 03 , we have the conic 

(03 03) {u^f + (02 ^ 03) == I, 

and we know that the corresponding point equations are 


/ I 




= 1 , # = 0 , 


which is a conic in the principal plane P = 0. Similarly the 
other two conics are in the remaining principal planes. Thus the 
loc(xl conics lie on the common frincipal planes of the family. 


ExAMil^LES. 

1. Show that only one confocal can be drawn to touch a given plane. 

2. SI low that the locus of the pole of a given plane with respect to 
a system of confocals is a straight line. 

3. Show that the tangent jilanes to two confocals at any point of 
their intersection are at right angles. 


EXAMPLES VIIL 

1. Show that the line x^' = rej + lies wholly on the quadric if 

(f'm n < === 0 , r = 0 . 

Such a lino is called a {jenerator and we see that the generators of a quadric 
are parallel to the generators of the asymptotic cone. 

2. Two diameters or lines through the centre are conjugate when their 

directions satisfy the relation Show that the locus of all 

diameters conjugate to is the plane = 0, which is called the 

plane conjugate to 

3. If the axes are conjugate with respect to the quadric, then 

cfcjg = ^23 = — 0. Hence when the quadric is expressed in canonical 

form the coordinate axes ai^e conjugate with respect to the quadric. 

4. By examining the invariant in coordinates which are 

Cartesian and in which the axes are conjugate with respect to the quadric, 
show that the sum of the squares of three conjugate semi -diameters 
is constant, 

r The invariant in such a system is H — - — } — . 

L ^22 ^3 3-1 

5. By examining the invariant g\a,'^'^\ in the same coordinate system 
show that the tetrahedron, whose vertices are the extremities of three 
conjugate semi-diameters and the origin, has a constant volume. 
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6. Examine the invariant in coordinates which are rectangular 

Cartesian and deduce that the sum of the squares of the reciprocals of 
three semi-diameters, which are mutually orthogonal, is constant. 

7. Show that the tangential equation of the unit sphere g„^n a;" — 1 

is 1 and show that the circle in which it is cut by the plane 

at infinity is the circle at infinity. 

8. Show that the principal axes of a quadric are given by 

where d is a root of | ^ gmn \ == 0. 

[This is a vector equation, and by considering the case where the coor- 
dinate axes are the principal axes (p. 107) we see that it is satisfied only 
by the principal axes.] 

9. Show that the direction perpendicular to the polar plane of a’Jj* 

with respect to the quadric is given by the vector rr J . 

10. Prove that the conditions that a:’" ic” = 1 should be of revolu- 
tion is that there exists a value of B which makes all the first minors of 

— ^gmn\ vauish. Express these conditions explicitly when the coor- 
dinates are rectangular and Cartesian. 

11. If a;”* — 1 is a right circular cylinder show that the con- 

ditions of Ex. 10 are satisfied together with A = 0. 

12. Examine the surface 

n n s 

when the coordinates are chosen such that is the ^‘^-axis and at the 
same time the quadric is reduced to canonical form. 

Hence show that it is the equation of the cylinder which envelopes the qua- 
dric and whose axis is in the direction A’'. 

13. To investigate flme, sections of a central quadric, let A^ be the direc- 
tion conjugate to the given plane and let us take our axes such that A’’ 
becomes the ^-axis and the quadric reduces to its canonical form. Prove 
that the given plane becomes parallel to = 0 and that all parallel 
sections are similar. 

14. If 1^,. a;’’ — 1 is a plane cutting the quadric, show that the cylinder 
passing through this section with its axis in the direction conjugate 
to the plane is 

0C*’« fr {dmn - 1} == - 1 • 

15. Show that the principal semi- axes of the section of the quadric 
by = 0 are l/)0i, l/f^ 2 ? where 0^, B^ are the roots of 

^‘mn ^9mn9 _ 

, 0 ’ 

and that the principal directions of the section are given by 
m 0f7rm) ~ 

[These are vector equations. Examine them in the coordinates suggested 
in Ex. 13.] 
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16. Circular Sections. If we choose 9 so that it satisfies the equation 

Omn \ =0 sllOW that the planes Qgmn) = 0 cut 

the quadric ~ 1 in circular sections, and show that these planes 

intersect in pairs in the principal axes of the quadric. 

[Reduce the quadric to its canonical form, the axes being the principal 
axes.] 


CHAPTEE IX 

The General Quadric 

1. The general equation of a quadric. 

The general equation of a quadric is 

a,nn + 2 0 ( 1 ) 

where is a double symmetric tensor, is a vector and c 
an invariant, all having constant values. 

If xl is any point P and we draw a straight line through P 
in the direction A’’ cutting the quadric in points P, 8, then the 
lengths of PP and PS are the roots of the equation 

+ 2 ^ r') + a?"' 

+ 26,,< + o = 0 (2) 

From this equation we have the following results. 

(i) The locus of a point Q such that (PPQP) forms a har- 
monic range is the plane 

= -K,.« + 2&„.<+c], 

or 

+ i)c^) + c=^0. . . . ( 3 ) 

This is the polar plane of P with respect to the quadric. We define 
two points P, Q as being conjugate with respect to the quadric 
when the polar plane of one passes through the other, and we 
sec that the condition that x[ and be conjugate with respect 
to (1) is that 

(ii) If P lies on the quadric, one root of (2) is already zero and 
a second is zero if Q (any point on PR 8) lies on the plane 

(^”'-0 = 0 ’ 

or, as it may be written, 

(E 287) 


8 
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+ 0+^ = 0 (6) 

This is tterefoie the equation of the tangent 'plane at P, and we 
see that it is also the polar plane of P. 

(hi) If P is not on the quadric, the equation (2) has equal 
roots if Q lies on the tangent cone from P to the quadric. That 
the roots may be equal Q must lie on the cone 

05”' (05" - <) + - x’:)f 

= K‘- <) K) Kn «+ 2&„,<+ c), 

that is, on the cone 

Kn^”‘<+Ki^ + <) + <^7 

= X'‘+2i^x”^ + c) {o™„ < < + 2 < + 0 ) (6) 

which we therefore see is the equation of the tangent cone from 
P to the quadric. 


Examples. 

1. If we draw a line throngh P parallel to a generator of the cone 

a;” = 0, 

one of the intersections with (1) is at infinity. 

2. The line " Xq q will lie wholly on the surface if 

(^mn 4* 4+2 K, 4 + c = 0 , x'S + P" = 0; 

Buch a line is called a generator of the quadric, 

3. Show that the middle points of all chords drawn in a fixed direction 

lie on the plane A” + A*” == 0. 

4. Show that all chords which are bisected at a given point 4 be 

on the plane -f- &„) (a?” — 4) == 0. 


2* The centre. 

If we can choose the point 4 such that 

= ( 7 ) 

we see from (2) that every line through this point cuts the quad- 
ric in a segment which is bisected at P. Such a point P is called 
a centre of the quadric. Hence the existence of a centre depends 
on- the existence of a solution of (7). 
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These are the equations of three planes and we have discussed the rela- 
tions of three planes at p, 58. Erom the discussion given there we infer 
the following results about the existence of a centre for the quadric (1): 

I. There is a unique finite point of intersection of 
the planes and consequently there is a unique finite centre. 

II. A ^ 0, hut all the first minors of A are not zero. There are two 
subcases : 

(i) where A'^^ is the cofactor of in A. There is a 
unique centre at infinity. 

(ii) There is a finite line of centres. 

III. A=0, and all the first minors are zero. Again there axe two sub- 
cases : 

(i) Jcbf ha. There is a line of centres at infinity, 

(ii) Ura ^ hh^ha. There is a plane of centres. 


Examples. 


1. If A 4= 0, show that the unique centre is given by 01^= — 
where is the cofactor of a in A, divided by A. 


2. Show that 


A(c--c£^»h^ &„)== 


ajti n h-m 
hn C 


3. If A =1= 0, show that the equation of the quadric can be written 

C'mn (a!“ - O (»” - O + 4 = 0 . 

where is the centre. This is the equation of a central quadric. 

4. Jn Ex. 3 show that if J = 0 then the quadric is a cone with vertex 
at x^. 


3. The reduction of the equation of a quadric. 


We shall now tnxn to the pioblem of reducing the general 
equation (1) to the different canonical forms in which it can 
be expressed. We shall use the notation 


A = 


'mn 


( 8 ) 


and as before A will denote \ and its cofactors. 

We have seen that the quadratic form 
duced to the form 


%i + <^22 H- <^33 {^^Y 
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in an infinity of ways, and for at least one of these the axes 
are rectangular Cartesian. We shall suppose one of these trans- 
formations has been effected, and we divide the discussion 
into the following cases. 

I. A i 0. The quantities ^33 are not zero, and the quadric 

can be written 



Hence we can write the equation in the form 

A 

(i) A =h 0. Then zT 0 and the equation (9) is the equation of a central 
quadric whose centre is the point irj’. 

(ii) A = 0. Then A = 0 and (9) is the equation of a 'proper cone whose 
vertex is the point 

II. A = 0, but all Us first 7ni7iors do not m7iisJi. Here one and only 
one of the a*s is zero. Let it be ^33 which vanishes. The equation of the 
quadric becomes 

+ +a22(s“ + 4 ) + 263a34.c_ A_|2. = o. 

V %!/ V <^ 22 / ^2 2 

Also 

All = A >2 = 0, A38 ^22, A ^ « == 0 (m =]= w) . 

(i) b^A^^ are not all zero. Then are not all zero and hence 

63 4= 0 . The surface can be written in the form 

au(2i — »5)“+“22(®^ — ®o)^ + 2 63(*’ — 2§) = 0. . . . (10) 

The quadric is a paraboloid. Moreover if the axes are rectangular 
Cartesian the point is called the vertex and the parallel through it to the 
^-axis the axis of the paraboloid. From the previous section we see that 
there is a unique centre at infinity. 

(ii) h^A^^ = 0. Then &,„A™^ = 0 and consequently 63 = 0. The 
quadric becomes 

ran + Ssa (k® — Sg)® + c — Ji- — A = 0 . . . (11) 

“2 2 

This is the equation of a cylinder whose axis is the line through (^J, 0) 

parallel to the ^^^axis. There is a line of GentreS 4 namely, the axis of the 
cylinder. If it should happen that 
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the cylinder degenerates into Uco intersecting planes, the axis of the cylinder 
becoming the line of intersection. In this last particular case it is easy to 
verify that all the first minors of A, and therefore of A also, are zero. 

III. A == 0, and all its first minor, ^ vanish. Here two of the quantities 
<12 2? ^33 vanish, say ^ ^22 = (). The equation of the quadric reduces to 

+ +26i$'H-26,S2 + c- I 2 - 0, 

<*3 3/ 3 

Our choice of coordinates only restricts the ^^-plane and we can transform 

the and axes in this plane so that one of the quantities becomes 

zero, say h^, 

(Q <7to« + Then from which we conclude 

that 62 =1= 0. The equation can now be written 

Sss + 2 62 _ 5-2) =, 0 (12) 

The quadric is a parabolic cylinder whose axis is parallel to the S^-axis. 

If the axes are rectangular Cartesian we call the line through (0, x^, ii’Q) 
parallel to the iO^-axis the Um of vertices. There is a line of centres at 
infinity. 

(ii) (tjnn = We now have — and the equation of the 

quadric is 

f h^\ 

d,, = 0 ( 13 ) 

The quadric becomes a pair of parallel planes. If it should happen that 



then (13) is the equation of two coincident planes. There is a plane of centres. 

This exhausts all the possible types of quadrics in point-coordinates. 

Examples. 

1, Show that the types of quadrics may be classified as follows: 

1. Zl 4= 0. (i) Jl 4= ^ central quadric; (ii) A ~ 0, a para- 

boloid. 

II. A ~0, but all first minors do not vardsh. (i) A 4= 0, a proper cone; 
(ii) A ~ 0, A^”4=^? ^ cylinder (elliptic or hyperbolic); (iii) A=A’’^” = 0, 
a parabolic cylinder. 

III. A 0, all first minors vanish but not all second minors, (i) A = 0, 
^ w n 4= Q ^ a pair of intersecting planes ; (ii) A = A’””=0,a pair of parallel 
planes. 

ly. A = 0 and all its second minors. A pair of coincident planes. 

2. Discriminate between the oases according to the nature of the 
centre or centres. 

3. Show that A and its cofactors are relative tensors of weight 2. 
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EXAMPLES IX. 

1. Show that if ajJ is a point on the general quadric (1), p. 113, then 

cimn + c = (ic"^ - 4') - O 

+ 2 + h,, {x^ + <) + c] . 

Deduce that the tangent plane at jrJ cuts the quadric in the same two 
lines as those in which it cuts the cone — xf)(x'^ — Xq) = 0, 

3. Deduce from Ex. 1 that the tangent plane to a quadric cuts it 
in two generators which are parallel to two generators of the cone 
a^n x^ x^ ~ 0 and which intersect in the point of contact. 

3. Show that the plane coordinates of the polar plane of Xq with respect 
to the quadric are 

arm < + K 


4. The polar planes of two points Xq, x^ with respect to the quadric 
intersect in a line called the polar line of the line joining the two points. 
Deduce from Ex. 3 that the six coordinates of the polar line of ju^) 
are proportional to 

5. Show that the normal vector to the quadric at the point ajJ on it is 
proportional to 

«r„,a:2‘ + 6>'. 

6. Show that the equation of the enveloping cylinder whose axis 
is in the direction is 

;» + h„ A“)= = a„„ A« A” (a„n a:”* + 26„ + c). 

7. li Cjnn ~ ffmn> show that the quadric can always be reduced to the 
form (9), p. 116. It is the general equation of a sphere. 

8. Show that the locus of the middle points of all chords drawn in a 
given direction is a plane through the centre. 

9. If the reduction in § 3, p. 115, is to rectangular Cartesian coordinates 

we may say for brevity that the quadric has been reduced to its principal 
canonical form. Show that in the principal canonical form 

are the roots of | — Qgmn | = 0. 

10. If two of these u’s in the principal form are equal the quadric 

is of revolution. Show that in this case | — ^9mn\ — ^ has a double 

root which is also a root of all the first minors, 

11. 1£ A 0 f A 0) show that the principal semi-axes of the central 

quadric are \ A[Adi |ZlM0a|^, \A/A6^ |^, 6^, d^, 6 q being the roots 
of \a^n — ^gmn \ =0. 
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12. If the quadric is a paraboloid, show that the direction of the 

axis is given by the equation = 0, and if A is a unit vector show 

that the vertex of the paraboloid satisfies the equations 

ars + 6 , == {h^ X^) X,, (br Xr)x^ + c^O. 

[These are tensor equations and, referring to (10), p. 116, we see that 
they are true when the quadric is in its principal canonical form.] 

13. If the quadric is a cylinder or a pair of intersecting planes show 
that the axis is given by the intersection of the planes 

arm 0 

which have in this case a line in common. 

14. If camn^ show that the quadric reduces to two coincident 

planes and that the equation of this plane is c ^ 0. 

15. Show that the quantities 

g ^ g 

are all absolute invariants. Hence deduce that if we transform from 
one set of orthogonal Cartesian coordinates to another, then 

%i+ 0^22 Aii-f A22 + ^33^ j 

are unchanged in value. 

16. The condition that the plane Ur = 1 touches the general quadric is- 

®wi n 

hn C — 1 — 0. 

— 1 0 

17. Classify the different types of surfaces included in the plane 

equation a”*” Un + 2^9^ -f- y == 0. If we put 

show that we have the following classification. 

I. J 4= (i) A =1= 0, a quadric not passing through the origin? 

(ii) A = 0, ^ quadric passing through the origin. 

II. A = 0, but all the first -minors do not vanish, (i) A =j= ^ ? S' conic 

whose plane does not contain the origin; (ii) A = 0, ^ conic 

in a plane through 0, (iii) A=:A’”” = 0, a conic passing through 0. 

III. A =0, all first minors vanish but not all second minors, (i) A — 0,. 

^ points whose join does not pass through 0; 

(ii)A = A’^’^==0, a pair of points on a line through 0. 

IV. A = 0 and all second minors vanish. A pair of coincident points. 

18. Show that Um^n 2 Um — 0 is the tangential equation 
of a paraboloid if A 4 0 and of a parabola if A =0, 
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CHAPTER X 
Affine Tbansfobmations 

1. Affine transformations. 

We have seen that a transformation of the form 

= + ( 1 ) 

"where the and Vs are constants, can be regarded as a change 
of rectilinear coordinate axes, that is, the quantities are 

the coordinates of the same point referred to different systems 
of coordinates. These equations can be looked at from another 
point of view. We shall now regard them as transforming a 
point whose coordinates are into a point P, whose coordi- 
nates are referred to the same coordinate system. Such a trans- 
formation is called an affine transformation and we see that points 
are transformed into points, planes into planes and straight 
lines into straight lines. But it is not the most general of such 
transformations. In fact, we see that the plane at infinity is 
transformed into itself. The transformation (1) is also often 
called a homogeneous deformation or strain, especially in the 
theory of elasticity. 

We shall consider the transformation as taking place in 
two stages. Eirst let us take the transformation 

= ( 2 ) 

w^hich differs from (1) only in the absence of the 6's, and secondly 
we transform into X' by the relations 

X'==X[ + V (3) 

These two transformations combined give (1) . Now the second 
of these, namely (3), gives merely a constant displacement, 
equal to h^, to every point of space and such a transformation 
we shall neglect, so that we consider for the present only trans- 
formations (1) in which the Vs are zero. 

Since is a contravariant vector fox all values of x^\ 
we conclude that is a mixed double tensor. Also we see that 
to every point p there is a unique point P. If the determinant 

I I (4) 
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which is an invariant, is not zero, we can solve the equations 
(1) uniquely for the x's and the transformation is reversible, 
that is, every point P is the transform of a unique point j ) . 

We notice that when the 6’s are zero, the transformation 
leaves the origin unaltered. 

Examples. 

1. If 1 a'.' =1= 0, show that the inverse transformation is 

= a7 

where a^’ is tho cofactor of 0 ^% in | \ , divided by | | . 

2. Show that two successive affine transformations are eq^uivalent 
to an affine transformation and that the determinant of the combined 
transformation equals the product of the determinants of the two single 
transformations. 

3. If I I == 0, show that the transformation is not reversible. 

[We can find values ajJ different from zero such that = 0. Hence 

both the points Xq and tlao origin are transformed into the same point V, 
which shows that the correspondence is not one-to-one.] 


2. The quadric of a transformation. 

We confine ourselves to the transformation 

(5) 

in which the origin is unchanged. We shall suppose that 
the fundamental metric tensor in our coordinate system, so that 

gives the square of the distance between the points and x^. 
Let us consider the locus of the points which after trans- 


formation lie on the unit sphere 

^ . ( 6 ) 

The original points must satisfy the relation 

(7) 

This is the equation of a central quadric which we shall refer 
to as the quadric Q. Its principal axes are given by 

= ( 8 ) 

where 6 is a root of the equation 

( 9 ) 
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Let a^, be the roots of this equation and AJ'gj the 

corresponding principal directions. We know from the theory 
of quadrics (cf. p. 84) that 


W 71 jr ^3 

9mn ^*3%) 


0, if i + 
if i = j 


. . ( 10 ) 


Therefore we see that the vectors 


which are the transformed vectors of the original triad 
axe mutually orthogonal and are of magnitudes ]/a^-. Let these 

directions be denoted by the unit vectors We conclude 

that if 

( 11 ) 

4=1 

then 

(12) 

i=:l 

Let us refer the points x"' to the directions as axes, 
and the points X' to as other axes. The connection between 
the coordinates of corresponding points is 

^ X'^ = . (13) 

where dashed letters refer to one set of axes and undashed 
to the other set, both systems of axes being rectangular Cartesian. 


Examples. 

1. Show that there always exists an orthogonal triad of directions 
which remain orthogonal after the transformation. 

2. If I j =j= 0, show that the points of the unit sphere 
are transformed into points on the quadric 

Prove that are the principal directions of this quadric and the lengths 
of its semi-axes are |/af. 

3. Show that the lengths of the semi-axes of Q are l/fa*- . 

4. Show that and g^^.^ a'X ' are symmetric tensors. 

5. 11 0^ cuts the quadric Q in the point q, show that the length 
of Oq) is stretched by the transformation in the ratio l/Oq, 
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3. Pure Strain. 

Let us now consider transformations in which the orthogonal triad 
of directions , which remain orthogonal after transformation, are also 


invariable in direction. In this particular case 

(14) 

and 

a^a ^ti) ~ , [not summed for (15) 

Let us choose axes which are Cartesian and rectangular and which 
coincide with , We see that in this coordinate system 

== )/a^ [not summed for 5 ] (16) 

Consequently the double co variant tensor, — has for its 
components in this system 

(^re = [not summed for 5], (17) 

from which we conclude that ^ symmetric tensor. If we refer to the 
quadric 

= l ( 18 ) 


as the quadric Qi’, we see from (15) that the axes of these quadrics Q andQ^ 
coincide and that the semi-axes of are 

(“2)”^. 

Such a transformation is called a fure strain and the common axes 
of Q and are called the axes 0 / the pure strain. 

If p is transformed into P their coordinates are connected by the equa- 
tions (5). But in a pure strain 05 ^ is in the direction of the perpendicular 
to the polar plane of p with respect to . Therefore the transformed vector 
OP in a pure strain is along the normal to the polar plane of p with respect 
to Qi. 


Examples. 

1. Show that the general transformation (5) consists of a pure strain 
together with a rotation of one set of orthogonal axes to another. 

2. If there exists an orthogonal system of axes in which the mixed 
tensor aK a has all its components, for which r and s are unequal, zero, 
show that the associated tensor is symmetric and conversely. 

3. If is a symmetric tensor, show that the transformation (5) is 
a pure strain. 

4. Prove the following construction for the point P when p is given: 
Let 77 be the foot of the perpendicular from 0 on the polar plane of p 
with respect to (Ji, then P is the inverse of 77 with respect to the unit sphere 
with centre 0, 

5. In order that a transformation may be a uniform dilatation from (7, 
show that it is necessary and sufficient that 
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4* Rigid body displacements. 

We shall say that the transformation (5) is a rigid body transformation 
when the distance between every pair of points remains unaltered under 
the transformation. Also the origin is a fixed point and hence the distance 
of any point from the origin is unaltered by the transformation. Thus 
we must have 

X” a;" (19) 


Moreover if this equation is satisfied for every point and its transform, 
then the distance between every pair of points is unaltered. Hence equation 
(19), true for all values of a’’’, is the necessary and sufficient condition that 
a displacement be one of a rigid body. The condition is therefore 




( 20 ) 


This may also be seen geometrically from the fact that the quadric Q 
must be a sphere. 

Now 

j Q?h n I = I n | * | = [ n\ | • 

Hence equations (20) give 

( 21 ) 

and \a^'is \ is either plus or minus one. If we suppose the rigid body trans- 
formation to be a continuous one, then (21) holds all the time, whilst 
initially = ^.5' • That is, | , which must be continuous, is initially + 1 
and its square always equals + 1 . Therefore we must have 

|a^.l=l (22) 

Again, let us inquire if any points remain invariable under the rigid 
body motion. Such points must satisfy the equations 


(a^«~ (5J’)a:^ = 0 (23) 

That this may be satisfied for non-zero values of we must have 

=0. 

We have 

g I I = } Qnin I 

~ I Qms (^r [ ” I ft 

Hence 

But this determinant is of the third order and therefore a change of sign 
in each constituent changes the sign of the determinant. Therefore 

<5J| = 0, (24) 

and (23) is true for certain non-zero values of x'^. If these equations are 
true for a given point aj they are also true for all points on the line joining 
it to the origin. Consequently there is a line of invariable points through 
the origin. 
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Let Its oliooso our coordinate axes so that they are orthogonal 
Cartesian and this line becomes the ^^-axis. Then (23) becomes 

Equations (20) for s = 3 give 

Hence the transformation is 

X^= a^t a?i + a% X®= ^3 . 

Also the remaining equations (20) arc now 

«•! a% + a% = 0, 

(^\»)^ + (a^g)^ = 1 , 

and if we put, a\ = cos a, a?i = sin a , we deduce with the help of (22) 
that 

= — sin a, a ?2 “ cos a . 

Thus the transformation is 

cos a — ir? sin a , X**^ = sin a + cos a , X*^=^3^ 

which is a rotation tlirough an angle a round the ^3»axis, Also the invariant 
a^'>r equals (a^i + that is, 

c(j’ T ^ 1 “1“ 2 cos oc .......... . (26) 

Wo therefore find that the transformation (5), p. 121, where the a^s 
satisfy the relations (20), is a rotation through an angle a round a direction 
X^' where 

«i=eos-i|(ar,— 1), (26) 

and is the solution of the equations 

« -dr)^*=0 (27) 

There cannot bo more than one solution of these equations unless a = 0, 
that is, unless (5J and the transformation consists merely of the 

identical relations 


Examples. 

1. Show that in a rigid body motion the roots of the equation 

|ar, -0«'| = O are (1, e'<‘, e-‘“). 

2. If the rotation is of amount a round a line through 0 in the direction 
show that the a’s are given by 

— cos a d!y -{- (1 — cos a) gmuXn sin a . 
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3. Defining a half -turn as a rotation through two right angles, show 
that a half -turn is given by 

4. Show that two successive rotations round a point are equivalent 
fco a single rotation. 


5. Infinitesimal deformations. 

Let us next consider a small liomogeneous deformation, 
so tliat tlie point is near the original point x'^. Thus if we put 

= (28) 

the quantities are infinitesimals of the first order. We shall 
neglect all quantities of the second or higher orders. 

Putting ^ grp we shall use the notation 

®rs ~ 2 d” ^sr) j ^rs "2 Q^rs • • (29) 

so that is a symmetric double tensor and cor& a shews ym^netric 
tensor. Also 

^rs ^rs H” O^rs? 

and hence the transformation is 
or, writing — x'^=^dx’^, 

(30) 

If we take successively the infinitesimal deformations 

Xl^x-' + oT^x” 

we find that the combined effect is 

+ 4Z,^ = 

when we neglect quantities of the second order. Thus the succes- 
sive transformations (31) give (30) and the transformations 
may be taken in any order. We are therefore led to discuss 


separately the transformations 

(32) 

6 x^= 1 :^ (33) 


where is symmetric and co^s is skew-symmetric. 



X] 


AFFINE TBANSFORMATIONS 


127 


Let us first consider (32). We see from § 3, p. 123, that it 
is a fure strain. The quadric Q becomes 

and the quadric is 

“h ®mn) = 1, 

Thus they are both connected with the quadric 8 whose equation is 

^mn 1 

In fact, 6 = 2 /S + where Z = 1 is the equation 

of the unit sphere. The quadric (34) is called the strain quadric, 
and we see that the displacement dx'^ of the point is along the 
perpendicular to the polar plane of with respect to 8 and the 
magnitude of the displacement is the reciprocal of the per- 
pendicular from 0 on this polar plane. 

Let us now consider (33). We easily see from § 4, p. 124, 
that (33) represents an infinitesimal rotation round a certain 
line through 0, or we may see this as follows. We know that 
CO is skew-symmetric. Let us define the vector 

CO' = (35) 

and let us choose rectangular Cartesian axes such that this 
vector is along the ^^-axis. In such coordinates all the components 
of co^s vanish except the two co^, which are equal in magni- 
tude but opposite in sign. We then find 

8x^ = ^docx\ 8 x^ = 8ol^, 8x^-=0, . (36) 

where we have put ^ ^21 = — <5oc. This is an infinitesimal 
rotation round the i^-axis and of amount 6ot. We can easily 
verify that the magnitude of is 6a. Hence the vector co^ not 
only gives the direction of the axis of rotation but its magnitude 
gives the angle of rotation. The rotation is therefore completely 
defined by co^. 

We conclude that the most general infinitesimal trans- 
formation (30) is obtained by two successive infinitesimal trans- 
formations, one a pure strain and the other a rotation. 

Examples. 

1. Show that, if 61 + is to be an infinitesimal rotation, then 6^^, 
must be skew-symmetric. 

2. Show that two infinitesimal rotations round 0 , defined by the 
vectors ccj and cOg, are together equivalent to a rotation round 0 defined 
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by o)** = col + ^^^ 2 ’ order of the rotations is immaterial. Thus 

the combined effect of two infinitesimal rotations is given by the vector 
sum of their vectors and infinitesimal rotations can be treated as vectors 
in their combination. 

3. Two infinitesimal deformations are together equivalent to an in- 
finitesimal deformation whose tensor is obtained by adding the respective 
tensors of the two original deformations. 

EXAMPLES X. 

1. Show that there always exists at least one line through 0 such that 
it transforms into itself under the transformation (5), p. 121. Such a 
direction we call an invariable direction, 

[If // is an invariable direction, («'•« — d dj’) = 0, where 0 is a root 
of -0.] 

2. If there are two (three) distinct roots of — 6 Sl\ —.0, show' 
that there are two (three) independent invariable directions. 

3. Show that no three coplanar directions can be invariable directions 
unless two of the roots of this equation are equal, and in this case all direc- 
tions in the plane are invariable. 

4. If there are three distinct non-coplanar invariable directions, 
find the form of the transformation referred to these directions as axes. 

[X^ = a^^ = a? 2 a . 

5. Classify the different types of affine transformations (5), p, 121, 
according as there exist 3, 2 or 1 independent invariable directions. 

6. If I is zero, show that there exists a direction such that every 
point on the line through p in this direction is transformed into the same 
pointP (the transform of p). Also show that if all the first minors of | a!’, | 
are not zero, there is only one such direction. 

7. With the notation of § 2 (p. 121), show that (i) | | = l/aj ocg , 

(ii) any volume v is transformed into a volume V where 

V/v = y ai aa as “ I s | . 

8. A shear. All points in a certain plane are fixed and all points in 
any parallel plane are displaced parallel to a fixed direction of the given plane 
a distance which is proportional to the distance between the planes. If is 
perpendicular to the given plane and A’’ parallel to the fixed direction, 
show that for a shear 

edi s = ^3 -j" h 7T fig . 

9. Simple extension. All lines parallel to a given direction are extended 
in a fixed ratio and all lines perpendicular to this direction are invariable in 
length. Show that, if A’’ is the given direction, 

-^rhX^Xg, 

10. !£ aKg represents a rotation round the direction show that 
the tensor 

OC {g<fnn <^n) 

is skew-symmetric. 
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[Calculate it when A*" is the ie®-axis and the coordinates are rectan- 
gular.] 

11. If is a rotation and is symmetric show that the rotation 
must be through an even number of right angles. 

12. If the rotation is not a half turn, the axis of rotation is given by 

the unit vector — 2 sin a). 

13. Show that two half turns round parallel lines are equivalent to a 
simple translation in the direction perpendicular to both lines and equal 
to twice the distance between them, 

[Use the formula of Ex. 3 (p. 126).] 

14. Show that two successive half turns round intersecting lines is 
equivalent to a rotation round the perpendicular to these two directions 
and through an angle equal to twice the angle between the lines. 

15. A rigid body is moving round a fixed point 0, show that a vector 
which is fixed in the body, has its components, referred to fixed axes 

in space, changed in a time d i by an amount 

cora being skow-symmetric. 

(i) Show that the velocity of any point of the body is given by 

whore == lini co'^^sldt. 
d i—y-0 

[Tlio vector — 5- .Qgi is called the angular velocity vector.} 

(ii) Show that any vector fixed in space has its components, referred 
to axes fixed in the body, changed by an amount 

16. Show that the most general infinitesimal transformation of a 
rigid body is of the form 

which is a translation combined with a rotation round a line through 
the point Xq. Show that Xq can be chosen so that is parallel to co’’. In 
this case the lino through trj is called the central axis of the displacement. 


E (2S7J 


9 
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PART III 
Differential Geometry 

CHAPTEE XI 

CiniVILIHEAB COOBMNATES 

1. General coordinate systems. 

The position of a point in space is determined by its co- 
ordinates referred to an orthogonal Cartesian system of axes, 
and we shall denote such a system of coordinates by y^). 

In Part II we took a Imear transformation of the y's and arrived 
at a system of rectilinear coordinates. Let us now take the 
more general functional transformation and let us examine 
■what kind of coordinates we obtain. 

We take the transformation 

(i) 

where /h p, p are arbitrary functions of the y's, which we shall 
suppose possess derivatives up to any required order. Also it 
is well-known that if the determinant 

d (x^, x^) 

dy^ (2/L 2/^ 2/^) 

is different from 2 :ero, then the transformation (1) is reversible, 
that is, we can solve (1) for the y's, giving 

y^ = ( 3 ) 

From the formulae (1) and (3) we see that to each set of values 
y'^ there is a unique set x'^ and vice versa. Hence the variables 
determine a point in space uniquely and we call them (for 
reasons which wil] very soon be apparent) curvilinear coordinate's 
of the 'point 


ISO 
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We shall examine what geometrical significance these co- 
ordinates have. Now 

(2/^ y^) = (^onst (4) 


is the equation of a surface and as the value of the constant 
varies we get a family of surfaces. Thus = const, gives us a 
family of surfaces and to say that a point has as its first 
coordinate merely means that the point lies on a certain member 
of the family (4). Similarly = const. 
and = const, are the equations of two 
other families of surfaces and to say that 
a point has coordinates means that 
it lies on certain members of these two 
families. In other words, we are given 
three families of surfaces and the posi- 
tion of any point P is determined by 
giving the three members of these families 
of which it is the intersection. Moreover 
the condition that the determinant (2) does not vanish merely 
expresses the fact that the three surfaces obtained by taking a 
member of each family intersect in one and only one point, 
thus defining the position of that point uniquely. 

The surfaces x'^ = const, x^ = const, const we call 

the coordinate surfaces and we shall refer to them briefly as the 
x^ -surfaces, the x^- surfaces and the x^- surfaces respectively. 
Also the intersections of these surfaces give us three curves 
through every point P, two of them lying on each coordinate 
surface. These curves we shall call the coordinate curves. We 
see that along the curve which is the intersection of the cc^-surface 
and the ir^-surface x^ alone varies, the other coordinates being 
constants, and we shall refer to this curve as the x^-curve. Simi- 
larly we shall call the other coordinate curves the cc^-curve and 
the cr^-curve. The coordinate curves in this system of coordinates 
are thus seen to be curved lines and the name “curvilinear 
coordinates'" is now justified. 

If we take any other system of curvilinear coordinates x'^, 
they are also connected with the y'^ by formulae of the ty^e 
(1) and (3). Hence and x'^ must be related by formulae 

5:= (1351^ x^, x^) I 

x’* = {x^, x^, x^) y 



( 5 ) 
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that is, the transformation from one set of curvilinear coordinates 
to another is a functional transformation- Moreover the determinant 

\ddf I 

Idx® I 

is different from zero. It is obvious that rectilinear coordinates 
are particular cases of curvilinear coordinates, namely, the 
cases where the functions in (1) are linear functions. 


1 dx^ 

^ 1 

‘x:) 1 

\dy'^^ \ 

\dx^ \ 


Examples. 

Verify that the following curvilinear systems have the properties 
mentioned: 

1. Spherical Polar Coordinates. These are defined by 

2^1 = sin cos x^f = x'^ sin x^ sin 2/'^ = 

The it^-suxfaces are spheres centre 0, the x^-mvisiCGS are right circular 
cones, the a;^-surfaces are planes through the ^^-axis. Give the formulae (1) 
for this system, 

2. Cylindrical Polar Coordinates. 

cos x^, y^ = sin x^, y^ = x^. 


The a;^-snrfaees are cylinders with the 2 /^-axis as their common axis, the 
ai^-surfaces are planes through the 2 ^®-axis and the ic'^-surfaces coincide 
with the j^^-planes. 

3. Elliptic Coordinates. 


■ = jifi 


— a) {x^ — a) (a?® — £z)|^ 




■ a) {c — a) 

y^ =v 




- c) (a:^ — c) ■ 
{a — c) (6 — c) 


\x^ - b) (a;3 - h) (a?^ ^ h) 


[c — h) [a — h) 


■c)! 


i 


where <x>6>c>0. Here the coordinates satisfy the inequalities 
^ a > a?^ ^ 6 > ic® ^ c. Show that the a;^-surfaces are ellipsoids, the 
a;®-surfaces are hyperboloids of one sheet, the aj^-surfaces are hyperboloids 
of two sheets and all the quadrics belong to the family of confocals 

(2/’-)V(® — «) + (3/®)®/(» — 6) + {y^fl(x — c) = 1. 

4. Parabolic Coordinates. 

2 /^ = x^ X- cos x^i 2/^ = x'^ x^ sin a;®, J • 

The a:i-surfaces and the ic^-surfaces are paraboloids of revolution and 
the ir®-surfaces are planes through the ^^-axis. 
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2. Tensor-Fields. 


We have already discussed tensors with respect to general 
functional transformations at pp. 30 — 33, For example, the 
system is a relative tensor of weight M, contravariant in r 
and covariant in with respect to the transformation (5) 
if its transformed components alt satisfy the relations 




dx'^ dx'^ 

d x'^ dx^ dx'^ 


( 6 ) 


We must now mention a point which did not arise in the 

d x^ 

case of linear transformations. The coefficients :r — in (6) are 

d^s \ / 


functions of x^ and therefore also of Consequently if 
and alt quantities satisfying (6) for one point 

these equations will not in general he true at other points. 
In other words, alt is a tensor at the 'point x'*' and is not in general 
a tensor at any other point, that is, tensors are now localised 
at points. Thus all the algebraical operations that we have 
described in Chapter II (p. 19) apply to tensors at a given 
point and not to tensors at different points, e. g., the operation 
of multiplying together two tensors to obtain a third must 
be performed on two tensors at the same point. 


Again let us suppose that the are functions of x'^, and 
that the new components which are also functions of 
satisfy (6) at every point where the functions are defined. Then 
we are given a ten,sor at every point of a region of space and 
such an aggregate of tensors we call a tensor-field. In the sequel 
we shall be dealing mainly with tensor-fields and for brevity 
we shall refer to them merely as tensors, since there will be 
no confusion. Hence when we speak of a tensor being defined 
over a certain region of space we mean a tensor-field defined 
over that region. We have of course tensor-fields of different 
orders just as we have tensors of different orders. Thus we have 
invariant or scalar-fields and vector-fields. 


The case of most importance for ns is the case where If = 0 in (6), 
that is, where the tensors are absolute, and it is to be understood, that all 
the tensors dealt with are absolute tensors unless the contrary is explicitly 
stated. 
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Exaiveples, 

1. Prove that 

! 5a:* 1“^ 5a:”* 5a;” dx^* 5a;* dx^ dx^ dx* 

5^ dx^ 5 .1'® 5.r^ ’ dx^ ^ 5a3”‘ 5a;” 5a:^' 


and deduce that e^st and are relative tensors of weights — 1 and 1 
respectively. 

2 . Prove that the Kronecker deltas are absolute tensors. 

3 . Show that the differentials dx^ form a eontravariant tensor. 

4. If 9) is an invariant function, show that is a covariant vector. 
This vector is sometimes called the gradient of 9?. 




= ^ 


and hence 


d(p d(p dx^ d(p 5a;n 
dx^~~ dx^ d x^ dx^ dx^j 


3. The line-element and the metric tensor. The s-systems. 


Let P he the point whose coordinates are a?’’ and let Q be 
a neighbouring point with coordinates dx'^. If we denote 
the infinitesimal distance PQ hj ds, we call ds the element 
of leoigth or the line-element, and we wish to find an expression 
for dZs in terms of the differentials dx'^. 


If we refer back to our orthogonal Cartesian system in which 
the coordinates of P are y'^ and those of Q are 2 /^ + dy'^, we see, 

from the elementary parallelepiped at 
P whose edges are dy^, dy^, dy^, that 

ds^ = [dif? + {dy^f + {dy^f 
= dy^ dy^. 

= ~dx^. 










[/ 

3 

dy^ 



But 


dyi 


Hence we see that 

where we have put 

Or. 


dx^ 


ils^ = gmn d 00^ 






' 9 £c^ 9 a?” 


dy^ dy^ 
9^5^ 


( 7 ) 

( 8 ) 


These last equations show that is symmetric, and since 
ds is an invariant it follow’-s from (7) that gr^^dx'^dx'^ is an 
invariant for arbitrary values of the eontravariant vector dx'^. 
Consequently we conclude that is a double covariant tensor 
and we call it the fundamental or metric tensor. 
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If we denote by g the determinant | | and by the 

cofactor of know (p. 15) that 

Slg = 21 == f 9 ^rg^B W 

But is a relative tensor of weight 1 (p. 30), Hence ^ is a 
relative invariant of weight 2, and is a relative tensor of 
weight 2 . Moreover (8) gives us the result 

g — I gmn I ’ 

so that g cannot vanish and is positive. Therefore, if we put 

Qmn 

r’* =— 00) 

that is, g'^'^ is the cofactor of in g, divided by g, we see 
that g'^'^ is an absolute contravariant tensor. Also we see that 
the quantities 

£’•»< = A ers* .... (11). 

h 

are absolute tensors and we shall call these systems the e-syste^ns. 

When we are given a contravariant vector .4% we can form 
an invariant A by means of the equation 

L 

, (12) 

and we call A the magnitude of the vector A^. Similarly we define 
the magnitude of the covaxiant vector by the formula 

i. 

, (13) 

and we define a imit vector as one whose magnitude is unity. 
If we divide (7) by ds^ we see immediately that 


dx'^ dx'^ 


(14) 


and we conclude that is a unit vector, 
ds 


We remark here that all that has been said at p. 44 regarding the 
lowering and raising of indices by means of and to obtain 
associated tensors applies without alteration in the present circumstances. 
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Examples. 

1. Verify the expression of ds^ in each of the coordinate systems 
(p. 132): 

(i) Orthogonal Cartesian, 

ds^ = {dx^)^ + {dxy -f (dx^)\ 

(ii) Spherical Polar, 

ds^ = {dx^y- -f {x^y [dx^y + (x^y (sm x^y {dz^y. 

(iii) Gylindrical Polar, 

ds^ ~ (dx^y + (dx^y + {dx^y. 

(iv) Elliptic, 

A ^.9. {x^-~x^){x^-x^)(dx'^y (x^~-x^)(x^-x^){dx'^y 

(a;7 - a) {x^ ~ h) {x^ - c) - a) (x^ -- h) {x^ ~ c) 

{x^-x^){x^-x^){dx^y 
(od^ — a) (aj® — &) (a;^ — c) ' 

(v) Parabolic, 

ds^- = [(x^y + (x^-y] [{dx^y + (dx^-y] + (x^ x^y {dx^y . 

2. Prove that the magnitude of is given by 

■where is the vector associated with A^ 

3. Show that the quadratic form g^m dx^ dx^ is positive definite. 

4. Show that the vector A^/A is a unit vector. 

5. If the coordinate system reduces to a rectilinear system show' 
that Qran hccomes the metric tensor of p. 41. 


4. The angle between two directions. 

If P is the point of coordinates and Q is a neighbouring 
point of coordinates dx^, we see that Q is determined 
uniquely by the differentials dx^. But PQ obviously defines 
a certain direction in space and hence the diiferentials dx'^ 
define a directim from P. 

Let be a contravariant vector whose magnitude is X. 
We can always find differentials dx'^ in one coordinate system 
such that 


dx^ = sX'^, 


-(15) 
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where s is an infinitesimal positive factor, and the relation 
will hold in every coordinate system since it is a vector equation. 
Also using (7) and (12) we have 

ds^= = s^X^ 

that is, s — ds/X. Hence (16) reads 


da;’- _ X^ 
ds ~ X 


(16) 


It is easy to see that X'^jX is a unit vector, which we may 
write 7'-, so that 

Z’• = Z7^ ^ = (17) 

and we conclude that every unit vector A’' defines a direction in 
space. We see from the first of (17) that every contravariant 
vector consists of a magnitude and a unit vector and thus it also 
defines a direction which we call the direction of the vector. 

If we are given two directions at P defined by the unit 
vectors 2.^, let us consider the invariant When 

the system reduces to a rectilinear system we have seen at 
p. 43, that this invariant becomes cos 6 where 0 is the angle 
between the directions. Therefore the angle 0 between the directions 
is given by 

(18) 


Also if are two vectors whose magnitudes are A and B, 

we see that the scalar product of A^) B^ is 

g^^A'^B^ ^ ABcob0, (19) 

0 being the angle between the directions of A ^ and B^\ In 
particular, the condition that the directions should be 

orthogonal is 

( 20 ) 

We shall leave the student to prove, by taking a special 
coordinate system, that the 'Sector product of A^, B^ satisfies 
the equations 

8’’^" A^Bn = -4Psin6a^^, 

where is the unit vector perpendicular to both A'^ and B^. 
The sense of v'^ can be determined in a manner exactly analogous 
to that explained at p. 47. 



138 ABSOLUTE DIFEERENTIAL CALCULUS [CHAP. 


Examples. - 

1. If €[x) 5 £(*2) > vectors along the directions of the tangents 

to the coordinate curves at P, show that they have the components 

6r„=-L<5r, = = 

\gti. 1S2J ]9a3 

2. If §12, ©23, 031 are the angles between the coordinate curves at P, 
show that 

cos 01 2 = cos 02 3 — — , cos 031 = . 

[9^11^22 J9'22 9^33 1^33 9^11 

3. Show that if the coordinate curves are mutually orthogonal, then 
the coordinate surfaces are mutually orthogonal. The coordinates are 
then said to be orthogonal curvilinear coordinates. Show that the necessary 
and sufficient conditions for this are that <7i2 = 9^23 = S'si = ^ every 
point of space. 

4. Show that the coordinates of Ex. 1, p. 136, are all orthogonal 
coordinates. 


EXAMPLES XL 

1. Deduce from (8), p. 134, that ^ • 

j^Multiply (8) by and use the fact that-^^ 

2. Prove that — — = «»•«» - and deduce that = -r — r — r . 

dx^ ^ dy^ dy^ 

3. If are three unit vectors, show that 

— siny sin0, 

where y is the angle between v'^ and 0 is the angle which the direction 
makes with the plane containing v^, 

[Take special axes to evaluate the invariant.] 

4. If SrsiX"^ V* = 0, show that there exist quantities a, P such that 

== olX^ + Pli\ that is, the directions are coplanar. 

5. Show that e-stX^fi^v* is positive if the vectors can be 

deformed without becoming coplanar so that they coincide with the 
positive directions of the coordinate curves. The triad is then 

said to have a positive orientation, 

[See p. 47.] 

6. Show that i^”/sin 0, when 0 is the angle between fx^, 

are the co variant components of the unit vector orthogonal to and v^, 

7. Deduce from Ex. 6 that the covariant components of the unit 
vector orthogonal to the iu^-surface are 

0 , 0 , — ). 
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8. Show that the lengths of small elements of arc along the coordinate 
curves are 

ds^ = ds^ — }jg^^dx^, ds^, = ]g^^dx^. 

9. Element of Volume, Show that the element of volume d F is given by 

d F = '^jgdx^dx^ dx^. 

[If small lengths ds-^, ds^, ds^ are taken along the coordinate curves, 
we see from Ex. 3 that the volume of the small parallelepiped formed 

by them is F = ds^ ds^ <i) ^ 2 ) 4a) == ds^ds^dsj} g^^ 922933’ 
Then use Ex, 8.] 

10. li the curvilinear coordinates are orthogonal, show that 


9=^9ii9229zz^ 9 ' 


9^ 


9ll ' '' 922 

9mn=^9^^ == 0 , (m^n). 


11. If A’’ is a unit vector, show that the cosines of the angles which 
its direction makes with the coordinate curves are 

^ 1 / 1/ 9ll J ^ 2 / ] 922 9 K! F^3 3 • 

12, It (p = const, is the equation of a surface, show that the unit 
normal vector to the surface is given by 


9^ 


d(p 

~d^ 


dx'^ dx^J ■ 


I^Eor every direction da;** on the surface we have 


d(p 
d £»'■ 


dx^^O, 


13. Show that the angle between two surfaces 9? = const, and 91 = const. 
is given by 

CO80 = Jf“’‘ ^ ^l{g^”<PmVng^'’V:,y><-f- 

14. Deduce that the angle between the coordinate surfaces = const 
and » const is 


cos (p^^ = g- 




16. The condition that two surfaces <p — const and yj ~ const, cut 
orthogonally is 

dqp dw 

pm n — 0 , 

^ dx^ dx”' 

16. Ji is an absolute tensor, show that ^gA'^^ is a relative tensor 
of weight 1. It is sometimes called a tensor density. 
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CHAPTER XII 

COVABIAXT DlFFERENTIATIOlSr 

1. A parallel field of vectors. The Christoffel symbols. 

A curve in space is defined as the locus of a point whose 
coordinates depend on a single parameter. Let HR be a given 
curve and let the coordinates of any point P on H R be functions 
of the parameter jf. If we take any vector at a given point of 
the curve and at every other point of H R take the vector equal 
to it in magnitude and parallel to it in 
direction, we shall obtain a vector defined 
at each point of the curve and the com- 
ponents of will be functions of t. In 
other words, we have a 'parallel field of 
vectors along A B, and our object is to find 
the equations which such a vector -field 
must satisfy. 

Let us return to our original Cartesian coordinates and 
let be the components of the vector-field in this coordinate 
system. Since the components of parallel vectors are equal 
in Cartesian systems, we see that the are all constants along 
the curve and consequently the derivatives of X’’ with respect 
to t are zero. Now 

Yi — JTw 

dx^‘ 

Therefore, differentiating with respect to t, we have 



dy^ 


-f X^« 


dx"^ dY^ 


dt dx'^ 

If we multiply these equations by 


dx^dx"^ dt dt 
dy^ 

Y y ‘ 

to 3, we obtain, from (8), p. 134, 
dX^ 


= 0. 


dt 


d^y^ dy^ ^ 

Ju nTp ^ 

^ dx^dx^ dx^ dt 


dx» 

dx"^ 

^~dt 


and sum i from 1 


= 0 . 

dy* 


( 1 ) 


This leads us to consider the expression . Eeferrine 

ox'^dx'’^ dx^ ® 

again to (8), p. 134, we get, on differentiating these equations 
partially with respect to ' 




and the parallel vector-field along AB must satisfy this dif- 
ferential equation. 

It is well-known from the theory of differential equations 
that if a vector-field satisfies (6) along and has a given 
value at one point of AB^ then the vector-field is unique 
and completely determined along AB. But we have seen that 
the field obtained by taldng the parallels to the given vector 
is one solution of (6). It is hence the unique solution and we 
have proved the converse theorem that any field of vectors 
along AB satisfying (6) is a parallel vector-field along the curve. 

The quantities and ? defined by (4) and (5), 

are of the greatest importance. They are called the Ghristoffel 
symbols of the first and second kinds respectively, or they are 
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sometimes referred to as tie three- index symholsj^ It is seen 
at once that they are symmetrical in m, n — an important 
property. 

If we take a vector at a given point of space and take at 
every point of space the parallel vector, we shall in this way 
define a parallel vector-field X\ whose components are functions 
of the coordinates x^. Moreover if we take any curve issuing 
from a point P, the vectors of the field along the curve must 

dX^ dx^ 


satisfy (6). But we now have 
tion of the x^s, and (6) becomes 


since is a func- 


idx^ 


+i 


/ <■} 

mnj 


J at 


This relation must be true for all curves starting from P, that 

dx'^ 

is, for all values of the vector at P. Consequently the 
parallel vector-field satisfies the equation 
dX^ 


dx^ 




T 1 

Z^ = 0, 

ms) 


(7) 


and the converse is also true. 


Examples. 

1, To find the relations connecting the Ghristoffel symbols of two curvi- 
linear coordinate systems. 

Let or’* and be the two curvilinear systems. We shall as usual 
distinguish by bars the quantities belonging to the second coordinate 
system. Let A ** be an arbitrary parallel vector-field defined over all space 
and let be its components in the new system. Since they are parallel 
vector fields we have from (7) 



Now r and hence 

dx^ 


* These symbols are very often written in the form and We 

have adopted the modified notation above since it is more in conformity with, 
onr convention that a dummy index in a term should be once an upper index 
and once a lower index. It must be borne in mind, however, that the symbols 
are not tensors. 
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dA^ dA^ dx^dx^ dx^ 

' dx^ dx^ dx^dx^ dx^dx^ dx^ 


We deduce from (a) that 


\msj [jkjdx^dx^ dx^dx^dx^* 


*~*7H & d x^ d x^ 

If we put A’' = A and multiply the equations (^) by we 

have 

f r 1 dx® dW J ^ \ at^ 

_dx^dx^ \st]dx^dx^ \hl]dx'^_ ~~ 

This relation is true for all parallel fields A'^ and therefore we have the 
final result 

dx^dx^ |z:iljda;^ 1 5^ J do;* da;* ' 


2. Prove the similar relation 


d^ a;* _ M 1 ^ i 1 -d d a;* 

dx"^ dx^ jr^Jda’* \jh] dx"^ dx^ ' 

3. Show that [mn, r] and {mn} are symmetric in m and n, 

4. Deduce from Ex. 1 that the Christoffel symbols are not tensors, 

5. Show that if the coordinates are rectilinear the Christoffel symbols 
are all zero. 

[The gr’s are then all constants.] 


2, The intrinsic and eovariant derivation of vectors. 

We are now in a position to return to the problem which 
we mentioned at p. 33, namely, the problem of forming new 
tensors by the differentiation of given tensors. We confine our- 
selves first to invariants and vectors, and of course we are 
dealing only with absolute tensors. 

The case of invariants is particularly simple. If op is an 
invariant function of a parameter % then in the new variables 

we have ^ = 9? . But ^ is the limit of a ratio 

as d t tends to zero, and ^ is the limit of an equal ratio. Conse- 
quently 
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and we see that is an invariant. Again if q) is an invariant 
function of x'^ we have 

d'^ ___ d(p dx^ 

'd^ ~~ 'dW ^ ^ 


which shows that is a covariant vector. Thus the ordinary 

u X^ 

derivatives of invariants furnish us with invariants and vectors 
without further modification. 

Let us next consider the case of a covariant vector. We consider 
a covariant vector defined along a curve (7, so that it is a 
function of a parameter t, and let us take an arbitrary contra- 
variant vector .4^ at a given point of the curve together with 
all its parallels along the curve. In other words is a parallel 
field along G and satisfies (6), 'p. 141. At any point of G we 
know that is an invariant, and therefore its derivative 

with respect to t is also an invariant. But 


A 

dt 


{XrAr) 


dXr 

dt 



dx'^ 

dt 


Hence we conclude that 


dX^ f m 1 ^ dx'^' 

~dt ~ \TnA^~dt 


is an invariant. But A'^ is an arbitrary parallel vector-field 
and it follows from the quotient law that 


6Xlr / m \ ^ dorX 


is a covariant vector. We call it the intrinsic derivative of X^ 
with respect to t and to distinguish it from the ordinary derivative 
^ X 

we have denoted it by . Thus we see that to obtain a new 

vector by differentiating X^ we must add to the ordinary 
derivative a number of terms containing the Christoffel symbols. 

Let us consider the vector equation 


dt dt \rn] dt 


. ( 11 ) 


X 
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If is satisfied in any one coordinate system it is satisfied 
in every other. If the axes are Cartesian we have seen that 
the are constants and therefore the Christ off el symbols 
in such a system are all zero, that is, (11) reduces in this case to 

pi , 

dt ’ 

from which it follows that the components of in Cartesian 
coordinates are all constants. Consequently the form a 
parallel field along 0 and (11) is the equation that a covariant 
‘parallel vector-field along 0 must satisfy. 

We next take a contra variant vector-field along O and 
we leave the student to prove in exactly the same manner, by 
taking an arbitrary covariant parallel field that 



is a contravariant vector, which we call the intrinsic derivative 
of with respect to t. 

We pass on to the case where we have vector-fields defined 
as functions of x'^ throughout space. Let X’’ be such a contra- 
variant vector-field, and let us take any curve (parameter t) 
issuing from a point P. We know that (12) is a contravariant 
vector. But 


dt dt ’ \mn\ dt \m$] 

and therefore 


_dx^ [ms] J dt 


X^ 


dx^ 


is a contravariant vector. This is true for all curves starting 

d x^ 

from P, that is, for all values of at P, and hence (by the 


quotient law) the expression in square brackets is a tensor, 
contravariant in r and covariant in s. This tensor we call the 
covariant derivative of X' and we denote it by ,X'’g, the comma 
before the index s indicating that the vector has been derived 
with respect to a?®. Thus 



E (287), 


10 
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We prove in a similar manner ttat if Xj. is a covariant vec-tor- 
field defined througLont space 



is a tensor, covariant in both t and 5, and we call it the comriant 
derivative of X^, 


EXA3MPIiES. 

1 . Prove that =2g„^X”'~ . 

r7 C IT/ 

2. Prove that — (X^ Pw) = Y^-j- X'^ • 

<3 X^ 

3. Show that the equations of parallel vector fields are = 0, 

0 1 

X%=0. 


3. The intrinsic and covariant derivatives of tensors. 


We shall now extend the results of the last section to the 
derivation of tensors of any order. Let be a typical tensor 
of the third order, which is defined along a curve in terms 

dX^ 

of a parameter t. We already know (p. 33) that - is not 

CL 0 

a tensor, and our problem is to find how we modify this 
derivative in order to obtain a tensor. Let us take three 
arbitrary 'parallel vector- fields B"', 0^' along the curve. Then 

at each point of the curve X^^A^B^G^ is an invariant and 
consequently its derivative with respect to t is also an in- 
variant. But 


1 

dt 




dX 


dA. 


dt 


+ KA 


dB‘ 

dt 


(f + X:,A^B 


,dC 

dt 


The parallel vectors satisfy (6), p, 141, and (11), p. 144, and 
therefore, when we substitute from these equations the values 
of the derivatives of A^^ jB"*, G"' , we obtain without difficulty 
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dx:, 

Jj. ' 




Since the right-hand side is an invariant and G"' are 

arbitrary vectors, we conclude from the quotient law that the 
expression inside the square brackets is a tensor of the seme 

type as We denote it by and call it tbe intrinsic 

derivative of mth respect to t . Thus 


\ doc”^ fm \ 

dt Un/^” 




Again let us suppose that is a tensor -field defined 
throughout space so that the components of the tensor are 
functions of x^\ If we take any curve passing through a point 
P we know that along this curve the expression (15) is a tensor. 

But and we see that (15) can be written 

0^ U/O 




UV I 


which is therefore a tensor. This result is true for all curves 

dx"" 

passing through P, that is, for all values of at P. Hence 

the expression inside the square brackets is a tensor with one 
covariant index more than We call it the covariant derivative 
of X^^ and denote it by the comma again indicating 

differentiation with respect to Thus 


f r 


\m\ r 


I m \ 

\ . ( -4JLs(J3 


The processes we have described are quite general and can 
be applied by the student to obtain the intrinsic and covariant 
derivatives of any type of tensor. 
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1 . Show that 

sx: cix^; , 


Examples. 



dx^ 


^ Show that 




dXr 
d £K® 




4. Conservation of the rules of the ordinary differential cal- 
culus. Ricci’s lemma. 

We already know from the ordinary differential calculus 
how to find the derivatives of the sums and products of functions, 
and we shall show that the same rules affly to find the intrinsic 
and covariant derivatives of the sums and products of tensors. 

We first of all \ mark that if our coordinate system is recti- 
linear then the are all constants and the Christoff el symbols 
are identically zero. Consequently reference to (15) and (16) 
shows that in rectilinear systems the intrinsic derivative of a 
tensor is identical with its ordinary derivative and the covariant 
derivative is identical with the partial derivative. Therefore 
if we are given any relation connecting the ordinary and partial 
derivatives of tensors in rectilinear coordinates we have merely 
to substitute the intrinsic derivative for the ordinary and the 
covariant for the partial derivative in order to obtain the cor- 
responding tensor relation which is true in all coordinate systems. 
For example, let us suppose that three tensor-fields , B’f, C' 
together with their derivatives are connected by the relation 

dt d X* 


in a system of rectilinear coordinates. We see that the relation 


dA: 

dt 




which is a tensor relation, is true in a party ciilar system of 
coordinates and is therefore true in every curvilinear system. 

Let us consider the sum of two tensors which is 

defined by 

g:=^a:a^b:. 
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dO: _ dA‘' clB'l 
dt dt dt ’ 


and in paiticnlar this relation is true in any rectilinear system. 
We conclude therefore that 


sc:__dA: , SB'- 
IT 


( 17 ) 


and we prove in the very same way that 


c:,=a:,+b:_. 


. ( 18 ) 


so that these two formulae show that the ordinary rules for 
finding the derivatives of a sum also hold for intrinsic and 
covariant derivation. 

We next consider the product of two tensors and, 

to include every case, we may suppose the product is contracted. 
Thus 


By ordinary differentiation we have 


dt 


jom I AT 


and in particular this relation is true in any rectilinear system. 
Hence we have the tensor relation 




St 


St 


b: 




( 19 ) 


in every system, and similarly 


fir jr -Dm | jr T>m 

^jst,u ^m,u 'T“ 


(20) 


which show that the ordinary rules hold also for the products 
of tensors. 

Having dealt with the rules of intrinsic and covariant dif- 
ferentiation of tensors, we come to some important theorems 
that must be mentioned in this connection. If we take the 
fundamental tensor we have seen that its components 
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are all constants in rectilinear coordinates and therefore 


d CK* 


= 0 


in rectilinear systems. Consequently we must have in every 
coordinate system the tensor equation 

9'r..* = 0> (21) 


that is, the covariant derivative of tJie fundamental tensor is zero. 
This important result is known as Eicci's lemma, and we see 
that the same method proves that the covariant derivative of 
the associated tensor is also zero. 

Again, the e-sjstems and the Kronecker deltas are constants 
in any rectilinear system and we conclude that 


^r8t,u 


rst 

■s... , 






= 0. 


(22) 


In other words, the covariant derivatives of the e- systems and 
the Kronecher deltas are all identically zero, A direct conse- 
quence of these results is that when we are finding the intrinsic 
or covariant derivative of any combination of tensors^ the fun- 
damental tensors, the e- systems and the Kronecher deltas can all 
be regarded as constants for the pur'pose of differentiation. 

As an. example, let us prove that two indices may be contracted either 
before or after the process of covariant differentiation has been performed. 
We first note that contracting two indices in a tensor is exactly equi- 
valent to multiplying by 6^ and then contracting, e. g., 

Therefore, since the Elronecker deltas may be regarded as constants for 
covariant differentiation, 

and this proves our statement. 


ExAXiTPLES. 

1. Prove that .2“ F") = S'™ « T” + g„„X” 

2. If show that Xr,t = grsK^.,t deduco that if 

X*" is a parallel vector-field so is A,.. 

3. Show that the raising and lowering of indices can be performed 
before or after the operations of co variant and intrinsic derivation. 

4. Show that A X” Y-} = , y» + x» r„., 

5. Prove that if X is the magnitude of X% then X,,, — X^^ r X^/X. 
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5. The divergence and rotor of a vector. The Laplacian. 

If we are given a vector-field Zf we know that its 

covariant derivative, is a mixed tensor. From this we can form 
the invariant 

® = (23) 

Let us see what value & takes in Cartesian coordinates. 
Now in Cartesians the covariant derivative becomes the ordinary 
partial derivative. Hence we have in a Cartesian system 

d d d x^' 

This expression is called the divergence of Z^, which is therefore 
given in general coordinates by (23). If we take the associated 
vector Z^, it is obvious that & is also expressed by the equi* 
valent formula 

= (24) 

which gives the divergence in terms of the covariant components 
of the vector. 

Moreover if there exists an invariant function (p such that 
the covariant vector Z,, is given by 

^^=dTr = <P.r> 

then Xr is called the gradient of cp. Also in this case the divergence 
of Z^ is written A cp, and we see from (24) that 

A g) ^ ........ (25) 

In orthogonal Cartesian coordinates we easily see that this 
reduces to 

{dx^f (a [d x^f 

and this expression is called the Laplacian of (p. Hence the 
Laplacian of cp in general coordinates is given by (25). 

Lastly, let us take the covariant derivative Z^ ^ of the 
covariant vector Z^ and let us form the vector 

= (26) 

This vector is called the rotor ^ or rotation, or curl of X^. To 
find its expression in a Cartesian coordinate system we remark 
that == in such a system and the covariant derivatives 
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become partial derivatives. Hence the components of are 
now seen to be 


[dx. 

dX,\ 

(dX, 

dXX 

(dXo, 

dX,\ 

\dx^ 

dx^J’ 

\d 

dx>-J’ 

\dx^ 

dxy 


It is to be noted that if Z,, is the gradient of a function (p, then 
= and we conclude that the rotor of a gradient is 
identically zero. 

ExA3VIPLES. 

1. Show that 

2. Show that lr8,t] = g^t 


6. The Riemann- Christoff el tensor. The Lam^ relations. 

We have seen how to obtain the covariant derivative of 
a tensor and since this is also a tensor we may proceed to take 
its covariant derivative. The resulting tensor we call the second 
Govariant derivative of the original and we can obviously continue 
in this way to find covariant derivatives of any order. 

Let us examine the second covariant derivative of a vector X ^ . 
Taking the covariant derivative of (14), p. 146, we have, by 
(16), p. 147, 



d^-X, _ ^ __ \m\^dX, 

dx^dx^ Irsjdx'^ \rt) dx^ \st]dx^ 



Let us permute s and t in this formula and subtract the two 
expressions. Owing to the sjmimetrical properties of the 
Christoffel symbols we have 

( 27 ) 

where we have put 
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Now tlie left-hand side of (27) is obviously a tensor and 
therefore the right-hand side is also a tensor. But is an 
arbitrary vector and we conclude from the quotient law that 
^ tensor. It is called the Riemann-Ghristoffel tensor and 
it will be noticed that it consists only of the^^^ and their deri- 
vatives up to the second order. 

Let us lower the index p to obtain the associated tensor 5 
that is, 

-n -Dili 

^prst y !]r)7n . ratj 


and we shall now find an expression for this associated tensor. 
We have 




rtl) \rt] d cc® 


d \7Yh\ 

== ^ [»■«> J ([?s, m] + [ms, y]) . 

But 

■D d [m\ 

-«3>rs* — 

. \m\ ^ - \m\ , 

Substituting the above results, we get 

Kr>t=^s - Q [2^®= (29) 


When we substitute the values of the Christoffel symbols (4), 
p. 141, in the first two terms this becomes 


1 

( d^9,t 



d‘^9rt \ 

2 

\d d 

^ d x^d x^ 

dx^d 

dx^ d xy 


+ [ft.n] — [Tt,m\ ['ps,n'\), (30) 


We deduce from (30) that B^rst satisfies the relations 

B'prsf ^ 

B-^prst ^ 

Bp rsi ^ Bg tpr - 

The first two of these equations express the fact that Rp^sf 
is skew-symmetric in r and also in s, t. 


(31) 
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Let us put 

= (32) 

If we multiply tMs equation by £ij,r^9Bt and sum i,j from 1 to 3, then 

Qti 1 p 1 p _ p 

^ipr — t *^pr ^ s t '^klmn — t t •^prnin — -^praii’ 

owing to the skew-s3nninetrical properties of B^rst- Thus 

Bprat — 

Moreover, using the last of equations (31), 

/SiJ ^ J gikl gimn = i 


= 1 

that is, is a symmetric double tensor. Hence we conclude that in a 
space of three dimensions the Biemann-Christoffel tensor can be expressed 
in terms of a symmetric double tensor 

We next return to (27), and we examine what this tensor 
equation becomes in a Cartesian coordinate system. Since 
covariant derivatives become partial derivatives we see that 
the left-hand side becomes 

d^Xr d^X, 
dx^dx^ dx^dx^‘ 

But this is identically zero since the order of partial differentiation 
is immaterial. Consequently the right-hand side of (27) is also 
zero for all vectors and therefore 

^=".,. = 0 (34) 

that is, the Riemann- Christoff el tensor is identically zero.'^ It 
results also from (32) that 

(35) 

and conversely if vanishes identically then (33) shows that 
R^.j.^t does so too. The conditions (35) are six in number and 
these are six relations which must be satisfied identically by 
the fundamental tensor We call them the Lame relations. 

Example. 

Show that 8^'^ = — 8^^ = — -Ssns, etc. 

^ G 

* The reason why the Iliemann- Christ off el tensor vanishes is that onr 
space is Euclidean and so admits of Cartesian coordinate systems. In higher 
differential geometry w© treat of more general spaces in which the Biemann- 
Christoffel tensor does not vanish. 
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EXAMPLES XII. 

1. By writing out in full the tensor equation = 0, prove that 

2. By writing out in full the tensor equation first, » — 0 and putting 
r, 5, if = 1, 2, 3, prove that 

5JogfF_ f w 1 

dx^ \mp] 

3. Deduce from Exs. 1 and 2 that 


l/T dx^ 


-r+l ^ 1<7”»« = 0. 

\m7iy 


4. Show that the contravariant components of the rotor of X, 
in general coordinates are 

JL J_ ^ 

j/"^ \ d 03^ dx^ J’ j/y V d ic® dx'^ )' y~^\dx^ 

5. Show that the divergence of X^ u given by 

[This is the formula for the divergence which is most useful for purposes 
of calculation.] 

6. Show that the Laplacian of (p ia given by 

7. If X’’* is a contravariant tensor, show that 


A (p = 


['mnj 


and show that the last term disappears if X^* is skew-symmetric. 

8. If Brs is the contracted tensor show that 

•” Bfs ^Qrsi 

where Srs is the associated tensor of and S = 

[Use the relation g^^s^^r^nst “ Q^agn — 


9. Orthogonal Curvilinear Coordinates, Show that we have the following 
results when the coordinates are orthogonal: 

(i) ?mn = 9'’"” = 0{™4=«). 9^’^=-^, = = 

yxi ua2 ^3 3 

(ii) If we put gii = A!, 9'22 = A|, fl'53 = *3. 

then rfs’- = h\ [ix^f + A| {dx^f + hi {dx^f. 
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(i») Co.'!’] = <). [*;>»■] = 




dh, 
dx^ ’ 


r-- -1 7, 



Sii=, 1 r d-hk _ ^ d logh _ ^ t91ogi^,- 1 
~ 7 if kfhjildx^ dx^ dx^ dx^ dx^ dx^ J’ 

[Note that in the above formulae the summation convention has 
been dropped, and that in (iii), (iv), and (vi), i, j, h are all unequal.] 

10. Write down the formulae of Ex. 9 for spherical polar coordinates. 

[Here 7q = 1, — x\ = aj^sin x^ (p. 136).] 

11. Write down the formulae of Ex. 9 for cylindrical polar coordinates. 

[Here \ = 1, h = 1 (P* l^^).] 


CHAPTEE XIII 
Curves in Space. 


1. The tangent vector to a curve. 


A space curve is the locus of a point whose coordinates 
are functions of a single parameter. Thus the coordinates of 
a point on a curve C are given hy equations of the type 

( 1 ) 

Prom (7), p. 134, it is clear that the arc-length s along the 
C j curve satisfies the equation 



dl’ 


and consequently the arc s is given by the integral 



~dt~dt) 


( 2 ) 


We shall usually take the arc 5 as the parameter along the 
curve, and we have the relation 

ds ds ~ ^ 

dad 

which shows that --r— is a unit vector. 
ds 


( 3 ) 
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Let P be a point on the curve and let its coordinates be 
£c'’ . 0 is a neighbouring point on C corresponding to an incre* 
ment <^5 in the arc and its coordinates are dx'\ The 

vector LtPQjds is called the tangent vector and we shall denote 
it by X'. Thus the tangent vector X' is given by 


ds 




■ (i) 


and we see from (3) that X" is the unit tangent vector of the 
curve 0, 


2* Normal vectors. The principal normal and hinormal. 

Any vector, which is orthogonal to the tangent vector, is 
said to be a normal vector of the curve. Hence the condition 
that a vector /a' be normal to 0 is 

(6) 

Since X' is a unit vector, 

and if we take the intrinsic derivative (p. 148) of this equation, 
we get 

^ -^=0. 

6 X* 

This shows that the vector -r — is normal to the curve. Let 

6s 

(3 X^' 

us denote the unit vector co-directional with by a \ Then 

os 

1 dX' 

^ ( 6 ) 


where x is chosen to make fx’ a unit vector. The normal vector 
fx' is called the 'princi'pal normal of G and h is called its 
curvature at the point in question. 

Now let us take fx'. Since it is a unit vector we prove, 
in exactly the same manner as for X', that its intrinsic deri- 

o r 

vative is orthogonal to Also if we differentiate (5) in- 
trinsically with respect to s we have 


ar 
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9mn^ ^ 9n\ 


-fA ji 


This equation may be written in the equivalent form 

j..r(^’ + »r) = o. 

which shows that the vector is orthogonal to X', 

But we have also the equation 

/c + = 0, 

/ showing that it is orthogonal to j/, There- 
/ fore the unit vector v"', defined by the 
w / equation 

’'\IX ''=t(^+’‘'')’ ■ ■ P) 

is orthogonal both to X' and to /X. The 
quantity r is chosen to make v' a unit 
vector and we see that X\ jji\ v form a 
mutually orthogonal triad of vectors. The sign of x is not 
always positive but is so chosen that the invariant 

+ ( 8 ) 

in other words, the vectors {X ^ v^) are to form a triad 

with a positive orientation (cf. p. 48). 

The vector / is called the hinormal of C at the point, 
and X is called the torsion of the curve. 


Examples. 

1 -D XI, 4. I 

1. Prove that tc = ( ^ -^1 . 

2. Prove that t = . 

3. Show that where A,., fjLr are the associated vectors 

of A** and 

4. Show that ~ ^ 




• + K A,.^ . 
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3. The Frenet formulae. 

Since v’’ is perpendicular to A’’ and f/ and satisfies (8) we 
easily prove that 

r rmn 

»' = e 

Hence 

p) 

^ X S 

If we lower tlie indices in (6) and (7) and solve for and 

os os 

we get 






Substituting these values in (9), 

We combine this last formula with (6) and (7), and we 
obtain the following relations: 




These formulae are called the Frenet formulae of the curve and 
we see that they are relations connecting r, X^^ /. 


Examples. 

1. Using cylindrical 'polar coordinates prove that the curvature of the 

circle ^ a, ^t, =z0 is — . 

a 

In cylindrical coordinates ds^ — (dx^Y + {dx^Y 

we can verify that the only non-zero Christoffel symbols are 


. P] |21 J, 
’ ll2J I 2 IJ *1 


The tangent vector to the circle x^ = a, x^ = t, = 0 is 

dx"^ dt ^ 

^’' = -T7 = {0, TT. 0 
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and it must satisfy = 1 at all points of the curve, that is, 


(0- 


1 . 


Consequently = 


. The first of the Frenet formulae give us 


6}} dX^ 
ds ~~ ds 


= -1 
ds a’ 


/ ^ I = I H 

\mwj ds 122/ 

{ 


^ d7? 
bs ds 


. dx^^ ^ 
= 0. 

\mn\ ds 


Also is a unit vector and so 


Ti"" — Qmn — ^2 • 


We conclude that ^ ^)* 

2. In Ex. 1, show that t = 0 and ^ (0, 0, 1). 


3. Show that KVr = 


SX* 
ds ' 


4. Parallel vectors along a curve. The straight line. 


If a vector X^' is defined along a curve then it must be 
given as a function of the arc s of the curve. Now we have 
seen at p. 141 that^ if the vector X^' is a parallel field of 
vectors along a curve, it must satisfy the tensor equation 


dX' _dX'' ( r 

3s ds '^{mn} ds 


(11) 


Also its covariant components X^, satisfy the corresponding 
tensor equation 



We can use this result to obtain immediately the equation 
of the straight line in general curvilinear coordinates. The 
tangent vector of a straight line is always in the same direction 
along the curve, that is, the tangent vector forms a parallel 
vector field and must satisfy (11). But the tangent vector is 

. dx^' 
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Hence the equations of a straight line are 


c/;/ 

cfs 


ds^ 


f '■ 


] dx^ 
n\ ds ds 


= 0 . 


(13) 


We may obtain these equations in another way by observing 
that (13) is a tensor equation and in Cartesian coordinates it 

reduces to == 0, which are the equations of a straight 

line in such coordinates. 

Reference to the Prenet formulae shows that (13) merely 
expresses the fact that k 0. Hence we see that the straight 
line has zero curvatnre^ and this property is characteristic of 


the straight line. 


Examples. 




1. 1/ we 'put 0 =: g^nn , where x '^ ^ , show that the equations 
of the straight line can be loritten in the form 


d_ ( Q0 \ __ ^ A 

ds\dx'^) dx^ 


(a) 


Here we are denoting derivatives with respect to s by dashes. We have 

a , , . . o 

d^'r ” ^ ^ — ^9rm^ ’ 

Therefore 


and 


A / ^ _ < 

ds ~ ' 


Sgr 

dx'^ 


Consequently 

d fd0 

Ts\d 


^ a.'« 

dx^ dx^ 


80 \ 


80 

dx^ 


! 2 a?'"® -p 2 [m?^, r] x'”^ x'” 


’ ^ 9r p 


+ 


\mn] 




But the equations of the straight line are 


x"'^ + ^ 


^ x'^ = 0. 

mn] 


Hence our theorem is proved. 

This result is sometimes of value in calculating the symbols ■ 
if we form the equations (a) and solve them for x"'^, we see that on the 
other side of the equation we have other words, the 

symbols we require are the coefficients of the quadratic form in x'^. 
E(287) 11 
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2. Use the method explained in Ex. 1 to find the Christoffel symbols 
ior cylindrical polar coordinates and also for spherical polar coordinates. 


EXAMPLES XIII. 


1. Prove that -i- (r ^ . 


2, Show that r = 


1 , f5A* 

o a t “ 


3, Prove the formulae 


ds ' 


ds^- 


ds 




■7^ = r (Ji^' - TO--') ■ 


dr 

"ds‘ 


An m-l M (5- A® (5®A^ 5 ^ 1 

4. Prove that 

6v^ 5 d 

Ss d5“ ds\Tj* 


5* Find the curvature and torsion at any point of the curve = a, 
CG^ = ^, ~ ct where ds^ == {dx^f -f- {x^dx^f -f- 

[This is the circidar helix in cylindrical polar coordinates.] 

6. Prove that the tangent vector in Ex. 5 always makes a constant 
angle with the vector (0, 0, 1) at each point. 

7. If (a A^' b + cv*') forms a parallel vector-field along C, prove 

that j<jo = 0, -j — \-xa^Tc^0y — \~rd===0. 

ds ds ' 'ds 

8. If small distances, s, are taken along a curve and the tangent 
straight line at P giving the points Q and E, prove that 

(?)—'■ 

9. If two curves U, G' have the same tangent at P, and Q, M are 
two points taken at small distances s along the curves, prove that 

==«2 ~~ 2?i;«'oos6, 

where 6 is the angle between their principal normals. 

10. Let a curve G be drawn from a point P to a point Q and let C 
be a slightly varied curve whose coordinates at any point differ from 
those of the corresponding point on O by an infinitesimal vector* 
prove that the difference in the lengths of the curves is approximately 

SL^l^rV’’]^ — I >i!irV''ds. 

JP 

11. Deduce from Ex. 10 that if G is the curve of stationary length 
for all curves passing through P and Q, then x — 0 and C is a straight line. 
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CHAPTER XIV 

Intrinsic Geometry of a Surface 

1. Curvilinear coordinates on a surface. 

Let ( 2 /^, if, if), as before, be the Cartesian coordinates of a 
point in space. A surface is defined in general as the locus of 
a point whose coordinates are functions of two independent 
parameters. Thus the equations of a surface are of the form 

(r = l,2, 3), (1) 

when and are the parameters. In other words, any point 
on the surface is uniquely determined by two numbers u^, 
and we can therefore call these quantities coordinates of a 'point 
on the surface. It must be remembered 
that again 1 and 2 are indices dis- 
tinguishing the coordinates and 
does not mean u squared. 

Let us examine the geometrical 
significance of these coordinates 
{‘U^, u^). If is kept constant and 
u'^ alone varies, then the point (1) 
depends upon a single parameter and 
therefore describes a curve. Moreover 
this curve lies wholly on the surface 
and we see that when we give a series of constant values 
we obtain a family of curves on the surface. These curves we call 
the u^-curves and along them alone varies, that is, the equations 
of these curves are = const. Hence if we are told that the 
point P has a certain coordinate u^, this means that P lies 
on a certain tt^-curve, namely = ul. 

In the same way we have another family of curves, given 
by — const., along which alone varies. These are called 
the u--curves and we now see that each point of the surface 
is determined as the intersection of a member of , each family. 
Thus geometrically the two coordinates (^^^, u^) give the two 
curves, one of each family, which pass through the point. We 
shall often refer to the and w^-curves briefly as the coordinate 
curves and we shall call v?-, u^ a system of curvilinear coordinates 
on the surface. 
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All the properties of a surface which can be described 
without referring to the surrounding space are called mtrinsiG 
properties of the surface and their description constitutes the 
intrinsic geometry of the surface. It is this intrinsic geometry 
we wish to deal with in the present chapter and we shall find 
that the curvilinear coordinates {u^, u^) are the most appropriate 
coordinates to use for this purpose. 

There is obviously an infinite number of possible coordinate 
systems by means of which we may determine points on our 
surface. We may, in fact, take as coordinate curves any two 
families of curves which fulfil the condition that each member 
of one family intersects each member of the other in one and 
only one point. If W is another coordinate system on the 
surface, then are clearly functions of and conversely. 

That is, there is a functional transformation between the co- 
ordinates of the form 

= f (#, ==: f {u\ u^) (2) 

and this transformation is reversible, so that 

(jqI ^ ^3^1 


Examples. 

1. Show that the surface = f{y\ y^) may be put into the para- 
metric form y^ = u\ 2 /^ = = f{u\ u^). What are the coordinate 

curves ? 

2. Show that = a cos cos a cos sin ^ a sin 

are the parametric eq.uations of a sphere and determine the coordinate 
curves. 

3. Show that 

2/^ -p 1 — 

a 1 * h \ u^u^" 1 -f- w®. 

are the eq^uations of a hyperboloid of one sheet and that the coordinate 
curves are the generators. 


2, The conventions regarding Greek indices. Surface tensors. 

We therefore see that the curvilinear coordinates on a sur- 
face are two in number und we are now dealing with two variables 
(u^, u^). Up to the present we have used italic indices to denote 
our variables, which have been three in number, and we have 
adopted certain conventions regarding these italic indices, 
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namely, that such an index takes the range of values 1 to 3 
and a dummy index is to be summed from 1 to 3. We shall 
find it convenient to adopt an indicial notation for our new 
variables u^) also, but to avoid changing any conventions 
we have made for italic indices we shall now adopt Greek indices. 
Thus we may write our variables 

^“(cc = l,2). ; (4) 

We shall also make similar conventions regarding these Greek 
indices and they will be two in number. 

A refeated or dummy Greek index in any term is to he summed 
from I to 2, 

A free or unrepeated Greek index is to have the range of values 1,2. 

It will be observed that all the remarks of Chapter I can now be 
repeated with ^^ilight modifications when we use Greek indices and the 
new conventions respecting them. For example, a system of the second 
order will be denoted by and will stand for any one of the array of 
quantities 

^12 

^2 1 ^ ^2 2 * 

Again we shall have 
2 

: U 8 3 -1^1 4- -f ^2 2 ^ • 

The corresponding skew-symmetric e-systems in Greek indices are 
double sy stems f namely, and which have the following values 

= €22 ”0, = 621 ” l-j* 

^u_^22_o^ = 


and we have now two Kronecker deltas, defined by 

= ( 6 ) 

The first has the value 0 unless a, ^ and A, /z are permutations of 1, 2, 
in which case it is -h 1 if the two permutations are the same and — 1 


if they are opposite. The second delta has the usual properties that it 
equals 1 if a and A are equal and is zero if they are unequal. We leave 
to the student the development of the theory of determinants of the 
second order analogous to that given in Chapter I. 

The transformations (2) and (3) between two different 
systems of curvilinear coordinates on a surface can be written 
in the brief form 


= q)^ {id- ^ j ^ 


( 7 ) 
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We Lave tlierefore a theory of tensors of different orders for 
the transformations in these variables which is the same in 
every respect as that already developed for the variables 
Thns a triple system in Greek indices is a relative tensor 
of weight M, contravariant m a and covariant in /5 and y, 
when its components in the new variables satisfy the re- 
lations 

"i? 

dffl ^ 

The theorems in tensor algebra proved in Chapter II (p. 19) 
are of course equally true here as are also the observations 
regarding tensor-fields at p. 133. When iltf = 0 in (8) the tensor 
is called as before an absolute tensor and this is the most 
important class of tensors for us. 

If we want to distinguish these tensors in Greek indices 
from those in italic indices we may call them surface tensors 
since they are tensors under a transformation of surface co- 
ordinates. The others we may call s'pace tensors since they 
are tensors under a transformation of space coordinates. 

Examples. 

1. Show that the determinant a = | ] satisfies the equations 

«)-« “3,? = e’’* “ay av?5 = « «a/? • 

2. Deduce from Ex. 1 that 

21 d — 

3. Show that the cofactor of in a is where 

4. Prove that 

^ du^ du^ du^ du^ 

9«’' : a«“ du^ ® ~ dW 

and deduce that are relative tensors of weights — 1 and 1' res- 

pectively. ' 

5. If is an absolute tensor, deduce from Exs. 2, 3, 4 that a is 
a relative invariant and a relative tensor both of weight 2, and hence 
that the cofactor , divided by a, is an absolute tensor. 
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3. The element of length ^nd the metric tensor. 

Let P be a point on the surface whose coordinates are 
and let ^ be a neighbouring point of the surface with coordinates 
We shall denote by y'^ and the Cartesian 

coordinates of P and Q in space. From the relations (1), p. 163^ 
we have 

( 9 } 

If we let cZs be the elementary distance between P and Q we 
know that 

ds^=.^{dy^)K 
1 

Hence we conclude from (9) that 
where we have put 

_ dy'^ dy^ _ ' ^ dy'^ dy'^ 

We see that is a function of the w’s and is symmetric 
in a^/S. Also since is an invariant it follows from (10) that 
a^^du^ du^ is an invariant for arbitrary values of the contra- 
variant vector du“. Consequently our quotient law tells us 
that is a double covariant tensor ^ which we call the fundamental 
or metric tensor^ and the element of length on the surface is 
given by the formula (10). 

If we denote by a the determinant and by the 

cofactor of a o in a, divided by a, we prove as at p. 135 that 


^5 a contravariant tensor, and we have 

( 12 ) 

Also if we form the systems 

= .... (13) 

y (X/ 


we see that these are also tensors which we may call the e-systems. 
When we are given a contravariant vector we define 
the magnitude A of by the equation 


( 10 ) 

( 11 ) 


(14) 
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and similarly the magnitude of a covariant vector is 


(15) 

Also a unit vector is one whovse magnitude is unity and hence 
will be a unit vector if it satisfies the equation 

= i ( 16 ) 


If we divide equation (10) by ds^ we have 

du^ dvf ^ 
ds ds ' 


(17) 


that is, the vector -^ 5 — is a unit vector, 
ds 

With the aid of the tensors we can raise and lower 

indices in the usual manner and these operations obey the 
same laws as in the case of space tensors. 


Examples. 

Show that the ds^ for the following surfaces have the values mentioned. 

+ (1 + /i) where /„ = . 

2. The sphere, = a cos cos m®, ~ a cos v?- sin ufi, 'f — a sin -u^ ; 

ds^ = aP' (dvPY + (cos {dvP)^. 

3. The cirmilar cylinder. a cos u\ y^ ^ a sin ^ ^ 2 . 

ds'^ = {dyPf ^ {du^f . 

4. y^ == cos vP, vP sin y^ ^ 0; ds^ =: (du^f + {vP dtpf. 

[This surface is the plane ?/^ == 0 and the coordinates are polar 
‘Coordinates.] 


4. Directions on a surface, Angie between two directions. 
If we divide (9) by (is we get 

dy'^ dy' d'if 

l- = ^-d7 (18) 

Now we know that the direction BQ is given completely by 
~ in. Cartesian coordinates and (18) stows ttat ^ is given 
d 

-jj- is given. Hence the direction PQ on the swface is 
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. But if we are given 
du^ 


du^ 

completely determined hy the unit vector -j 

ct 

any unit contra variant vector we can always find^^^ suchtlLat 

as 




and it follows that a unit surface vector determines a unique 
direction on the surface. Also any contravariant vector A“ 
consists of an invariants , its magnitude, and a unit vector S 7 S , 
Consequently every contravariant surface vector defines a 
magnitude and a direction on the surface. 

Let us next consider two directions on the surface at P, 
du^ du^ 


ds^ ‘ corresponding space 


defined by the vectors 
vectors in the Cartesian coordinates are given by 
dy _dy^' du^ dy^ _dy^' dufi 


ds du^ ds 


ds du^ ds ' 


( 20 ) 


and we know that the angle 6 between the two directions is 
given by . 

ds ^ 


cos I 


f=l 

Hence substituting for and 

(hS OS 

their values in (20) and remembering 
we obtai] 

du"^ du^ 


ds ds 


the values of a^^, we obtain 


cos 6 — a 


ds ds 


( 21 ) 



If yl®, fjd^ are two unit vectors the two directions defined by 
them are given by 

d u^ _ -oj du“ __ a 
ds ds ’ 


and we conclude that the angle 6 between the two directions T, 
is given by 

cos 0 == (22) 

These directions will be orthogonal if 0 = :/r/2 and hence 
the condition that the directions X^, /P be orthogonal is 

= 0 (23) 
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If we take the direction defined by 

(24) 

where is the associated vector of the unit vector A“, we see that 

But 


Therefore 


a^y i a^^y . 

a^cy vy X0 A 5 = A^ A^ == 1 , 

which shows that (24) is a unit vector. Moreover 

a^yV^ Xy^a^y A^ A^ == e^“ A^ A„ = 0 


and we conclude that v® is the unit vector orthogonal to A®. If we 
multiply (24) by and sum a from 1 to 2, then 

1 = e^®A^Va = e„^A®/, 

and we see that Sa^ A® is positive. Now 

(25) 


where A®, are any two vectors, and we say that the rotation from A® 
to is 'positive if £^^A®/i^ is positive. Consequently the vector (24) 
is such that the rotation is positive. 


Examples. 


1. If unit vectors e® j , £“21 are taken in the directions of the coordinate 
curveSf show that 

4) = -4.(5®, a®, =^c5®. 

jUu F«22 


Along the coordinate curve = const, we have du^ = 0, and thus 
the element of distance along it is given by ds^ == a-^^{duXf, Consequently 
the unit vector £fi) is 


S(ll : 



du^ \ 
ds J 




d 


a 

1 


and similarly for the vector ef^) . 

2. If A®, are two unit vectors such that the rotation A®, /^® is positive, 
show that Safi A® — sin 0. 

3. If C£) is the angle between the coordinate curves, show that 

cos 0 ) = — —^Azn,. Consequently the condition that the coordinate curves 
y ^11 7^ 2 

he orthogonal is a^g = the coordinates are then said to be ortho- 

gonal curvilinear coordinates. 
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4 . Show that the rotation from the u^^curve to the -curve is positive 

and sin co = . .. . 

]/ O'li a 22 

5 . Element of area. Prove that the element of area dS on the surface 
is given by dS = ']adv?-du^. 

[If we take small distances ds^, ds2 along the coordinate curves, then 
dS = ^^^2 sin o), and we have ds^ = ]/ dv?-, ds2 = 


5. The equations of a geodesic. 

Any curve on the surface is determined by giving the co- 
ordinates w® in terms of a single parameter t. Thus the equations 
of a curve will be of the form 

( 26 ) 

Also if we denote by dots differentiations with respect to 
we see that the length of the curve between the points A and B 
on it is 

i = J ( 27 ) 

Let us consider curves passing through two fixed points 
A and B. Of all such curves there is in general one and only 

one whose length from ^ to J5 is less than that of the others. 

This curve is called the geodesic joining A 
and B, and if our surface were a plane 
we know that the geodesic would be the 
straight line. Our present problem is to 
find the equations of this geodesic through 
A and B. 

Let us denote by /"the geodesic through 
A and B and let us take a neighbouring 
curve F' also passing through A and B. 

We set up a one-to-one correspondence 
between the points of F and F^ in such 
a way that if P, coordinates w®, and P\ coordinates are 
two such corresponding points, then PP' is a small vector. It 
may therefore be written eco®, where s is an infinitesimal and 
o)® is a finite contravariant vector. Hence 



u'^ = 4- eco' 


(28) 
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and as we move along F we see that co^ is a function of the 
parameter t which vanishes at the points A and B, Thus L\ 
the length of F' between A and 5, is a function of e and can 
be expanded in ascending powers of s by means of Taylor's 
series. Remarking that for e = 0 we are on F, we obtain 


L' = L + e 


dF \ 

ds Jo 




+ ■ • •= . . (29) 


where the suffix 0 means that s has been put equal to zero 
after differentiation. The second term on the right of (29) is 
called the first variation of the length L and is usually denoted 
by Since /"is a geodesic its length is less than that of any 
other curve F' through A and R. In other words, L' is a minimum 
for e=0, and consequently, by the ordinary rules of the 
.... ..... (dF\ . . .. 


differential calculus, 


must vanish, that is, the first var iation 


dL is zero if F is a geodesic. We proceed to find an explicit 
expression for dL, and by expressing that it vanishes for all 
neighbouring curves we shall arrive at the equations of F. 

Let us put 


cp{u,u) = 


where u, u stand symbolically for and respectively 
Thus 

(p' ~ cp{u', w') ^ 9? (w + e CO, -w + £ co), 




9<P .-.a 
du“ • 


Hence 




When we integrate by parts we have 


f^dq> _ 

^ .q: CO dt — 
A. du 




and the integrated part disappears since co“ is zero at A and B. 
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5£ = e 



dt ( 01 “)) 


oy^ dt, 


. . . (31) 


and we have found an expression for the first variation of L . 

If P is a geodesic dL must be zero for all neighbouring 
curves through A and 5, that is, (31) must vanish for all arbitrary 
values of the vector of along F. Therefore we must have 


d (d<p\ d<p ^ 

dt\du“J du‘‘~ 


(32) 


These differential equations, together with the conditions that 
F passes through the given points A and B, will in general 
define the curve F completely. They are therefore the equations 
of jT, and we shall write them in a more explicit form. 


We have 


d(p 


dcp 1 dafiy 

dvT ~ 

3 

9 

du^ 2cp du“ 

and (32) reads 

A.\ 

(aap'iA 


dt 

\ (p J 

2cp du^ “ 


Thus far our parameter along F has been perfectly general. 
We shall now simplify matters if we take as parameter the arc s 
of the geodesic, in which case (30) gives 99 == 1 along F. The 
equations of F become 

d f 1 _ A 

dsV"^^ ds j 2 ds ds ’ 

or 

d^u^ d aafi du^ du^ 1 d a^y dviP dv/ __ ^ 

ds^ du^ ds ds 2 ds ds 


If we introduce the symbols 




3 \du^ 


d V ^ £\ 

du^ "" duyj' 


. . . (33) 


these equations can be written 
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Kaising the index a, we obtain the final form 


d^u‘‘ i a \dvifi du' 
ds ds 


• • (34) 


where we have put 

( 35 ) 

The quantities (33) and (35) are called the Christoffel symbols 
of the surface, and reference to p. 141 will show that they are 
formed from the in exactly the same way as the Christoffel 
S 3 rmbols of space were formed from the Moreover we know 
that the curve of shortest length, or the geodesic, between 
two points in space is the straight line and we see from equa- 
tions (13), p. 161, that the equations of the geodesic on the 
surface and of that in space are of exactly the same form. 


Examples. 




1, Show that if we put where === the equa- 

tions of the geodesic can be written 


A h. - o 

dsKdu'^J du^~ 


[These equations are often useful in calculating the Christoffel symbols 
for any particular coordinate system. For when these equations are solved 
wnth respect to the second derivatives of with, respect to s, we see 
from (34) that on the right-hand side of the equation the coefficient of 

dvP du^ . I a 
IsTs ~\Py 


2 . 


Show that [oc /?, y] and 



are symmetric in a, jS, and show that 




3, For the surface of Ex. 1, p. 168, show that the Christoffel sym- 
bols are 

= 
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where we have put 


d^f 

du^ 


1 + /i + /i 


4. Orthogonal onrmlinmr coordinates. If the coordinate curves are 
orthogonal, prove that 



<^12 ~ 



= 0, 

1 

= — 

’9 


_ 1 







®ii 


®2 2 



rii i-| _ 

1 



rio ii „ 

1 d 

%i 


1 1 91 


LAX, XJ — 

2 

d 


xj — 

2 du^ 

^ j-- 



[22, 1] = 

— 

1 

2 

dn?- ~ 

= -[12,2], 

[22,2] = 

1 d a>2^ 

2 du^ ' 


1 da 

11 


/I 

1 1 

da 



1 da^ 

11 

2^11 du^ ’ 


12 

2 011 

du^ 

> 


2 du^ '' 


__ 1 

dati 


1 

da^z 



1 da22 

11/ 

2 {7>2 2 


2 = 


2 O 22 

du^ 


122/ 

2a^^ du^ 


5. Obtain the Christoffel symbols for the surfaces of Exs. 2, 3, 4 

(p. 168). 


6. The transformation of the Christoffel symbols. Geodesic 
coordinates. 

We shall now take two coordinate systems and examine 
how the Christoffel symbols of the two systems are related. 
We denote by bars quantities which refer to the S-coordinates. 

Let us take any geodesic F and let be the coordinates 

of a point on it referred to the two coordinate systems. These 
are functions of the arc s of P and of course s is an invariant. 
We have 

du^du^ 

ds ~~ du^ ds^ 

and, on differentiation, 


d^_du^d^_u^ d^d^ 

ds^ du^ ds^ du^du° ds ds 


. . . ( 37 ) 


But the point lies on the geodesic and we must have in both 
coordinate systems 



ct 1 du^ dy/ 

ds^ 

Py) ds ds 

d^v!^ 

Q ^du"" du" 

ds^ 

<yr} ds ds 
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Therefore 


a \du^ AW _d^{ dW dW 

Pyl ds ds dWlffv) ds ds du” dW ds ds 


or, from (36), 
u"" du"" 


arj dv? 


a \du^ du^ 

^ yj du"" du^J ds ds 


The geodesic F was chosen quite arbitrarily and hence (38) is 

true for all values of ~ , Also the coefficient of ^^in(38) 
ds ds ds ' 

is easily seen to be S 3 nnmetric in o', r. Consequently 


which give us the relations connecting the Christoffel symbols 
of the two systems. Since it involves the second partial de- 
rivatives of iF with respect to 'iF , we see that the Christoffel 
symbols are not tensors. Starting from the formulae 

du^ ^du^du^ 
ds du^ ds ^ 

we deduce in the same way the reciprocal relations 


a \ du^ du^ ^ 




Q \du^ 


du^ du^ 


d'iFdu^ [arid i^yidu^diT * • • v / 

We have already seen that if we take rectilinear coordinates 
in space then the fundamental metric tensor of space, has 
constant components in such a coordinate system, and the 
Christoffel symbols are everywhere zero. It is not possible in 
general to find such coordinates on a surface but we shall now 
show that we can always choose a coordinate system in which 
all the Christoffel symbols vanish at a given point 0 . Coordinates 
of this nature are called geodesic coordinates for the point 0. 

Let vf^ be a given coordinate system and let ul be the co- 
ordinates of the given point 0 in this system. If coordinates 
iF exist such that all the Christoffel symbols in it vanish at 0, 
then (4Q) tells us that we must have at the point 0 


diTdu^ 


a: \ du^ du^ 
/?yj du° du 



XIV] 


INTRINSIC GEOMETRY OF A SURFACE 


177 


and, conversely, if these equations are satisfied then | ^ | all 
vanish at 0. Let us make the transformation of variables 

J I (42) 

We see that the point 0 is given in the new coordinates by 
=z 0 and that 


at 0. Also 

^ j al 
du lorJo’ 

which shows that (41) are satisfied at the given point. Hence 
the new variables are geodesic coordinates at 0 . It is important 
to notice that in geodesic coordinates the Christoffel symbols 
are generally not zero everywhere but only at the point in 
question. 

Examples. 

1. Geodesic polar coordinates. Find the line-element when the coordinate 
curves are the geodesics passing through a given point 0 and their ortho- 
gonal trajectories. 

Let us take as w^-curves the geodesics passing through a given point O 
and let us take as the distance along each geodesic measured from 0. 
We may take as u^ the angle which the geodesic OP makes with a given 
geodesic OG. We see therefore that the coordinates 

u^) are exactly analogous to polar coordinates y 

in the plane. Such coordinates may be appropriately / ^ 

called geodesic polar coordinates. / y 

Along the geodesic = constant we have 
du^ = 0, ds ~ du^. Hence a^ — 1 and //P 

du^ __ - du^ __ ^ // 

Also these curves must satisfy the equations of O 
geodesics (34), p. 174, that is, 


Therefore, since [11, r] — 


we have 


Also at the point O, ~ 0, and we see that, for all small displacements 
on the surface at O, ds"^ = (du^)^ no matter what value du^ is given. 
Thus for = 0^22 = 0. Consequently from (a) it follows that 

E (287) 12 
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is zero ever;^^vhere and the coordinate curves are orthogonal. The line- 
element is therefore of the form 

ds- — + ^2 2 

Moreover if we take small distances OP, OQ^ each equal to along 
the two neighbouring geodesics obtained by giving the values and 
-J- d'li?^, we see that PQ = n.nd the angle POQ equals dv?'. 

Also the surface approximates to a plane at 0, so that approximately 

PQjid- == du^. 

We conclude that, if )' U22IS expanded in ascending powers of u\ we have 


the remaining terms being of higher degree than the first in u\ 


2. Prove that 





3. Deduce from Ex. 2 that if all the Christoff el symbols vanish at 0, 
so do the first derivatives of and vice versa. 

4. Show that geodesic polar coordinates at 0 are also geodesic co- 
ordinates at 0. 


7. Parallelism with respect to a surface. 

Let 0 be a curve on the surface and let there be defined 
a surface vector at each point of C . The coordinates of 
any point on 0 are functions of a parameter t and the com- 

ponents of the vector-field Z® are also 

j functions of t, 

/ / If we take another coordinate system 

/ S®, then the new components Z® of the 

/p / vector-field satisfy the equations of 

/ / transformation 

L = • • (^3) 

and are also functions of t. Differentiating with respect to 

dX^ ^ du^dXf gV du^ 

dt du"" dt du'^du^ dt 

If we substitute for feom (39) we have 

du au ^ ^ 


dJC _ du^ dX° 4- / ^ \du^ ^^d'u^ fa du^ 

dt It \^y]d^ W ^ It' 
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^ f a 1 i q\ , 

clt dt du^ dt Icrrl dt ^ 


^ ( 44 ) 


This expresses the fact that 

( a\ ^ dv/ 
dt dt dt 


. * (45) 


is a contmvariant vector , which we shall call the surface intrinsic 
derivative of X“. 


Let us consider the equation 

dX^ dX^ 
dt dt 


+ 


a I du^ 


fiy\ dt 


(46) 


This is a vector equation and therefore if it is satisfied in one 
coordinate system it is true in every other. ISTow (46) is a dif- 
ferential equation of the first order and, if we are given the 
value of X^ at any given point of 0, then (46) defines a unique 
vector X^' at every other point of the curve. Thus we have a 
unique vector-field defined in this way along G. It will he seen 
that (46) is exactly similar in form to (6), p. 141, which is the 
equation satisfied by a system of parallel space vectors along 
a curve. We shall therefore say that the system of surface 
vectors defined by (46) is a system of 'parallel vectors with respect 
to the surface. This is our definition of parallel vectors with respect 
to the surface and it will be noticed that surface vectors are 
defined as parallel along a curve on the surface. Thus if we are 
given two points A and B of the surface and a vector Z“ is 
given at A then we can define a parallel vector at B only when 
we are given a curve joining A and B, and in general this 
parallel vector at B will depend on the particular curve taken. 

Expressed in other terms, if we are given a closed circuit 
on the surface and, starting with a given vector at a point of 
the circuit, we take the parallel vectors along the curve with 
respect to the surface, then there is no a priori reason why 
we should arrive at the same initial vector when we have com- 
pleted the circuit. In fact, the parallel propagation with respect 
to a surface of a vector round a closed circuit generally results 
in a new vector when we have again arrived at the initial point. 
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Exajviples. 

1. If is a vector-field satisfying (46), show that remains 

constaiib along the curve. Deduce that the magnitudes of two 'parallel 
vectors are equal. 

j^Use the result that ~ + [^y, a]) 

2. If X®, T“are two parallel vector-fields show that remains 

constant. Deduce that the angles hetioeen two vectors and their parallels 
are equal. 


3. If our surface is a plane and rectilinear coordinates are taken in 
the plane, show that the equation for a parallel vector-field becomes 
dX^ 

= 0 in such coordinates- In other words, the parallel vectors with 

respect to the plane as defined by (46) are identical with the ordinary 
Euclidean parallels in the plane. 

duP^ 

4. Prove that the unit tangent vector )P of a geodesic (x is a 

(L S 

parallel vector-field along the geodesic. 


<5 A® " 

Prom (34) the equations of G can be written -r — ~ 0 . 

os ^ 


5. If X“ is a parallel vector-field along a geodesic show that it 
makes a constant angle with G. 

[We see from these examples that surface parallelism as we have 
defined it possesses many of the properties belonging to ordinary Euclidean 
parallel vectors in space.] 

6. If X® is a parallel vector-field along a curve (7, parameter t, show 
that its covariant components satisfy the equations 

Ir 

dt dt Wa] ^ dt ~ 


8. Intrinsic and eovariant differentiation of surface tensors. 

We are now in a position to consider the problem which 
corresponds to that already discussed for space tensors in 
Chap. XII, p. 140, namely, the problem of forming new tensors 
by the differentiation of given surface tensor-fields. The method 
of approach is exactly the same as that of the chapter mentioned. 
Having defined parallel vector-fields along a curve with respect 
to our surface the student has merely to read over §§ 2, 3, 
pp. 143 — 147, substituting surface tensors for space tensors and 
surface coordinates for space coordinates. We shall therefore 
confine ourselves to stating the results for a typical surface tensor. 
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If is a surface tensor defined along a curve 0, in wMch 
case its components are functions of a parameter then the 
quantities 


^ dX^y , / « \ d/W / <T -I a du^ 
dt dt dt 





(47) 


form a tensor of the same order and type as and we call 
it the intrinsic derivative of X^y with respect to t. 

Also if X^y is a tensor-field defined over the surface, its 
components being hence functions of the quantities 


_dXly 




(48) 


form a tensor with one co variant index more than We 

call it the covariant derivative of X^y^ and we see that covariant 
differentiation is indicated by a comma just as in the case of 
space t.ensors. 

Let us take geodesic coordinates at a given point 0 of 
the surface. In such coordinates the Christoffel symbols vanish 
at the point 0, and (47) and (48) immediately show that at 0 
the intrinsic and covariant derivatives of a tensor reduce to 
the ordinary derivatives. Thus, following the argument of § 4, 
p. 148, we conclude that the rules of the ordinary differential 
calculus for finding the derivatives of the sums and products of 
functions also hold in finding the intrinsic and covariant deriva- 
tives of the sums and products of tensors. We leave the student 
to formulate the rules in the manner of the section quoted*. 

Moreover, when we adopt geodesic coordinates at 0, the 
ordinary derivatives of the fundamental tensors and 

of the determinant a are all zero. Consequently it follows 
that the covariant derivatives of the metric tensors a^^, (f^ and 
of the e-systems and Kronecker deltas are all zero, a result similar 
to that already found for space. These tensors can therefore 
be regarded as constants when finding the intrinsic or covariant 
derivatives of any combination of surface tensors. 


* The analogy is not quite complete. In the previous case we used recti- 
linear space - coordinates in which the Christoffel symbols are everywhere zero 
whereas here the surface Christoffel symbols vanish only at a given point. 
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Examples. 

1. Show that ^ (Z“ 7^) — 7^ + . 

^ dX„ BXr 

2. Prove that ^ * 

3. Show that {^/ 9 yA^ 7^') = + X^ • 

4. Show that the raising or lowering of indices can be performed 
before or after the operations of intrinsic and covariant derivation. 

5. Prove that two indices may be contracted either before or after 
the operations of intrinsic and covariant derivation. 

6. If X is the magnitude of X®, show that == X^,^ X^/X. 

7. Writing out in full the tensor equation and putting 

a, — 1, 2, prove that 

d log F ^ f ^ 1 
d%y \M' 


9. The Riemann-Christoffel tensor. The Gaussian curvature 
of a surface. 


Let be a covariant vector-field defined over the surface; 
its covariant derivative is given by 


■ ^ I Y 

du!^ la/SJ " 


Since this is also a tensor we can take its covariant derivative 
and the resulting tensor we call the second covariant derivative 
of X„. We denote this second covariant derivative by X . 
and we shall see that it is not in general synametric in /3 
and y . The procedure is exactly the same as that of p. 162, 
and we shall leave the student to prove the following results. 

W"e have the formula 


X(x,,^Y Xflc, 

where we have put 


= R.Oi^yX^, 


(49) 


Bt 


a/?y ■ 


d fd] 
du^Xayf 


}- 60 < 


l«r}C 






). (50) 


Eqxiation (49) shows that is a tensor and (50) tells us 

that it depends only on the metric tensor and its derivatives. 
It is called the Riemann-Christoffel tensor of the surface. Also, 
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and it possesses tbe skew-symmetric properties 

^Soi^y ~ ^Sccy/SJ 

that is, is skew-symmetric in (5,(3c and in /S,y. 

Let ns put 

K = ( 51 > 


wMcb shows that K is mi invariant of the surface. If we mnltiply 
this equation by we get 


But, owing to the skew-symmetric properties of 


Hence 




showing that the Eiemann- Christoff el tensor of a surface can 
be expressed in terms of the invariant K and the s-systems. 
This invariant K is called the total curvature or the Gaussian 
curvature of the surface. It is of course intrinsic and is a function 
of the a's and their derivatives. 


Examplids. 

1. Show from (52) that K = This formula enables us to- 

calculate K in any particular case. 

2. Prove that 

^ [ay, ^ [a^. 5] + {;^} [<5y,a] - {;J [dM. 

3. If the coordinate system is orthogonal, that is, if = 0, then 



[This follows by direct calculation from Exs. 1 and 2.] 

4. If the line-element is of the form ds^ — -f g [du^Y, show that 

]_ 

{du^r 
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10. The geodesic curvature of a curve on a surface. 

Let (7 be a given curve on our surface and let us take as 
parameter the arc s of the curve measured from some fixed 

point on it. The curve is therefore 
given bj equations of the form 

(s) ... (53) 

and we have the equation 

du^ du^ 



ds ds 


. (54) 


satisfied at every point of the curve. 
If P is a point on the curve whose coordinates are and 
^ is a neighbouring point of G corresponding to an increment ds 

in the arc, then the infinitesimal vector PQ has for its com- 
ponents du"^. Thus the tangent vector to G, which is the limiting 

position of the vector PQ as Q tends to P, is given by the vector 

d 

Moreover this vector is a imit vector as maybe seen from (54). 
Consequently the unit tangent vector of G is given by 

dii^ 




ds 


(55) 


Since 2!^ is a unit vector at each point of (7, we have 




Differentiating this equation intrinsically with respect to s, 

' . r"' 0 


"wMcli shows that the vector is perpendicular to A". Conse- 
quently, if we denote by /j,“ the unit vector orthogonal to 

S = (56) 

where g is an invariant. We choose the sense of f/ such that 
the rotation is 'positive and reference to p. ITO shows 

that this is the same as imposing the condition 

=4-1 


( 57 ) 
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When we have fixed the sense of in this way, equations 
(56) determine a uniquely not only in magnitude but also in 
sign. The vector ii is called the unit normal vector of C and the 
invariant a is called the surface or geodesic curvature of the curve, 
O’wing to the manner in which we have chosen we have 

= (58) 

Differentiating the first of these intrinsically with respect to s, it 
becomes 


Consequently we have the two related formulae 


61^ 

6s 

6fi^ 

6s 


ss — 


(59) 


The student will notice that there is some resemblance between these 
formulae and the formulae (10), p. 159, connecting the curvature and 
torsion of a curve in space. We may hence refer briefly to (59) as 
the Frenet formulae of the curve 0 relative to the surface. 


Exaimples. 


1. If G is the geodesic touching Q at P and if equal arc-ddstanceSf 5 , 
he taken along G and O from P, giving the points Q and R respectively, 

prove that as s tends to zero the vector QR tends to the normal vector and 
{QRIs^)~>al2. 

Let the coordinates of P be u*^. If we expand the coordinates of R 
in terms of s by Taylor’s series we get 


R^u^-i- 



2 



the remaining terms being of order higher 

XU ' . TD X 

than s^. But -y— = A and . 

ds ds^ ds 

Hence this expansion becomes 
1 di^ 

+ + + . (i) 



Also expanding the coordinates of Q in powers of s and denoting 
by bars quantities referring to the geodesic G, we have 


a , fdu^\ . 1 (d^u^\ o 

Now, since the curves touch at P, 


+ • 


fdu^\ 

Kds)" 


A® and from the equation 
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of the geodesic we have 


fa) fdh^\ /«\ ^ _ f ^ 

ds^)~' \Py}\ds)\ds) \^yj ds 

at the point P. Hence 

«— ■■ < 

Subtracting (ii) from (i) we get for the vector QM when s is small 


. . (ii) 


that is, 




2 5s 2 


and our result follows immediately. 

.. -r, XV . . <5^“ 6X^ 

2. Prove that O’* — a -jj -jj-. 


3. Prove that or — £^5 




4. If C is a geodesic show that cr = 0, and conversely if o' = 0 then 
the curve is a geodesic. Thus geodesics are curves whose geodesic curvatures 
are zero. 

r (5A“ 1 

The equation of a geodesic can be written s= 0 . 


5. Prove that _ + ^ - cr 

6. Use Ex. 5 to deduce that the geodesic curvature of the ^-curves 

is given by 

<r,=4 — 

fadu^\]lai^J ya du^ 

and find the similar formula for the geodesic curvature Og of the 'i(-®-ourves. 
[For the #-curves we have f-4=, oVl 

L ds J i 

7. When the coordinate curves are orthogonal prove that 

^ _ 1 d(logaii) _ 1 d(logaaa) 


11. BeltramPs differential parameters. 

If (p and y) are two invariant functions of position on the 
surface and if we denote by and their derivatives with 
respect to u^, that is, 

9’.v=|5, (60) 
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then these derivatives are covariant vectors. Consequently the 
quantity 

= ( 61 ) 

is an invariant, and is often referred to as Beltrami's mixed 
differential parameter of cp, yj. 

If y) is put equal to 99 then (61) gives the invariant 


V(p=^V{<p,9) = f >“^ .... (62) 


which is called Beltrami's first differential 'parameter of cp^ and 
the symbol f/p is read '‘Nabla p". 

Again, if Z“ is a contravariant surface vector, we may take 
its CO variant derivative and contract the two indices, giving 
This is obviously an invariant and, writing it out in full, it reads 


X 


a 

,a 


9Z“ 

du“ 


+ 


( a 

l/SaJ 




(63) 


This invariant may be called the surface divergence of Z“ in 
analogy to (23) of p. 151. Using the result (p. 182) that 


/ « I 

■ !«J 


1 dia 


Tfa du^ 

the divergence of Z® may be written 


^ a du 


(64) 


which is the formula of most use for calculation. 

In the particular case where Z“ is the vector 9 being 

an invariant function of position, its divergence reads 






This invariant is called Beltrami's second differential parameter 
of p and is often denoted by d 9?. Thus* 

A<p = a!‘^<p,„^ (65) 

Using (64) it may be written in the equivalent form 


/I __ 1 d [ ^rz 9p 


( 66 ) 


* The notation used here for the first and second differential parameters 
is that adopted by Blaschke, Vorleswingen ilber Differ erUialgeometrie, These diffe- 
rential parameters are sometimes also denoted by d^cp and 
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Examples. 


1. Prove that 


P u^) 


2. Prove that 


}■« idu^ W^Uj 

\}^V_ 

3. Prove that the angle 6 between the curves 99 = = const, 


is given by 


- F {(p^ yO 

^ F(P'Fy> 


Deduce that the two curves are orthogonal if P ( 9 , 1 /)) = 0. 

[This result may be proved by taking as coordinate curves ^ (p, 
^ y) and using Ex. 1.] 

4 . Beltrami^ s formula for the geodesic curvature of a curve. If a curve 
is defined by the relation 99 = const ^ prove that its geodesic curvature 
is given by 


[This is an invariant equation. Let us take as special coordinate 
system u^^ tp and the coordinate curves orthogonal. The given curve 
is then a ^^^-ciirve. Use Ex. 1 and 2 of this section and Ex. 7, p. 186. 


12. Green’s theorem on a surface. 

Let us now consider a closed circuit G on the surface. We shall first 
define the positive sense of description of the circuit. If we take the 
simple circuit defined by the curves = 0 , 
= 0 , = 1 , = 1 , we define as the 'positive 

sense of description that in which the curves 
C are described in the order named, and the 
opposite sense is negative. The sense of des- 
cription of every other circuit is positive or 
negative according as it is or is not the same 
as the positive description of the above simple 
circuit. 

Denoting the interior of G by S, we know from Green’s theorem 
that, if P and Q are functions of position, 


. . ( 67 ) 


the sense of description of G in the contour integrals being positive. 
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Now let be a vector -field defined throughout S and letc?>S be the 
element of area, that is, 

dS = ya du^du^. 

Then 


But from (64) 


Hence 


X^^^dS 

's 


If X\dS = JJ X'^.^Udu^duK 






r 

Jo 


}a{X^ 


, dii^ 
ds 


idu^\ 

ds) 


■]ds-. 




ds. 


Now if we denote by fj>“ the miit inward normal vector of G its covariant 
components are given (p. 185) by 

du^ 

• 

Therefore QreerCs formula takes the form 

//^ ft<^ds (68) 

In this result let us put 

where cp, %p are invariant functions of position. Then 

X“„ = (p,fip^a + •P.^a'V = V (<p,ip) + V ^ V> 

and (68) becomes 

!Js^i<P> =, - (v.« /“*) <*» - /4 - • (69) 


Examples. 

1. Prove that ff ((pAw — y}A(p)dS-j~f {(py),a’—yJ^.cc)f^^^^^^- 

J Jjgf -IQ 

2. Prove that j V^pdS — f^(p {(p,a('^^) ds — j j (pA(p dS . 

3. Deduce from (67) that, if is a covariant vector-field, then 
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1. If o) is the angle between the coordinate curves prove that 


tan CO = 


|/a 

^12 


2. If a double system of curves on the surface is defined by the 
equation du^clu^ = 0, show that the angle between them is given by 


tan 


]ia ba^ 


Deduce that the double system is orthogonal if 

[Note that the quantity equated to tan 0 is an absolute invariant, 
take the double system as coordinate curves, i. e, = 632 = 0, and 
use Ex. L] 


3. Let us take a curve G on the surface and take the family of geo- 
desics cutting it orthogonally. If we take this family of geodesics as the 
'H?-curves> measuring the distance along each geodesic from the curve 0, 
show that the line-element is of the form 


ds^ == (du^)^ 4 - <»2 2 


4. Gaussian geodesic coordinates^ If in Ex. 3 we take (7 to be a geodesic 
and take as u^ the distance measured along <7, then ^22 u^) of Ex. 3 

satisfies the relations, for all values of 


^2 2 — I? 



6. If the Gaussian curvature of a surface is zero and we use Gaussian 
geodesic coordinates, show that the line-clement is 

ds^ « {du^f -f (du^)^> 

which is the same as that of a plane in rectangular Cartesian coordinates. 
[Use Ex. 4, p. 183, together with the conditions of the last example,] 

6. If X is not zero but a constant, show that in Gaussian geodesic 
coordinates 

ds^ = (du^f 4- cos2 {iKu^) {dui)\ (K > 0), 

= {du^f + cosh^ (du^f, (K < 0) . 


7. If is the unit normal to a family of curves prove that the geo- 
desic curvature or of the family is given by 


May be proved by taking the family as u^-ettrves and the coordinate 


system orthogonal, 


in which case 
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8. If the coordinate curves are orthogonal and the tangent vector 
of a curve G makes an angle 6 with the curve = const., prove that 
the geodesic curvature of O is given by 

dd 

a = - — h cTj cos 0 + 0*2 sin 6 . 

(IS 

9. If the line-element is ds^ = [du^)^ + a 22 {d>u^)^ and U is a geodesic, 
show that the formula of Ex. 8 reads 


— == — oTp sin0. 
ds 

Deduce that 

dB __ B^a 22 Sind 
ds du^ 1+22 

10. Laguerre^s formula. If are the geodesic curvatures of the 

coordinate curves and co is the angle between them, show that 


11. If we have two curves intersecting orthogonally at a point F 
and ds-^,ds 2 are the elements of length along these curves, and o'ljO'a 
their geodesic curvatures, prove that 

. d^(p , d^cp dw , dcp 

12. Parallel pro'pagatmi round a closed circuit. If, starting with a 
given vector at the initial point, we propagate the vector as a parallel vector 
field round a closed circuit, prove that the final vector on completion of the 
circuit makes with the original vector an ungle equal to ^ ^KdB taken through- 
out the interior of the circuit. 

j^Let us take the coordinate system such that the line-element is 

given by ds^ = {du^f + a^^idu'^)^, and let be the given parallel 
vector-field, which we may take to be a unit vector-field. If at any 
point makes an angle B with the vH-curve through the point, then 

A^=:COS0, 

<^22 


Since A® is a parallel vector-field 


= 0. Now 


dA^ d . , 

^ = ^(cose) + 


ds 


1 

22/ ds 


^ ds 2 du^ 1/*^ ds 
Equating this to zero, we get 

ds dip ds ’ 
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and when we integrate this round the contour we obtain for the requirec 
angle a the value 


Thus (p. 183) 


=-/ii 




~d^ U " 


~fl 






Js 


13* Gauss^ theorem. Show geometrically that, when a vector is giver 
a parallel displacement round the sides of a geodesic triangle ABC, 
the angle a of Ex. 12 equals A B 0 n. Hence 


£!==A + BA-0-K:r=ff KdS, 


E is called the excess of the triangle* 

14. Bonnets theorern. If cr is the geodesic curvature of a curve C 
forming a continuous closed circuit, prove that 


J^crdsA- j j^Kd8 = 


[Instead of taking A® of Ex. 12 as a parallel vector-field, take it 

dA’^ 

as the unit tangent vector of G. Observe that — now equals — g sin 0 

0 s 

by the surface Frenet formulae and in this case a = 27r.] 

15. if the circuit G has corners at which the exterior angles are 
ccj, cog, cOg, etc., show that the formula of Ex. 14 is modified in accordance 
with the result 

2'a> + + I f^Kd8 = 2n. 


16. Deduce from Ex. 16 that for a surface triangle ABG 
J^crds -j- JJ^Kd8=^AA-B-\-C — n, 

[This is a generalisation of Ex. 13.] 


17. If is the angle between two neighbouring geodesic tangents 
to a curve 0 at points distant As apart, then the geodesic curvature 
of C is given by 

<r = Lt 4^. 

d s->-0 ^ ^ 


[This is an immediate consequence of Ex. 16 applied to the elementary 
triangle formed by the two geodesic tangents and the curve.] 

18. If we have an infinitesimal circuit A S and Aocis the angle between 
the -initial and final positions of a vector which is given a parallel dis- 
placement round it, prove that the Gaussian curvature of the surface 
is given by 


A=Lt 


Ac 


AS->0 
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CHAPTEE XV 

The Etotdamental Formulae of a Surface 

1. Notation. 

In tlie last chapter we have developed the intrinsic pro- 
perties of a surface, that is, those properties which can be 
described without reference to the surrounding space. We are 
now going to investigate the properties of a surface in its re- 
lation to the surrounding space. 

Consequently in this chapter we are dealing with two 
distinct systems of coordinates, namely, the three curvilinear 
coordinates for the surrounding space which we denote by 

x''[t = 1, 2, 3), 

and the two curvilinear coordinates of the surface which we 
denote by 

= 2 ). 

We shall understand that the following conventions hold as 
regards the indices: 

(i) Italic indices, if repeated, are to be summed from 1 to 3 
and, if free, are to have the range of values 1 to 3, 

(ii) Grech indices, if repeated, are to be summed from 1 
to 2 and, if free, are to have the range of values 1 to 2. 

There will now be tensors of the surrounding space and 
also tensors of the 'surface. The former will be indicated by 
italic indices and the latter by Greek indices. Moreover in 
this chapter and the next we shall be dealing with quantities 
which will be tensors both of the surrounding space and of the 
surface; such quantities will possesess both Greek and Eoman 
indices. Thus a set of quantities represented by would form 
a set of double contravariant tensors in the x- coordinates and 
also a set of covariant vectors in the u- coordinates. Again 
would represent .a contravariant vector in the x^s and a set 
of invariants in the u% and so on. The notation will become 
clearer as we proceed. 

It is obvious that to examine tensorial character with 
respect to the ic-coordinates we have merely to keep the u- 
coordinates fixed and change the space coordinates; and to 
examine tensorial character with respect to the w- coordinates 
we have merely to fix the x's and transform the u's to new 
surface coordinates. 

E (287) 


13 
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1. If we fix the ^i-coordinates and transform to a;’* show that the 
new components of the tensor satisfy the equations 


A 


a,} ' 


A 


dx^ dx'^ 
dx^^dx^' 


2. If we fix the a;-coordinates and transform to show that 
the new components are 

Jra ^‘< 1 ’'" 

^aff-^org^^cc g^^,i ■ 

3. If we transform both systems x^, to new systems simni- 

taneonsly the new components of are given by 

irs __ Amn ^ ^ ^ 

^aii — -^ar Q ^ Q^a • 


2. The tangent veetors to a surface. 

Tte equations of a surface may be written 

as?' = oj?* u^) 


(1) 


If we take a small displacement dw* on the surface the cor- 
responding components of the displacement in space are given by 


dx’’ 


dx’ 


du' 


-.du’^. 


( 2 ) 


Now is a space vector and it is also a surface invariant, 
that is, its components are unaltered if the -i^-coordinates alone 
axe transformed. Similarly is a surface vector and is also 
a space invariant. Hence if we regard (2) first from the point 
of view of a transformation of space coordinates and then 
from the point of view of a transformation of surface co- 
dx^' . 

■ordinates, we see that is a contravariant space vector and 

also a covariant surface vector, so that it may be appropriately 
represented by 

(3) 


QC 


du" 


du" 


Corresponding to every direction on the surface, the 

(t s 
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same direction in the space-coordinates is seen from (2) to be 


dx"' _ du“ 
ds ds 


(^) 


Moreover every vector defines a direction and a magnitude. 
Consequently for each surface-vector A“ we have the space- 
vector 

( 6 ) 

and these two vectors define the same direction and the same 
magnitude. The vector whose direction is tangent to the 
surface may be called a tangent vector of the surface. 


3. The first groundform of a surface. 

The line-element in space is given by 


ds^ — g.n^^dx'^dx'^ ( 6 ) 

and that on the surface is 

ds^—a^^ du^ du^ (7) 


If we take a displacement on the surface and therefore also 
in space the two values for ds^ must be equal. But the connection 
between dx'^ and du^ in the same displacement is given by (2), 
Therefore we must have 

9 '«« d = Smn 

for all surface displacements du^. That is, 

= 

since both and g^^ are symmetric in their indices. Thus 
if we know g^nn the equations of our surface we can im- 
mediately write down the a^^. 

The differential quadratic form 

A = dv!" du^ (9) 

is called the first groundform of the surface and we denote it 
briefly by J.. It obviously gives the square of the length of 
an elementary displacement du^ on the surface. 
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Examples. 

1 . Show that ~= and 7 ^= Xq are the unit space- vectors tangent 

T^^ii F«a3 

to the u^- curves and u^-eurves respectively. 

2. Show that ^la/T ^11 cosine of the angle between the 

coordinate curves on the surface. 

3. Show that the magnitudes of A*" and A“ where 

are equal and deduce that these vectors define the same direction on 
the surface. 

4. Prove 

4. The normal vector to the surface. 

We shall now find an expression for the normal vector to 
a surface at any point on it. 

Let Z®, be two surface vectors which are such that 
the rotation (X®, 7“) is 'positive, that is, this rotation is the same 
as that of the 'i^^-curves to the u^-curves. The corresponding 
space components of these vectors are 

(lo) 

The unit normal vector to the surface is orthogonal to both 
and Y^, which are tangent vectors. Hence if we denote 
the unit normal vector by i^its co variant components are given by 

i,(XYsme)^erstX^Y^ ( 11 ) 

where X, Y are the magnitudes of X^, Y^ and 0 is the angle 
between them. We note that the direction of is such that 
the space orientation of (X^, is positive. 

We deduce from (11) that 

But 

XYsine = e„^Z“y^ 

since the rotation of (X®, Y“) is positive. Hence 

and this is true for all values of the surface vectors X“ Y^. 
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Consequently 

= ( 12 ) 

Multiplying tHs equation across by we conclude that 

§,. = (13) 


wHcli shows clearly that f ^ is a covariant space vector and a 
surface invariant. 


Examples. 

1. Show that == 0 . 

2. Show that the vectors (tUi, x^, |^) have the same orientation as 
the tangents to the a;-coordinate curves, that is, the orientation is positive, 

3. Prove that 

4. Special coordinate systems. If we choose the space coordinates 
to be orthogonal and such that ic® = 0 is the given surface and choose 
the w-curves on the surface to be the intersections of the surface with 
the and a;®-surfaoes, show that we have the following relations for all 
points of the surface: 

(i) ajj; = (5;; 

(ii) aafi = gafi, 9^3 = 0; sr“» = 0, 

5. By taking the special coordinate systems of Ex. 4 prove the tensor 
equation 

6. Projection of a vector on the surface. From Ex. 6 deduce that the 

projection of a vector on the surface the vector xf X^. 

[The projection of X^ on the surface is {X^ — 

5. The tensor derivation of tensors. 

Our next problem is the formation of new tensors by the 
differentiation of given tensor-fields, and we shall approach it 
by the same methods as we have already used (see pp. 146, 
180). 

'We first consider a curve G lying on the given surface 
and along it we take a parameter t. If X’' is a space vector 
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whicli is defined along C and which forms a parallel field with 
Tespect to space, then we know (p. 141) that the vector satisfies 
the relation 


dT dr T 

dt dt 7nn " dt 


. . (14) 


Here the Ohristoffel symbol refers to the x's, i.e. to the space 
coordinates and is written in italic letters. To avoid confusion 
with the Ohristoffel symbols of the surface we place a g after 
the symbol to show that it is formed from the The cor- 
responding equation satisfied by the covariant components Z,. 
of a parallel field is 


dXr _ ^ 1 T 

'W'^^dt rn], ^ dt 


. . (16) 


Again, if Z® is a surface vector which is defined along Q 
and which forms a parallel field with respect to the surface, we 
know (p. 179) that Z“ satisfies 


dX^ 

dt 



. . (16) 


and the covariant components Z^ satisfy 


6t dt 


^ dt 


== 0 . 


. (17) 


The Ohristoffel symbols in these formulae refer to the surface 
and are written in Greek letters. We also use a subscript a 
to show that they are formed from the 

Let us now take a tensor-field defined along G, for example, 
Z«^, which is a contravariant space vector and a double co- 
variant surface tensor. We take a co variant space vector- 
field along C parallel with respect to space and B^, 0“ two 
contravariant surface vector-fields parallel with respect to the 
surface. Then Z^^ A ,.5® is an invariant function of t. Its 
derivative with respect to t is therefore also an invariant with 
respect to both the space and surface coordinates. But when 
we use the equations of parallelism we get 



XV] THE FUNDAMENTAL FOEMULAB OF A SUEFACE 199 


^ A, JB“ A, B“ ^ -8“ 








+ 


f r ) ,„ ^_f ffl y,. 

WwL^ laria " 


ff 1 

/Srla 


dt 


A.WO^. 


This is an invariant for all values of the vectors A^, B“, 0 “. 
Consequently by the quotient law we conclude that 


dX^p _ 

(ft ~ dt 



r 

0^ 


du’ 

dt 

. . ( 18 ) 


is a tensor of the same type as We shall call it the intrinsic 
derivative of with res feet to t. 

If is defined over the whole surface, its components 
are functions of the and we have a tensor-field over the 
surface. Also if G is any curve on the surface 


^Xqn __ dX^ct^ _L / ^ 1 I ^ ^ 

dt L du^ ''\'mn\g^ ^ io^yla 


;Jz- 


dv/ 

dt 


Since -j- is an arbitrary surface vector owing to the arbitrariness 
a z 

of G and since the right-hand side of this last equation is a 
tensor, we conclude that 


Bur 



( 19 ) 


is a tensor which is singly contravariant in the space-coordinates 
and triply co variant in the surface-coordinates. We shall call 
it the tensor derivative of Z^^ with res feet to the ^t's. 

Any other type of tensor may be treated in the same way 
and the corresponding forms for the intrinsic and tensor de- 
rivatives obtained. 

Moreover if we take special systems of space and surface 
coordinates in which the space coordinates are Cartesian and 
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tile surface coordinates are geodesic at any given point of tte 
surface, we immediately see that the intrinsic and tensor de- 
rivatives of a tensor reduce at the given point to ordinary de- 
rivatives of the tensor. Consequently the same rules apply to 
the intrinsic and tensor derivation of sums and products as 
apply to ordinary derivation. Also the tensor derivatives of 
the tensors their associated tensors are 

all zero, since their ordinary derivatives all vanish in the special 
coordinate systems mentioned, so that they may be treated 
as constants in the process of tensor differentiation. 

Examples. 

1. Write down the formulae for the intrinsic and tensor derivatives 
of the tensor ZJ, 

2. If a tensor is an invariant for one system of coordinates (either 
space or surface), show that its tensor derivative is identical with the 
intrinsic or covariant derivative defined at pp. 147, 181. 


6. Gauss’s formulae. The second groundform of a surface. 


Let us take the tensor of § 2 (p. 194). Its tensor derivative is 


a = 




which is symmetric in a,/5. 

We have the relation 

q a?"* ic” = a a 

umn a li 

and, if we take the tensor derivative of this equation, we get 






When we write down the two further equations obtained from 
‘this by interchanging a,/S, y cyclically, we find on adding two 
and subtracting one that 

9i9in , 13 ^ ^ (^ 1 ) 

since is symmetric in a,/?. This result, interpreted geo- 
metrically, means that from the point, of view of the space- 
coordinates is a space vector orthogonal to the surface. It is 
therefore codirectional with the unit normal vector and 
quantities must exist such that 

0Ca,l3 = ha/3 § • 


( 22 ) 
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We also conclude from this equation that is a syrametrio 
double surface tensor and at the same time is a space invariant. 
The equations (22) are known as Gauss's formulae. 

Moreover the differential quadratic form 

(23) 

is referred to as the second groundform of the surface and we denote 
it briefly by B. 

Examples. 

1. Prove that 6^^ = == i a;” jc?. 

2. If the rc-coordinates are Cartesian, show that 

fiZ ry.m 

t'a/? — t fc Q^^fi -^or ‘^r * 

3. The Space coordinates are rectangular Cartesian and are chosen 
such that the tangent plane at the origin (which is on the surface) is 

= 0 . If and are taken as the parameters u\ show that at 
the origin we have 

(i) x'l— 51, 61-, (ii) aii = a 22 = 1, ai 2 = 0, a = l; 

5’' = (0,0,1); 

du^du^ ~ dvFSufi ~ 5 «“ ~ 

Deduce Gauss’s formulae from the results (iv) and (v). 

7. Weingarten’s formulae. The third groundform of a surface. 

We next consider the tensor derivative of the unit normal 
vector Since it is a contravariant space vector and a surface 
invariant we see that the tensor derivative is 

+ ■ 

Now is a unit vector-field and so 
ffmn » ^ f * 

Taking the tensor derivative of this equation we have 

or 

Vmn = = » a 
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This equation shows that the space vector is orthogonal 
to and is therefore a tangent vector to the surface. Hence 
it can be expressed linearly in terms of the tangent vectors 
That is, there exist quantities t]^ such that 

= (25) 

But since is normal to the surface we have 


Therefore, taking the tensor derivative of this equation, 

^mn “t" ^ ~ 

When we substitute from (22) and (25), this reads 

or 

^ag ~ ^ayVg‘ 

Solving for ■we get 
Consequently (25) becomes 

(26) 

•whicb equations are known as Weingarten’s formulae. They give 
expressions for the derivatives of the unit normal vector. 

Ha-ving found expressions for the derivatives of -we can 
form a third quadratic differential form. If we put 

V = (27) 

we see that is a symmetric double surface tensor, and we 
call the quadratic form 

C=Cagdu'^du^ (28) 

fhe third groundform of the surface. Using Weingarten’s formulae 

in (27) we find that 


O.fi = 9n,n Ka ^7 «'” K, 

or, as it may be written, 

= (29) 
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Examples. 


1. Prove tLat — — 

2. If is the cofactor of 6^5 in | | 

from (26) that 

3. Prove that a“^!Ca,j? = 2H§’’, where we have put H 
E is called the mean curvature of the surface. 


divided by | &y<s |, show 




8. The equations of Gauss and Codazzi. 


■ We have already considered the tensor derivative of 
namely, Let us take its tensor derivative or, what is 

the same thing, the second tensor derivative of x^. It is 




du^ 


+ 






X 


r 

6,s 



<.• (30) 


Let us take for the moment the cc-coordinates to be Cartesian 
and the ^^-coordinates to be geodesic at a given point P of the 
surface. Then the space Christoffel symbols are zero everywhere 
together with their derivatives whilst the surface Christoffel 
symbols all vanish at the foint P. From (20), p. 200, and (30) 
we conclude that in such coordinate systems we have at P 

^ ^ d f O' 1 

^a, (iy — Qya q g^y q ^y f 


all the other terms vanishing at this point. If we interchange 
^ and y in this formula and subtract the two results we have 


^a»liy ^a,yS ' 


1--^ 


d f ff 

L9m'* l«yJa du' la/S, 


"1 


(31) 


But in our special coordinate systems (cf. p. 182) 


Tfa _A 

du«Uy. 


I 


du^ 



where Eiemann-Christoffel tensor of the surface. 

Hence (31) reads 

<^y-OrlyP^M"o^^yOCra. ..... (32) 

Now this is a tensor equation which is true in the special 
coordinates taken, and therefore (32) is true in all coordinates. 
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But (p. 200) 




Kb^’'- 


Taking tke tensor derivative of eack side, we get hy (26) 

^a.Hy ~^ap,y^ ~^^aB^’y 

-=KB.y^’'-KB^^'Ky<> 

wkere is the tensor derivative of that is, 


db, 


aB 


~ du^ 


a 

.ay. 


\^y. 


(33) 


Hence 

^a,/?y ■ 


\.yB = iKp-y - Ky.^) r- KbK~ K^'tb) <• 

SiilDstituting from (32) tMs becomes 

R'-.^By < = iKp-y- Kff) f’ - - K'^ob) <■ (34) 

If we first multiply (34) by ’'^se the fact that = 0 , 


we get 


^a/?, y ““ ^ay,/? ^ 


(35) 


These equations are called the Oodazzi equations of the surface. 
Secondly, if we multiply (34) by obtain 

^ ^ay ^^y 


These are called the Gauss equations of the surface. When we 
remember that Greek indices have the range of values 1 to 2 
we see that there are really only two independent Oodazzi 
equations and only one independent Gauss equation. 

If we introduce the total curvature K of the surface by 
means of (52), p. 183, (36) may be written 

R^s«^By='^eAy-hAB ( 37 ) 

When we multiply these equations by and use the relations 


it follows that 
Now (p. 202) 


^ajS • 




Ka^B = 

<^''\JyB = <^aB- 
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Also we write 

= (38) 


and we call tlie invariant H the mean curvature of the surface. 


Therefore 

or 


®aiff ~ = 0 (39) 


From (39) we see that we have the following relation con- 
necting the three groundforms of the surface 


C-2jH'JS + jK:JL = 0 (40) 


Examples. 

1 . Prove that K = = A, 

a a a 


2. Prove that Cap == 4-jff2 _ 2Z. 

3 . If A® is a unit vector of the surface, show that 

[In (40), A = a^.p du^ du^ — ds'^, B ^ Aha p 


G = ACap 


du^ 

ds 


du^ 

~dr* 


du^ du^ 
ds ds ’ 


and we have only to put 




du^ 


4. Prove that - Cap. 

[This result is obtained by taking the tensor derivative of the eq^uation 


EXAMPLES XV: 

1 . If X** is a unit vector, prove that 

where 0 is the angle between X^ and the unit normal vector f**. 

2. Prove that 

s:^p^-capr-a^^Kc.,px^;- 

3. Prove that 

^ XT 

= - ( 45 ^ - 2 E) r- 2 ^ 4- 

d II 1 

[Here ^ and use Codazzi’s equations.] 

4. If the equations of the surface are given in the form 

= f{u\ u^) and the a?-coordinates are rectangular Cartesian, 
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show that we have the following results, where we use the notation 

dx^ dx^ d'^x^ 

^ ® ’’ - {dx^f ’ ^ ~ Sx^ax^ ’ (9a:”“)2 = 


(i) c^ll = l + p^ 022 = 1 + 22^ (hi=M> a=l + 2>^ + 2“; 


(ii) = 

(iii) |’■=|- 

(iv) bn = 

(V) Cu=' 


1 + 2^ 


1 + 

' -l + ys+gs’ 
______ _ g 

1 }TT^®+?’ Fi+2’“+g" 

r I « 


pq 


p‘ + g- 

P 


1 + 35^ + ' 


‘ 1 . 

n+p’+s’j 

t 


1-1+252+ 2= yi+j>®+g“ 

r^ + 5“+ (ps—qr)^ 




j/1+252+22’ 


5^ (lH-3J^)+r5(l+t7^)— 52) 

(l + p^ + qr- ’ (T+p^ + g,Y- 

S2 + «2 + (pt — g-s)2 _ 

(! + ?>"+ 2=)' ’ 
r(l+q‘‘^)~~2pqs-{-i(l~i- p^) 


rt- 


2 H 


M (l+p2 + 22)% 

5. If <j? is a function of position on the surface, show that 

9’' = a“^ 9’.« = I («2 2 §5 - “12 15) + i *2 («u §5 - “12 §5) 


is a vector which is tangent to the surface, 

6. Show that V 9 = where 9^ is defined in Ex. 5. 

7, Ji 9 = const, and y) = const are taken as new paranaetric curves 
on the surface, <p, yj being functions of u^, show that the new metric 
tensor is given (cf. p. 187) by 

— a P'9, «i2=: — aj7(9?, €1^2^ ^ V 9- 


8. The surface divergence of a space vector. If is a space vector 
defined over the surface, show that 


is an invariant. It is often referred to as the surface divergence of A*'. 

9. Prove that the surface divergence of equals — 2 if. 

10. If we are given a family of surfaces 9 {x^, x^, x^) = const, prove 
that the mean curvature of any member is given by 




9 ,t 


H g^'^9,m9,n ), 



the fact that 


g’,r/}'g“’'?>,m'p.n whcre 25, r 


d 9 " 
dx'^' 
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11. If A'- = Or + showthat G = A’-f,, R“ =a“^ 

and prove that the surface divergence of A' is given hy 

- 2 GH = 4= ^ (yn: R“) - 2 OH. 

)/a 

12. If we take a closed circuit G on the surface and integrate the 
surface divergence of -4’’ over its interior S, deduce from Ex. 11 that 




du^ 

ds 


ds - 


2 CHda. 


13. The surface curl of a space vector. If is a space vector defined 
over the surface, show that 

^rmn^ " , a ^yj 

is a space vector. It is sometimes called the surface curl of A'^. 

14. Prove that the surface curl of is zero. 

15. Prove that if we have a closed circuit G on the surface 



r' A>;‘„ x$d8 = - J^g,n„ A™ ^ ds 


[Cf.Bx.3, p.l89.] 


CHAPTEE XVI 
CxJBVEs ON A Surface 

1. The equations of a curve on a surface. 

As before we take the surface coordinates to be and the 
space coordinates to be x^. The equations of the surface are 
then of the form 

x^ =z x^ u^) ( 1 ) 

If the coordinates are given as functions of a parameter 
then the point represented by these coordinates describes a 
curve on the surface as the parameter varies. We shall take 
as parameter the arc s of the curve and consequently the 
equations of a given curve of the surface are 

u^^u^(s) ( 2 ) 

In consequence of (1) we see that the space coordinates of any 
point of the curve are also functions of s and the equations 
of the curve in space are 

gjr (s) 


( 3 ) 
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Regarding tlie curve as a curve in space we shall denote 
its unit tangent vector by TJy its unit principal normal vector 
by and its unit binormal vector by Then its curvature % 
and its torsion r are connected with these vectors by the Frenet 
formulae (p. 159) 


bs 




bj^ _ 
<55 
bv'^ 
bs 






— 


(4) 


Regarding the curve as a curve on the surface we shall 
denote its unit tangent vector by T and its unit normal vector 
in the surface by Its geodesic curvature a is connected with 
these vectors by the surface Frenet formulae (p. 185) 


bj^ 

bs 


■ ag 


bs 


-or. 


( 5 ) 


Examples. 

1. Prove that X*' == where • 

2. Prove that the space vector perpendicular to and tangent to 
the surface is 

Q"' = o'" • 

3. If 0 is the angle between and the unit surface normal prove 
that sin 6 = gmn 


2. Meusnier^s theorem. 

We know that 



and x’’, m“ are related by means of tbe equations (1). Hence 

^ _ 9 x’’ du" ^ 

~du“ ds ~ ' 


If we take the intrinsic derivative of this equation with respect 
to 5 we have 
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From the Frenet formulae (4) and (5) this becomes 

Let us denote by tbe space vector giving tbe same direction 
on the surface as |o“, that is, q"' = Using (22), p. 200, 


we have 

= ( 7 ) 

where is the unit surface normal 

Let 0 be the angle between the principal, normal and 

the surface normal Then 

cose = f,^^ (8) 

and, when we multiply (7) by we get 

( 9 ) 

The quantity is the same for all curves of the 


surface which have the same tangent vector A® and conse- 
quently % cos 0 is also the same for all such curves. We have 
therefore Mensnier^s theorem: 

For all curves on a surface which have the same tangent vector^ 
the quantity k cos 0 has the same value. 

The quantity k cos 0 is called the normal curvature of the 
surface in the direction and we may denote it by . Hence 

which is the formula giving the normal curvature in any direction. 

In particular, if we take a plane section of the surface which 
is normal to it, we see that in such a case 0 is either 0 or and 
hence k cos 0 is either h or 
In other words the normal curvature 
of a surface in any direction is equal 
in magnitude to the curvature of the 
normal plane section of the surface 
in that direction. This is the reason 
that the name “normal curvature” is 
applied to the quantity k cos 0 . 

Moreover since is perpendicular to X'^ it lies in the plane 
containing and Also it is tangent to the surface and 

hence the angle between /i’’ and is — 0^ . If we multiply 

14 



E (287) 
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the formula (7) by we therefore get 


or 


7t 

y. cos 


O', 


(r= ;rsm6, 


which is the formula connecting the geodesic curvature of a 
surface curve with its curvature. 


Examples. 


1. Prove that «(„) = 


hgfi du^ du^ 
act^ du^ ' 


2. Prove that the normal curvatures in the directions of the co- 
ordinate curves are and & 22/^2 2 * 


3. Ij a curve is a geodesic on the surface^ prove that it is either a straight 
line or its principal normal is orthogonal to the surface at every point, and 
conversely. 

[For a geodesic o = 0 and therefore either jc = 0, or 0 — 0 or n.] 


3, The principal curvatures. Gauss’s theorem. 

The normal curvature of a surface in the direction is 

where A" is subject to the relation 

Consequently the directions for which the normal curvature is 
are given by the quadratic equation 

= 0 ( 11 ) 

To find the maximum and minimum values of , the usual 
method tells us that a direction giving a maximum or minimum 
value of satisfies 

(^a/9 ~ (12) 

and therefore the corresponding value of must be a root 
of the equation in 6 

= O (13) 

This equation has two roots and these roots are the maximum 
and minimum values of the normal curvature. 
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When (13) is written out in fnll it becomes 

e2-a“^6„^0+6/a = O 

or, substituting the values of H and K (p. 205) 

e--^2Hd + K=:=0 (14) 

The roots of this equation are called the 'principal curvatures of 
the surface and we shall denote them by and Thus 


+ 0^2 =5 2 jff 1 
. / 


* . (15) 


Hence 2 H is the sum of the principal curvatures of the surface 
and K, the Gaussian curvature^ is the product of the principal 
curvatures. 

We have seen in the chapter on the intrinsic geometry of a 
surface, that K is intrinsic to the surface and depends only on 
the This remark gives Gauss's theorem: 

The product of the principal curvatures of a surface is an 
intrinsic invariant of the surface, namely, the Gaussian curvature. 


Examples. 

1. Find the equation for the principal curvatures of the surface 

= V?-, ~ f{u^, u^), the a;- coordinates being rectangular 

Cartesian. 

2. Prove that, for the surface (u^) + , we have JCg = 0. 

[This is the surface generated by the tangents to the space curve 
xr = f^(u^).] 


4. The lines of curvature. 

We shall now consider the directions which give the principal 
curvatures. These are called the principal directions and there 
are obviously two at every point. The principal directions are 
given by putting and for in (12), and hence if we denote 
the principal directions by and A® , we have 

, 18 ) 

If we multiply the first of these equations by IJL) 
second by and then subtract we get 

(^2 ^ l ) ^(11 “^( 2 ) 
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We shall assume that consequently 

^OC^Al) ^(2) ” 

which shows that the prmcipal directions are orthogonal. Also 

= o (17) 

If we take any one of the two sets of equations (16), say the 
first, we can write it 

^(1) ^ % a ^(1) 5 

^2yS "^(1) “ • 

Eliminating between these two equations, we obtain 

-^ 11 ) ~ ^'2 a Ki) ^1^ ^(l) ' 

In other words, the direction satisfies the equation 

(18) 

Similarly 7^) satisfies this equation, and (18) is the combined 
equation of the principal directions. If we write 

= (19) 

the equation for the principal directions takes the form 

= 0 ( 20 ) 

A curve on the surface which is tangent at each of its points 
to one of the principal directions at that point is called a line of 
curvature. Thus if dul^ is a displacement along a line of curvature, 
then du^ will be proportional either to or Afgj and 

Ji„^du‘‘du'‘ = 0, ( 21 ) 

which is the equation of the lines of curvature on the surface. 

Examples. 

1. Prove that , iVg = Af^j ^ 2 ) • 

2. Euler's theorem.: If the direction A® makes an angle 6 with the prin- 
cipal direction Af^, show that the normal curvature for that direction is 

X(n) = Gos^ d sin^ 6 . 

[We have A® = cos B -f Afg^ sin 0. Then = 6^oA® A^ and the 

result follows from (17) and Ex. 1.] 
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3. Prove tliat 

•^{1) -^(2) “ ~ — ^1' 

[We have ^(D ^( 2 ' “ ^ ^ya ^djs ■^( 2 ) “ ^2 

~^2 ^( 2 ) =^ 2 » ^5 P ' 170 )]. 

4. If A“ is a direction making an angle 0 with a line of curvature, 
show that 

^ayg — {«a ““ ^ 1 ) siJi 0 cos 0 . 

[A® — Afi) cos 0 4- Afa) sin 0 and use Ex. 3.] 

5. If the 24-curves are taken as the lines of curvature on the surface 
show that ^12 = &12 = 0* 


5. The asymptotic lines. Enneper’s formula. 

The directions on the surface given by the equations 

= 0 ( 22 ) 

are called the asymptotic directions^ and the curves whose tangents 
are asymptotic directions at each point are called the asymptotic 
lines of the surface. There are obviously two asymptotic directions 
at every point and hence there are two asymptotic lines passing 
through each point of the surface. 

If we refer back to equation (7), p. 209, we see that for an 
asymptotic line 

= gq'^ . 

Consequently 

... • . . (23) 

and we conclude that the curvature and geodesic curvature of an 
asymptotic line are equal in magnitude. Also its principal normal 
is tangent to the surface and hence the hinormal of an asymptotic 
line coincides with the surface normal. 

We shall now find a well-known formula for the torsion of 
an asymptotic line. We have for an asymptotic line 

(24) 


When we take the intrinsic derivative of this equation we get 

{p. 208) 

dv'^ I _L 


Consequently (p. 202) 


== gmn (T/W™) (f /«”) = 9mr^ C C 
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But (p. 205) 

and hence if is an asymptotic direction 

c„,A“A'’ = -Ea„,r/=-iir. 

We conclude that 

t:==^±1^K, (25) 

which proves Enne^er's formula: The torsion of an asymftotic 
line equals zizy — Ti, where K is the total curvature of the surface. 

Examples. 

L Prove that for an asymptotic direction the normal curvature 
is zero. 

2. If the «-curves on the surface are taken to be the asymptotic 
lines, prove that = &22 = 0 and show that 

rr ^12 rr E 

Jx ~ -ti • — > 7 75^-. 

a a Di^ A 

3. If V is the angle between the as 5 nnptotic directions prove that 

tan| = ]/r5I. 


6. The geodesic torsion of a curve on a surface. 

Let 0 be the angle between and 0 being measured positively 
from to v’*. Then 


cos $ • 


Differentiating this equation we have 


dd 


• sin 0 — = 


ds ds 


/i,. + 



SP' 




by the Frenet formulae. Hence, since ~ sin 0, 

— sin 0 ( T + n,, ^ 

where we have used Weingarten’s formulae (p, 202) . 
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Also, referring to the figure on p. 209, 

cos d + sin 0, 


that is, 


sin I r ^ = 

as 


But 

and therefore 


Xy p,. 

sin 6 = — sin dbjs^Q^ 

— e^^''Xy, 


T + ^=^-8^yb^,x-Xy^ sr^ ay, 

We conclude from this equation that the quantity -{- is the 

same for all curves of the surface which have the same tangent vector A®. 
In particular, if we take the geodesic in this direction 6 is always 0 or tt 

and (r + equals the torsion of the geodesic. Now we define the geodesio 

torsion of a curve on the surface at any point on it as the torsion of the geodesic 
which touches the curve at the point. If we denote the geodesic torsion 
by Tg we have therefore the formula 

Tgr = r -f" =r hixfi ( 26 ) 


Examples. 

1. If the direction A“ makes an angle 0 with one of the lines of cur- 
vature, prove that 

Tg = («2 — sin 0 cos 0 . 

2. Deduce from Ex. 1 that the geodesic torsion of a curve on the 
surface is zero only when the curve is a line of curvature. 


EXAMPLES XVL 

1. Prove that for any curve on a surface -j- 

2. If a geodesic on a surface is a plane curve, show that it is also- 
a line of curvature and conversely. 

[Its geodesic torsion is zero.] 

3. If a curve is the intersection of two surfaces, which cut at a constant 
angle, show that the geodesic torsions of the curve on the two surfaces 
have the same value. 

j^Both T and ^ have the same value for the curve. j 

4. Deduce JoachimsthaV s theorem: if a curve is the intersection of 
two surfaces, which cut at a constant angle, prove that if it is a line of 
curvature on one surface it is also a line of curvature on the other. 
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5. If two curves on a surface cut at right angles, show that the sum 
of their geodesic torsions is zero. 

[Use 'Ex. 1, p. 215.] 

6. Deduce Lupin's theorem: If three surfaces cut mutually at right 
angles, the curves of intersection are lines of curvature on each surface. 

7. If we take the derivative of along a curve on the surface, prove 
that 


[This follows from Weingarten’s formulae.] 

8. Rodrigues' formulae. Prove that along a line of curvature on a 
surface 

, dx^' 




ds 


= 0 , 


where « is the appropriate principal curvature of the surface. 

[This follows from Ex. 7 when we use the equation 
which is true for a principal direction.] 

9. Prove the converse of Ex. 8. 


10. Two directions of the surface are said to be conjugate if they 

satisfy the equation 


and two systems of curves on the surface whose tangents at any point 
are conjugate directions are said to be conjugate systems. 


(i) If the coordinate curves are conjugate prove that = 0. 


(ii) Prove that the necessary and sufficient condition that the directions 
given by ^ should be conjugate is = 0, where 

is the cofactor of in | 6^^ | , divided by | | . 


(iii) Show that the curves 
system if r '’•^11^ = 0. 


(p ” const . , ip 


= const, form a conjugate 


(iv) If A“, fi“ are two conjugate directions making an angle (p with 
•each other, prove that p == ^ K cos (p. 

(v) If two conjugate directions make angles 6, 6' with a principal 

direction, show that tan 6 tan • 


11. Umhilics. At a point on a surface where the principal curvatures 
are equal, prove that every direction is a principal direction and the 
normal curvature in every direction is the same. Such a point is called 
an umbilic. Show that the condition for an umbilio is 


bap — 

12. Minimal Surfaces. A minimal surface is one for which H = 0 
at every point. Show that for a minimal surface the asymptotic lines 
form an orthogonal system. 
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13. Prove that t- = 1 “ . 

14. If and T are the curvature and torsion of a geodesic, which 
makes an angle (p with a principal direction, prove that 


(i) 


« cos y — T sin 9 ? = ;<! cos 
H sin i}J + cos 9 ) = sin 9 ’ 


(ii) r- = -{}c-)ii){x-Xi). 


15. Show that the geodesic torsion of a curve, whose tangent is an 

as}^!?^^ direction, epals±]'-X, Deduce Enneper’s formula for 
the torsion of an asymptotic line. 


16. Laguem's fomuh. By taking the intrinsic derivative of equa- 
tion (9), p. 209, with respect to s, prove that 

i ^ cos d - K sin e ( 2 1 : + 3 y ;/ . 


This result shows that L has the same value for all curves on the sur- 
face which have the same tangent vector. 

17. Using the fact that r, and L are the same for any two curves 
in the same direction, prove that the curvature at P of one of the curves 
in which the tangent plane at P cuts the surface equals tw-tUds 
of the curvature of the corresponding asymptotic line. 


At the point P, 6 = •^. Also for an asymptotic line, 6 j, and 
therefore Tj = t, i = - 2 «t. For the plane curve, denoting correspond- 
ing quantities by dashes, we have and therefore — 
dd' 

21 = - 3 k' — . Equating the two values of t, and L we obtain our result, 
AS 
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PART IV 
Applied Mathematics 


CHAPTER XVII 
Dynamics op a Particle 

1. The equations of motion. 

Let us suppose that we have a particle P moving in 
space and let us suppose that its position is given by a 
system of curvilinear coordinates, which we shall denote by 

As the time t varies P will describe a 
certain curve in space, called Llie trajectory 
of the 'particle, and the equations of this 
curve will generally be given by expressing 
the coordinates of P as functions of the 
time, that is, 

( 1 ) 

If we transform to another curvilinear 
coordinate system in accordance with 
the equations of transformation 

x^), ( 2 ) 

the coordinates of P in the new system are given in terms of t 
by substituting (1) in (2). 

Let us consider the quantities 

^ ~ at 

In the new coordinates the corresponding quantities are 
dx'^ dx^ dx^ bx’^ ^ 

dt dx^ dt dx^'^ ' 





* We refer the student to Chapters XI and XII for the geomotrioal properties 
of curvilinear coordinates in space. 
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and these equations express the fact that the quantities (3) 
are the components of a contravariant vector. If the coordina;tes 
are chosen to be rectangular Cartesian then (3) become the 
components of the velocity of P along the coordinate axes. 
Consequently we call (3) the velocity vector of the particle. 

Again the vector v^ is itself a function of the time and we 
may take its intrinsic derivative with respect to t. This gives 
the vector (cf. p. 146) 


/ (ff ^1% \mn] dt dt ^ ^ ^ ^ 

f r 1 

where 'tte Christoffel symbols of our coordinate system. 

When the coordinates are rectangular Cartesian the Christoffel 
symbols are all identically zero and the vector becomes 






which gives the components of acceleration along the three 
coordinate axes. We therefore call (4) the acceleration vector of 
the particle. 

The mass oi a particle is obviously a quantity quite in- 
dependent of the coordinate system used and is consequently 
an invariant. We shall denote it by M. 

If a free particle be acted upon by a force, Newton’s 
Law of Motion states that the force is in the direction of the 
acceleration and its magnitude (in appropriate units) is equal 
to the product of the mass and the acceleration. Hence, if we 
consider the vector equation 

( 5 ) 


where is a contravariant vector, we see that the quantities 
measure the force completely in magnitude and direction. 
It is therefore called the force vector and the equations (5) are 
the equations of motion in curvilinear coordinates. 

In Cartesian coordinates, equations (5) take the well-known 
form 


=M 




and are the components of the force along the three 

axes of coordinates. 
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Examples. 


1. If X^, X^ are the components of a force in a Cartesian system 
of axes {y\ y\ if), show that the force components in any curvilinear 
system are given by the equations 


[These equations merely express the laws of transformation of a 
contravariant vector whose components are X^ in the coordinates 


2. If the line -element of our coordinate system is given by 

ds^ ~ show that 

(i) the magnitude of the velocity is 

(ii) the magnitude of the acceleration is 

3. If a particle is moving with uniform velocity show that /»* == 0 . 


4. If ?; is the magnitude of the velocity, show that 


^ = /cose, 


where / is the magnitude of the acceleration and 0 is the angle between 
the velocity and acceleration vectors. Deduce that, if the velocity of a 
particle is constant in magnitude, then the acceleration must be either 
zero or orthogonal to the velocity vector. 

[ di) 

We havei;2 = ^^„um.yn and hence2 

Also = 'w/ cos d and the result follows immcdiately.1 


3. Work and energy. Lagrange’s equations of motion. 

In the last section we have introduced force as a contra- 
variant vector, but it can also be introduced as a covariant 
vector by means of the idea of work. 

We know that, if the axes are rectangular Cartesian, 
a force whose components in these coordinates are Q'^' and 
whose point of application is moved through a small displace- 
ment dx'*' does an amount of work measured by 

dW ==^Q^dx^ + Q'^dx'^ + QHx^. 

Now in orthogonal Cartesian coordinates the associated vector 
has exactly the same components as and the expression 
for becomes 

dW = Qr dx^ . 
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From the relation connecting and we see that d W can 
be written as a linear function of thus 

dW=:^Qr(fX^' ( 6 ) 

Also dW is an invariant and we conclude from (6) that the 
coefficients of the linear form, form a covariant vector. 
Moreover, since its components in an orthogonal Cartesian 
coordinate system are those of the force vector, it follows that 
is the covariant force vector in the coordinates x'*\ The co- 
variant and contravariant components are of course connected 
by the formulae 

Qr = 9r,Q\ 


If dir’’ is a perfect differential, then the force is said to 
be conservative and we may write 

W^fQrdx’- (7) 

The function TF, which is determined by (7) except for an 
arbitrary constant, is called the worh function. It is more usual 
to use the function F, called the force fote^itial, which equals 
— W . From (7) it follows that 

97 

= 

We shall next consider the kinetic energy of a particle. It 
is defined as J Mv^, where v is the magnitude of the velocity. But 

where is the metric tensor of our curvilinear coordinates. 
Consequently the kinetic energy T is 

T = = ... (9) 

. . dx‘^ 

where x’’ = 

dt 

If we differentiate T partially with respect to cf, we have 


Hence 


d 




d fdT\ 
dt\dx’') 


dgr 


— M ^ 




Also, differentiating T partially with respect to 


dT 
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From these equations we deduce that 


d_fd_^ 

dt\dxr 


= M {grn a;"‘ + [mn, r\ x”‘ x”) , 
imn,r] being the first Christoffel symbol. Therefore 


+ 


1 (dg., 


dx 


rm dg rn 


dgr> 


9 a;™ 9®’' 


x'^ x^ 


d (dT 


dt \dx 


dT 
' dx>' 


Mcj,Ax^ + 


I 


[mn. 




Eeferring to (4) we see that the right-hand side equals 
Denoting the covariant components of the acceleration vector 
by fr, it follows that 


Mfr 


d 


dt 

KdacF] 


dT 
9 CB*' ' 


(10) 


This formula is the most convenient to use when we wish to 
calculate the acceleration vector in any special coordinate 
system. 

The equations of motion (6), p. 219 , can now be written 
in the covariant form 


d fdT 


dt \dx^ 


dT 

dan'^ 


Qr) 


( 11 ) 


which is known as Lagrange’s form of the equations. If the 
force system is conservative, these equations read 

1 (^] _ dV 

dl\dxy dx'' dx'’ 

or, what is equivalent, 

d fdL\ 


dL 
' dx' 


0 , 


where 


dt \dx'J 

L=-T-V 

The function L is called the Lagrangian function. 


( 12 ) 

(13) 


Examples. 

1. Find the covariant components of the acceteration vector vn spherical 
'polar coordinates. 

In spherical polars the line-element is (p. 136) 

ds'^ = [dx^)^ -)- (daP'Y + (sin (dx^f. 

Hence the kinetic energy is given -by 

T = i Jf = ~ M { -\- (a’ sin } • 
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d dT dT 
dt dx^ dx 


^ — M [:k 3 . _ 3jl __ 3,1 3.2 £c 3 ) 2 ], 


cZ ^ ^ r *1 


The equations of motion can be written down immediately if we 
knoAV the components 6^ of the force system. These are obtained in any 
special problem as the coefficients of the linear form dfFor by (8) if the 
force system is conservative. 


2. Show that the velocity vector is given by 


dT 

d ' 


3, If 09 is an invariant function of and x^, show that is a co- 

dx^ 


variant vector. 


s: 


Show that 


d x^ 
dx^ 


dx' 

dx' 


oj® dw dw dx^ ~\ 

— and hence — ^rzr - . 

^ dx^ J 


d(p dx^ 


4. If (59 is an invariant function of x^ and show that 

d d<p dcp 
dt dx^ dx^ 

is a covariant vector. 

5. Show that the conditions that a force vector be conservative 
are that Qr,B — Qs,r 

6. Integral of Energy, Deduce from the equations of motion the 
formula 

T Jr y = K 


where ^ is a constant. This relation is called {he equation of energy^ and h 
is the constant of energy. 


Hence on integration T F.l 


^y 

___ ^ 

dx”'’ dt 


3. Particle on a curve. 

Let ns suppose tliat the equations of a curve are 

xr (14) 

5 being the arc of the curve. "We shall suppose that the curve 
is smooth and that a particle is constrained to move on it. Our 
object is to find the equations of the constrained motion. 
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If we denote by V' the tangent, principal normal 

and binormal unit vectors and by t the curvature and torsion 
of the curve, these quantities are connected by the Frenet 


formulae (p. 159) 
dx^ dX' 
Ts’ 'Js 


X^ 


= 


dijr 

3s 


Sv’’ 

rr’- — (15) 


Also, if we denote the magnitude of the velocity by u, we have 
dx’’ dx^' ds 


dt 


ds dt 


= vX\ 


ds 

since v == — . Taking tke intrinsic derivative of this equation 


dt 

witli respect to t, we get 
dv*' 


, VC/ dv . , dX'^ 


that is, using (16) 


dx 

dt 


X'^' + v 


(5 A’' ds 
ds dt ’ 




(16) 



Thus the acceleration vector is co- 
flanar with the tangent and princi- 
pal normal, and its components 
along these directions arev and . 

Let Q'*' be the external force 
acting on the particle in addition 
to the reaction 22^* of the curve. 
Then + 22^) is the total force 
vector acting on the particle and 
the equations of motion read 

Up' = + 22 ^ 


that is. 


+ = 




Now 


dv ___dv ds __ dv d , 
dt ds dt ds 2 ds^'^ ^ 


and the kinetic energy T is ^Mv^. Hence 

Qr + Rr ^ X’- + 


( 17 ) 
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Since the curve is smooth, is orthogonal to the curve, and 
thus = 0. Multiplying (17) by and successively,, 
we therefore obtain the equations 


Q-Xr 


dT 
ds ’ 


Q^‘v^, sss — 

From the first of equations (18), we have 


. • (18) 


or 

T^Y=^h, (19) 

h being a constant. This last is called the equation of energy. 

If the curve is a natural trajectory of the particle, 1^^=: 0, 
and we see from (17) that the force vector must he coflanar with 
the tangent and frincifal normal of the curve. Also 

dT 

Q^=\-X^ + 2Ty.i,^ ( 20 ) 


together with the integral of energy. 


Examples. 

1. If the force vector is tangent to the natural trajectory of a particle 
at each point prove that the path must be a straight line. 

[Here % = 0. A curve which is tangent at each point to the force 
vector is called a line of force.] 

2. If a particle is made to describe a line of force show that the nor- 
mal reaction is along the principal normal of the curve and equals 
2(/i - V) 

3. Show that for a natural trajectory the magnitude of the force 
vector is 

4. If F is the potential function, show that for a natural trajectory 

g v^X^. 


(E 287) 


15 
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4. Particle on a surface. 


We next consider the motion of a particle on a smooth 
surface. Let (^ 4 ^ u^) be curvilinear coordinates on the surface 
and let the equations of the surface be 

. (21) 

We shall use the notation of 
Chapter XV (p. 193). 

We have 





dx^' 

dt 


dx'' 


■ == . 


du^ d i 

Therefore, writing 
-u" == 

we have 

.<1!;''. , . (22) 

We shall call y" the surface velocity vector and v^' the space velocity 
vector. Differentiating (22) intrinsically with respect to it 
follows that 


6t 


r dv^ , , 

dt 




If we put and use Gauss's formulae (p. 200), this becomes 

0 1 

r*</“+6„/,«vr, (23) 

where are the coefficients of the second gromidform of the 
surface and is the unit surface normal. We shall call the 
surface acceleration vector. 

Let be the external force vector acting on the particle 
and let be the reaction of the surface, which will be normal 
to the surface. Then the equations of motion are 

+ Mf = Mxlf + M\^,v^v<^f 

being the surface tangent vector of the curve. 

When we multiply this equation by we get 

+ = (24) 

Also, multiplying the same equation by and remembering 
that jffi^ is normal to the surface, it becomes 

q- MU • 
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If we denote the surface vector by (cf. § 2, p. 194 and 
Ex. 4, p- 196), this reads 

(25) 

Let us first examine the quantities If the particle is 
given a small displacement 6u“ on the surface, the amount 
of work done is 

6 W = 6x^' = Q^. < du^ = QJu^. 

Hence, if the force system is conservative, 

dV 

«. = -sr- <-«> 


V being the potential function. 

Again the kinetic energy of the particle may be written 

T = 

and we can easily prove (cf. p. 222) that 


d(dT\ dT 

dAdu". 


Hence 


dt dif ~ 


pv \ ' 


(27) 


Consequently the equations of motion may be put in the form 


d dT dT _ _ dV 

dt du^ du^ ’ 

or equivalently 

J^dL dL ^ 
dt dif du“ 


. . . (28) 
. . . (29) 


where L is the Lagrangian function. 

The student should compare these equations with the 
equations (11) and (12), p. 222, for a free particle in space. 


Examples. 

1. If a is the geodesic curvature and the nortml vector of the trajectory 
in the surface, prove that 
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Since A“ is tlie unit tangent vector to the curve, 
Differentiating this equation intrinsically with respect to 4, we get 

/“ = r 4- u A“ 4- ^-1. 

6t dt ' &t At ' 6s 
Eeferring back to § 10, p. 184, we see that 

aq'- 


Also 


and we conclude that 




dv dv ds 
dt ds dt 


dv 




2. Deduce from Ex. 1 that 


+ 2o'T^«, 

3. if there is no force system, show that (7 = 0, that is, the particle 
describes a geodesic on the surface. 

4. If the surface is described with no reaction, show that the normal 

component of the force vector must be , 

5. H the particle describes an asymptotic line of the Surface, 23rove 
that the reaction must be equal and opposite to the normal component 
of the force vector. Show that the converse is also true. 


5. The principle of least action. Trajectories as geodesies. 

We have seen that a particle of mass M and acted upon 
by a force system of potential V has for its equations of motion 

dT dT dV 

dt dx^ dx‘^ 9^’ 

T being the kinetic energy, and we have also the relation 

T-¥Y^-h, (31) 

where is a constant called the constant of energy. 

Let ns consider all curves passing through two fixed points 
A and B. The integral 
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taken along any one of the curves, A being a parameter along 
it and h a constant, bas a definite value wbicb is called the 
action along the curve from A to B. We wish to prove tbe 
following result called the Principle of Stationary Action: 

Of all curves passing through A and B that one for which 
the action is stationary is the natural trajectory of the f article 
which moves under the action of the force system Y with h as the 
constant of energy. 


It is a welLknown result in the calculus of variations that 
tbe equations of tbe curve tbrougb A and 5, 
for wbicb tbe integral 

rjr ^ 

dl ’ 


fJB 

I (p (x, x') dX^ 
Ja 


is stationary, are 


d dcp 

TX d 


d<p 

"dx^ 


0 . 



This result may be proved by tbe same method 
as was used to obtain the equations of a geodesic on a sur- 
face (p. 171). 

It follows that the curve, for wbicb tbe action is stationary, 
is given by putting 

9, = {(A — F)gr,„„a!'“a!'«}* 
in (34). This gives tbe equations 


dlX cp J 29 - dx’^ '^2dx'- (p 


In these equations let us introduce a new variable t defined by 


dt 

dX 


and we get 


} M (p 

\ 2 (h - in ’ 


2 dx>' 


; j.m j.n _|_ 


dY 
dx’’ ' 


0 , 


(36) 


which are exactly tbe equations (30) where t is the time. Hence 
the curve giving the stationary action is the natural trajectory 
of a particle which moves under the action of a force potential V . 
Also equation (35), when squared, gives 

^ 9mn if!” = 2 —■ y) 
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and this shows that li is the constant of energy along the 
trajectory. 

We shall now give a geometrical representation of the 
motion in which the trajectories will be represented by geo- 
desics. Let us take a three-dimensional space the points of 
which are put in one-to-one correspondence with those of 
ordinary space, so that we may also take as the coordinates 
of the new space. Moreover* we take the line-element of this 
space to be given by the formula 

dS^^^2M{h - V)ds^-^2M(h - V)g,nn(loc:^^^d^ic?\ (36) 

ds being the line-element of ordinary space. 

Now every curve in ordinary space corresponds to a curve 
in the new space and the action along a curve becomes 


ayi ^ -A 


Hence the action equals the length of the representative curve 
in the new space. Also the natural trajectory is an extremal 
of the variational equation 


But the extremals of this equation are obviously the curves 
of stationary length or the geodesics of the representative 
space. Consequently natural trajectories correspond to geodesics 
in our geometrical representation. The search for the trajectories 
of a particle under a force potential V is therefore exactly 
the same problem as that of finding the geodesics of the space 
whose line-element is (36). 


EXAMrUBS. 

1. Show that the action equals '\2M 7i — V ds, 

2. Show that the action, if calculated along a natural trajectory, 
equals 2 

3. Show that of all curves on a surface passing through two given 

points^ and B of the surface that one for which f f h ^ V ds is stationarv 

''A ' ‘ 

is the path of the particle which moves on the surface under the action 
of the force potential F. 

[This is the principle of stationary action for a particle on a sxirface. 
Use curvilinear coordinates on the surface together with eqixations (28), 
p. 227.] 
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4. Show that the paths of a particle moving on a surface of line- 
element du^du^Y under the action of a force potential Farerepresented 
by the geodesics of a surface whose line-element is [{h — F) 

EXAMPLES XVII. 

1. If a particle is moving with uniform velocity in a straight line 
prove that = 0. 

2. If the acceleration is constant in direction but not necessarily in 
magnitude show that 



where k = (log /) . Show that the converse is also true. 

3. Physical components of forces. If are the unit vectors 

tangent to the coordinate curves, show that a force vector may be 
expressed in the form 

O'- = QW e-, + ef,, + O'"' 4, = O'” eu, 

where 

[If the force is resolved into three forces along the tangents to 
the coordinate curves according to the ordinary laws of the resolution of 
forces, then a,re the three resolved forces. We may call them 

the physical components of Q'^ to distinguish them from the tensor com- 
ponents^ which are Q^, To prove the above result use the formulae: 

^0) ^i/F 9ii9 

4. Parallel force system. If the field of force forms a constant parallel 
vector field (as in the case of gravity), show that = 0. 

Hence show that a natural trajectory under such a force system 
satisfies the relations 



Prove that these are the intrinsic equations of a parabola and show also- 
that % is a maximum at the point where Q’’ is orthogonal to the curve. 

5. Bonnefs theoremx If a curve be a natural trajectory for each of 
N fields of force, the velocities at any point P being %, 

then the curve is a natural trajectory for a field of force composed of all 

the separate fields of force, the velocity of P being (v? ■+■ + * * • -j- , 

6. A particle moves on a surface under the action of a force, show 
that the sum of the normal reaction of the surface and the normal com- 
ponent of the force equals Md^k, where k is the normal curvature 
of the surface in the direction of motion. 
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dT 

dx^ ’ 


show that is a 


7. The momentum vector. If we write Pr ■ 
covariant vector and prove that 

8. Hamilton's equations of motion. If we put H = T -|- F and express 
E in terms of and show that the equations of motion can be put 
in the form 

dx^ dH dpr dli 

dt dpr^ dt dx'^ 

9. If H is an invariant function of and p^ only, show that 


is a contravariant vector and that 


dt 


is a covariant 


DH 
dpr 

vector. Deduce that Hamilton's equations are vector 

r diU* 

For a new coordinate system x^, we have that is, 


dH dw 


which proves the first 


dpj. dx^ Hence 

dpj.~' dps dpr'^ dps dx^ ' 

result. The second is proved in a similar manner. j 

Sno dV 

10. Prove that = — t; — . 

ot dx^ 

11. If we put L ^ T — V and express L in terms of x^ whilst 

H is expressed in terms of prove that 

d x^ d x'^ ‘ 


12, Particles, of eqxial masses M and acted upon by a certain force 
system, start off with equal velocities v in all directions orthogonal to 
a given direction. Show that the surface on which the different trajectories 
lie has an umbilic at the initial point. 

13. For the motion of a particle on a surface, show that if we put 

p„ = Ma^0U^, S = -^a<^f>PaP^+V 


the equations of motion on the surface may bo written 

du^ ^ dp^ dH __ 

dt dp^’ dt 

[These are Hamilton’s equations for the motion of a particle on a 
surface. ] 

14. If >8 is an invariant function of (ri;% x^, x^) show that 4^ is 

dx^ 

a covariant vector. 


15. AppelVs equatioyis. If we put B ^ ^ show that the 

equations of motion can be put in the form 

dB ^ dV 
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CHAPTER XVIII 
Dynamics op Rigid Bodies 

Section A. 

Rectilikear Coordinates 

1. Moments of Inertia. 

Let us suppose that we are given N particles, of which 
a typical one has mass and coordinates referred to 
a set of rectilinear coordinate axes. If we regard the particles 
as being rigidly connected the rigid body will be included as 
a particular case. 

The coordinates of the centre of gravity of the system of 'particles 
is given by 

iv 

r = 2.Si_ (1) 

assl 

If we are considering a continuous distribution of matter the 
summations in this formula and in subsequent ones ought to 
be replaced by triple integrals, the element of mass dM taking 
the place of M(a). 

Another quantity which is of importance in the dynamics 
of a system of particles is the double symmetric tensor 

( 2 ) 

a = 1 

which we call the inertia tensor relative to the origin. 

If we are given a straight line through 0 and perpen- 
diculars p(a) are drawn from the different particles on the line, 

N 

the quantity 2] M(a)P{cx.) is called the moment of inertia of the 

system of particles round the given line. We can express this 
moment of inertia in terms of Z’*®. Eor, if is the unit vector 
in the direction of the line, 

Hence the moment of inertia round is 
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If we denote by Z,,,. the associated tensor by 

I the invariant this becomes 

z(r)-(/^,,~z.«)rA'\ (3) 

since A’* is a unit vector. Therefore if we consider the quadric 

Q whose equation is 

{I Ors - Ivs) (4) 

we find that the moment of inertia round A’’ is IjR^, where 

R is the radius vector of Q in the direction of Q is called 
the momental ellipsoid at 0. 

We see from § 3, p. 107, that the momental ellipsoid at 0 
has always three principal axes, which are called the principal 
axes of inertia at 0, and the planes containing them in pairs 
are called the principal planes of inertia at 0, If these axes be 
taken as coordinate axes then the axes are orthogonal and 
at the same time 

Z]^2 = Z23 ~ = 0, 

These principal axes are given by the equations 

= ( 5 ) 

where 0 is a root of the determinantal equation 

(^ — 0)9'rs — -^rsl =0 (6) 


Examples. 

1. Show that the moment of inertia round any straight line equals 
the moment of inertia round a parallel straight line through the centre 
of gravity plus M times the square of the distance between the lines, 
where M is the total mass of the particles. 

[The moment of inertia round a line through the centre of gravity 
and in the direction A’' is {(/ — + M 

2. If is the perpendicular from on a given ptone, 

is called the moment of inertia with respect to the plane. Show that the 
moment of inertia with respect to the plane = 0 is 

3. Prove that the moment of inertia with respect to the plane 1 

is - 2 

4. Show that is the moment of inertia with x'espect to the 

-plane. Similarly interpret and 

5. If Jg is the moment of inertia round the r’-axis, show that 

1^ = I — -^^aa/s^as* further, the axes are Cartesian and orthogonal show 
that /g = -j- Igg. 
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2. The equations of motion. 

We now wish to obtain the equations of motion of a system 
of particles and more especially of a rigid body under the action 
of given forces. 

If is the total force vector acting on the particle 
we know that 

from the equations of motion of a single particle. Hence if d 
is any small displacement given to this particle we have 


= (7) 

where is the associated vector The expression 

which equals the product of the force and the pro- 
jection of the displacement in the direction of the force, is 
the wofh done by in the dis'placement 

Let us sum the expressions (7) for all the particles. We have 

( 8 ) 

a=:l 

In this expression we have not so far restricted the displace- 
ments and the forces are all the forces, external and 

internal, that act on the individual particles. If we restrict 
ourselves to certain types of displacements there may be certain 
of the forces which do no work under these displacements and 

consequently the part of the sum ^Yj^)5a?^^j,,dueto these forces 

a=l 

must be zero. For example, if we consider the particles as forming 
a rigid body and if we give to the system only rigid body dis- 
placements the totality of the internal forces do no work and 
can therefore be neglected in the equation (8). 

Consequently for a rigid body we have 

= (9) 

a=l 

where refer only to rigid body displacements and are 
the external forces alone. Now we see from § 5, p. 126, that 
the most general infinitesimal rigid body displacement is of 
the form 


d ™ d -f- cc" bt 


(10) 
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where ( 0 ^ is skew-symmetric. Substituting in (9), we get 

^ + ^(^<«. «:«) - ^<a.] ^-(a) = 0- 

We can always find a vector co*' such that cors = — 
in fact, 0 )’'= — e“’*’'mm„/2. Hence the equation becomes 

[M,., - ^L)} <a) «’■ = 0- 

This equation is true for arbitrary values of and co^ and it 
is therefore equivalent to the equations 

^ ^ia) ^rsi ^(a) ^(a) “ ^ ^{a) ^ (a) 5 

as they may be written, 


or. 


dt a 

I 

dt 

The vector 




^(a) ^rsi ^(a) ^(a) } ^ ^rst ^(a) “^(ai * 


( 11 ) 




( 12 ) 

is called the linear momentum vector and, if M is the total mass 
._,T coordinates of the centre of gravity, we see that 


and are the 
Also 


JBCp = ^ d^{a) ^rst ^(a) *^(a) 

(X 


(13) 


is called the angular momentum vector relative to the origin^ whilst 
the vector 

Ijr=2i Erst X{a) (14) 

oc 

is called the moment vector of the system of forces relative 
to the origin. The equations (11) now read 

4- G-" = X\ 
dt ’ 

a 


(It. 


Br=Lr. 


( 15 ) 
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We shall next find an expression for in terms of the inertia 
tensor of the system. We see from (10) that the velocity of any point 
of a rigid body can be put in the form 

_j^ 

representing the linear velocity of the point coinciding for the 
moment with the origin and representing the angular velocity. 
Hence 

Hj. = ^ -^(a) st ^(a) ^(a) ~ ^ ^{a.) ^rst ^(a) CO • p 

If we put co^’’® = — we have 

(16) 

We shall consider the two following particular cases : 

(i) If the rigid body has one point fixed and if we take this point 
to be the origin,, then u^' = 0 and 

(ii) If we take the origin as coinciding with the centre of gravity 
for the moment, then = 0 and 


Examples. 

1. Show that the motion of the centre of gravity is given by the 
equations 

that is, the centre of gravity moves as if the whole mass were concentrated 
at this point and all the forces were acting at it parallel to their actual directions. 

2. The angular momentum vector relative to a point Xq is defined as 

JS Af(a) e^st (iwja) — • 

a 

Show that 

^ ^ -^(a) ^rst ^ta) ^\a) ^ ^0 ^ * 

a 

3. The moment vector of the forces XJ’oc) relative to Xq is defined as 

D® = ^ (xfo,) ccq) -^(a) • 

a 

Show that 

Lf. ^ X! ^rsi ^(a) -^(a) ^rst^o^ • 

a 

4. Prove that 

5. Deduce from Ex. 4 that we have the equations 
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if the point ii’o is the centre of gravity. Consequently the motion relative 
to the centre of gravity is the same as if the centre of gravity were fixed and 
the body subjected to the action of the same forces. 


3, Moving axes. Euler’s equations. 

We shall divide the discussion of the motion of a rigid body into 
two cases. 

(i) There is a point of the body fixed in space. We shall take this point 

as the origin and we find that equations (15) hold. In the first of these 
we must include in the reaction at the fixed point. Also we can re- 
place Hr by where I], is the mixed inertia tensor, I the 

invariant and co’" is the angular velocity vector of the body. 

(ii) There is no point of the body fixed in space. The equations (15) 
still hold referred to axes fixed in space. We see that the second set of 
(15) also hold if Hr is the moment of momentum vector and Lr is the 
moment vector of the force system relative to the centre of gravity. 
In other words, the motion of the body relative to the centre of gravity 
is exactly the same as if the centre of gravity were fixed and the same 
forces were acting. Hence the absolute motion of the centre of gravity 
is given by the first of (15) referred to axes fixed in space and the motion 
^relative to the centre of gravity is found as in (i), the fixed point being 
the centre of gravity. 

Now if we put 

(17) 

dH 

and try to find , there will be involved derivatives of wdth respect 

to t since these are variable with the time. To avoid this we shall take 
moving axes fixed in the body, with respect to which the inertia tensor 
will have constant components. 

Let be a system of coordinates referred to axes which are fixed 
in space and let be the coordinate system which moves rigidly with 
the body and coincides with S’* initially. By reference to p. 124, we see 
that the transformation from one set of axes to another set, which have 
been derived from the first by a continuous rigid-body displacement, 
is given by 

= (18) 

where is a function of t satisfying the equations 


Also 




doT^ 

dt 


— a' 


CO 


pa9 


(19) 


being a skew-symmetric tensor and being 

Now a covariant vector whose components referred to the moving 
axes are Ar has for its components referred to the fixed axes Ar where 

Ar^A.a'l, ( 20 ) 

Differentiating this with respect to wc have from (19) 
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that is, 


We have 


S I T >» t 

dt ~ dt + ^s«’.(CO.r 


dA,, 

dt 


dt 


(21) 


dH, 

dt 


referred to the fixed axes. Consequently, making use of (20) and (21), 
we obtain 


dll,, 

dt 


= A, 


( 22 ) 


These are the eqiiations of motion referred to the moving axes. 

The angular velocity vector o)^ of the moving axes (and of the body) 
is given (p. 237) by 

(23) 

and 

where Is are now fixed constants. Thus 


dH, 

dt 




and the equations (22) become 

(Idf- «)*«.*> = . . . (24) 

These are Buler^s equations in tensor form. 


Exatolbs: 

1, If the moving axes are the principal axes of inertia at the fixed 
point show that Euler’s equations become 

Ii (1^2 Tg) CO2 0)3 “ etc., 
where Ji = II + Ii » etc. 

[The axes are now Cartesian and rectangular and the only com- 
ponents of Ij surviving are If, J|, Ji. The quantities Ii, /gj I3 ffie 
principal moments of inertia.] 

2. if is a coniravariant vector referred to the moving axes and 
A^ its components referred to the fixed axes, show that 
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3. If A’’ is a vector fixed in space show that its components referred 
to moving axes satisfy the equations 


(It 


= - co]\A\ 


4. If A* ^3 are the components of a double co variant tensor referred 
to moving axes and Xre its components referred to fixed axes, show 


that 


dt 








dKs 

' dt 


[This result may be proved by differentiating the equation 
K,., a\ . and substituting from (19), or as follows : Let A 
be two vectors fixed in space. Then being an invariant equals 

and their derivatives are equal. The result then follows 
from Ex. 3.] 


Section B. 

The Geomethy oe Dyhamios. 

4. Generalised coordinates of a dynamical system. 

A material system is regarded from the dynamical stand- 
point as a collection of particles wMch are subject to inter- 
connections and constraints of various kinds. For example, a 
rigid body is regarded as a number of particles rigidly connected 
togetker so as to remain at invariable distances from each other. 

When we know the constitution of such a dynamical 
system and the constraints to which it is subject, the con- 
figuration or position of the system will be determined by a 
certain number of independent variables, which are called the 
coordinates of the dynamical system. Thus a free particle in space 
is determined by three coordinates referred to a system of axes 
fixed in space and a particle constrained to move on a surface 
is determined by two independent coordinates, the curvilinear 
coordinates on the surface. Again a rigid straight bar is de- 
termined by five coordinates, namely three giving the position 
of one end of the bar in space and two others giving the 
direction ratios of the rod. 

The number of independent coordinates which determine 
the configuration of a dynamical system completely is called 
the number of degrees of freedom of the system. Let us suppose 
that we have a dynamical system which we shall assume for 
simplicity to have three degrees of freedom. The student will 
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see that the ideas we are about to develop can be immediately 
extended to a dynamical system of any number of degrees of 
freedom. The configuration of our system at any time is then 
given by three coordinates which we denote by 

f, 

and if we keep our conventions regarding italic indices these 
may be written more briefly j’’. As the coordinates change in 
value the dynamical system of course changes its configuration. 

There is obviously an infinite number of sets of independent 
coordinates which will determine the configuration of a dynamical 
system, but since the position of the system is completely given 
by any one set these sets of coordinates must be functionally 
related. Hence if is any other set of coordinates these quan- 
tities must be connected with q'*' by formulae of the type 

f^fr(q\q\q^) (25) 

These equations are the eqiiations of transformation from 
one set of dynamical coordinates to another and we can define 
in the usual way vectors and tensors relative to the coordinate 
transformations (25). Thus are the components of a mixed 
triple tensor in the coordinate system q'^ it its components in 
the new coordinate system are given by 


ir „ jrn d£ ^ 


. . (26) 


the summations of the repeated indices on the right being as 
usual from 1 to 3. 


Examples. 

1. Show that a rigid body with one 'point fixed has three degrees of 
freedom. 

Let 0%£C2^3 be the principal trihedral of inertia of the body at any 
instant and let OX^X^X^ be the initial position of this trihedral, so that 
the former is moving with the body and the latter is fixed in space. Let 
us take the intersection of these trihedrals with the unit sphere of centre D, 
which is the fixed point of the body. 

We denote by 0 the angle XgOojg, by <p the angle between the planes 
XgOajg aud by tp the angle between the planes X^Ox^ and x^Ox-^. 
These angles are called Euler* s angles and we shall show that the position 
of the body is determined completely by these three angles, which will 
therefore act as coordinates. 

(E 287) 


16 
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Let OA be tbe intersection of the planes X^O , X^OX^, 0 B the inter- 
section of and OC the intersection of x^Ox^ and X^Ox^, 

A rotation of amount cp round OX^ will make OX^ coincide with o 'a 
and 0X2 with OB. A rotation of amount 
Q round OB will then bring OX3 to Ox^ 
and OA to 00 . Finally a rotation of 
amount y) round 0% will bring 00 to Ox^ 
and OB to Ox^. Consequently these three 
rotations performed successively will bring 
the trihedral 0X^X2 X3 to the position 
Oxi X2 x^, that is, the principal axes of 
inertia and therefore also the position of 
the body are determined completely by the 
three quantities 9 , <p, tp. 

2 . Show that the transformation from 
one set of axes to the other is in accordance 
with the scheme: 


X^ X^ X» 


cos d cos (p cos Ip — sin 99 sin ip 

cos 0 sin 93 cos ^ + cos (p sin tp 

— sin 0 cos ip 

— cos 6 cos 99 sin y ~ sin (p cos ^p 

— cos 6 sin 9? sin tp + cos (p cos y) 

sin 0 sin ip 

sin 6 cos <p 

sin 6 sin 99 

COS0 



8. Show that a free rigid body can be determined by six coordinates, 
namely, the three coordinates in space of its centre of gravity and the 
three Eulerian angles relative to the centre of gravity. 

6. The equations of motion in generalised coordinates. 

If we suppose that the points of our dynamical system are 
referred to rectilinear axes in ordinary space, then when we 
are given the time and a set of coordinates q^' we are also given 
all the points of the dynamical system, for the system is 
determined uniquely. 

Consequently the are functions of and possibly also 
of the time, that is, 

aj’- = {q\ q\ q^, t). 

We shall restrict ourselves to the consideration of dynamical 
systems in which these equations do not involve so that 

x^^x^{q\q\q^) (27) 

Differentiating (27) with respect to t, we have 
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The quantities q\ wMcli form a vector with reference to co- 
ordinate transformations (25), we shall call the generalised 
velocity vector. We see from (28) that when the generalised 
velocity vector is given we know the velocity of each point of 
our system. 

The kinetic energy of the system is T where 






I V Tif dx' dx”’ . . 

o — qrqs 


Thus we may write 
where we have put 


-M. — - 2 M'j* a 


dx^ 

dg'^ dq^ ' 


(29) 

(30) 


that is, the kinetic energy is a homogeneous quadratic form in 
q^\ From (30) we see that is symmetric in r and s. Also, 
since T is an invariant for all transformations of generalised 
coordinates, we conclude from (29) that a , ,5 is a double symmetric 
tensor. 

Let us next find the equations of motion of our dynamical 
system in terms of the generalised coordinates. Eeferring to 
equation ( 8 ), p. 235, we see that the equations of motion in 
rectilinear coordinates are embodied in the single equation 

X'^)dx^ =0, .... (31) 


where is a virtual displacement of the system, and we can 
neglect in all the internal or external forces which do no 
work in this displacement. If we give the system a small dis- 
placement compatible with the constraints of the system, we 
see that this displacement may be effected by giving increments 
dq^ to the coordinates of the system, and these are related to 
the dx'^ in accordance with the formulae 


dx^ 

dq^ 


dq^ 


Moreover in this displacement the internal forces due to the 
constraints of the system will do no work, since these constraints 
are preserved, and consequently* only the external forces will 
appear in (31). 
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Thus (31) becomes 


2gmn\ 


d fdx”^ ■.\dx' 


dt \dg^ ^Jdq‘ 


■X-^}df^0. . (32) 


dqr 


Now 




d fdx'^ 


d { yri -tT d dx^ .] TI/T ^ ^ 0 • / 


1 dct^i , . 

JJ ryt 


Also, if we put 


dq^ dq' 

dt d^ dq''' 


d a;™ d^ a:™ 
'dfjq* 


Qr==I!gmnX' 


we have 


dx"^ 

Tf' 




(33) 


where <5 W is the work done by the external forces in the small 
displacement dq^, which shows that Qr covariant vector. 
We shall call it the generalised force vector. 

The equation (32) now takes the form 



Since the coordinates q'^ are independent this equation is true 
for all variations of dq'^ and the equations of motion become 


d dT dT ^ 
dtdq^' dq^' 


(34) 


Examples. 

1. Show that 

\d dT 53^1 ^ 

{ d dT dT\ 

form a covariant vector. 

2. If [rs,t] is the Ohristoffel symbol of the first kind relative to 
that is, if 
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[>■«.«] = Y 

show that 

d OT dT 

3. D a” is the cofaotor of o,^ in \a,,\, divided by this determinant, 
show that the equations of motion may be written 


, 9ar, _ dar, \ 

\ d^ dq^ dqi ) ’ 


+ = 

where 

is the Christoff el symbol of the second kind relative to and 
we see that i/’’ "l~ | j I/® is intrinsic derivative of with respect 

^QT 

to t. Using the notation of p. 146, it may be written and we know 

0 1 

that it is a contravariant vector. 


4. If the force system is conservative and V is the potential function 
show that 



and that the equations of motion take Lagrange’s form 

==0 

(It d (f ’ 

where L ^ — F. 

[The first result follows from (33) since ^ TF = — <5 F and the second 
result follows from the fact that F does not contain g*'.] 


6. The manifold of configurations. 

Let us consider a space or manifold of three dimensions in 
which a point is determined by the three coordinates Then 
to each point of the manifold there corresponds a definite 
configuration of the dynamical system whose coordinates are g'^ 
and we have therefore a geometrical representation of the 
configurations of our dynamical system. For this reason the 
manifold is called the manifold of configurations. 

If the dynamical system moves in any way, its coordinates 
are given as functions of the time. Thus the motion is given 
by equations of the form 


( 35 ) 
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As t varies we therefore observe that the representative point 
in the manifold of configurations describes a curve and (36) 
are the equations of this curve. Such a curve is called a trapciory. 

If, moreover, the system is moving freely under the action 
of a given force system in accordance with the laws of dynamics, 
the corresponding point describes a curve in the manifold of 
configurations and this curve is called a natural trajectory of 
the given force system. 


7. The kinematieal line-element. 

The kinetic energy of the system is 

= (36) 

where are functions of the coordinates q'^\ Now T is always 
positive except when j’' is zero in which case T vanishes. In 
other words, the quadratic form (36) is positive definite. Con^ 
sequently w^e can always find ds such that 

ds^ == a,..s d (f dq^ (37) 

This ds we shall define to be the distance between the neigh- 
bouring points and + dq'^' in the manifold of configurations, 
that is, the line-element of our manifolcl is defined by ( 37 ), 
Thus the ds^ is a homogeneous quadratic function of dq’^' just 
as in the case of Euclidean three-dimensional space. A space 
in which the ds^ is given by a formula such as (37) is called 
a Riemannian space. We shall call the line-element (37) the 
kinematieal line-element to distinguish it from another which 
we shall mention later. 

Having thus obtained the fundamental tensor of our 
space, we define in the usual way the associated tensor as 
the cofactor of a^^ iii \<^ts I 3 divided by the determinant. We 
define the magnitude of a vector by A where 

A^ = a^.A^A^, 

and we change vectors and tensors into associated vectors a-nd 
tensors as we have already done in the case of Euclidean space. 
We can also define intrinsic and covariant differentiation of 
tensors by means of the Christoffel symbols as at p. 146. 
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Let us suppose that a point describes a curve of the mani- 
fold and let us take the arc s of the curve as parameter, so that 
the equations of the curve will be 




We know that 



is a vector and we shall write it 


(38) 


dff 

ds 


(39) 


From (37) we conclude that 

(40) 

that is, A’’ is a unit vector. We call it the unit tangent vector of 
the curve. 

If we take the intrinsic derivative of equation (40) we get 

(35 — ^ ’ 


which shows that the vector is orthogonal to the curve. If 
we denote its magnitude by we may write 

<") 

where is a unit vector. The quantity k is called the curvature 
of the curve and the frinci'pal normal of the curve from the 
analogy with Euclidean space (p. 157). 


8. The dynamical trajectories of the manifold of configurations* 

We have seen that the equations of a trajectory are of the 
form (35), that is, t is usually taken as the parameter of the curve. 
We shall call the vector 

v^' = (42) 

the velocity vector and we see that the square of its magnitude is 
v^ — v^ ~ 2T (43) 

We define the acceleration vector as the intrinsic derivative 
of 'vsdth respect to t. The expression for is therefore 
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+ (4^) 

or, 

c=«'+w«’»*- 

Let ns now cLange tlie parameter of tLe trajectory from t 
to s, the arc of the curve. We have 



ds^ = a^^dq'^ dq^ = a^^q^^ q^dt^. 
Hence 

ds ^ 

— = = u. . . (45) 

Also 

df df ds 

• («> 

and consequently, on differentiating, 


: i) 2; V 


ds^ 

ds dt ‘ 


Using (41) this becomes 


+ (47) 

It follows that in any trajectory the acceleration 'cector is coplanar 
with the tangent and principal normal. Its component along the 
tangent is v and its component along the principal normal 

This result can be expressed in a slightly different form. Thus 


_dv ds __ dv I d _dT 
'^~~dslU~'^'ds~i:iLs'^ ~~ds' 


Therefore 


/? 'T 


If we denote by the covariant components of the acceleration 
vector we have 

fr = + [S^, f] S' r 

d , . , 1 da.. , 

-Jl^^rsS')~2-Q^rS , 


that is. 
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ir = 


d dT dT 


(49) 


dt dq’’ dq^ 

Now if the trajectory is a natural trajectory for the force 
system Qr the dynamical system is moving in accordance with 
the laws of dynamics and the equations of motion (34), p. 244, 
read 

fr = Qr, 


or, in contravariant form, 

r^Q" ( 50 ) 

Hence in a natural trajectory the force vector and the acceleration 
vector coincide. 

The student should remark the resemblance of these results 
to those obtained for the motion of a particle in the previous 
chapter. 


1. Prove that 


Examples. 



2. Show that in a natural trajectory the force vector must be coplanar 
with the tangent and principal normal. 

3. Prove that the rate of change of kinetic energy is given by 


dT 

dt 




and deduce that the equation of energy for a natural motion is 

r = jQrdq’-. 

4. If the force system is conservative show that the equation of 
energy becomes T + F = /i, where h is a constant. 

5. Show that natural motion can take place along a line of force 
if and only if the line of force is a geodesic. 

[A line of force is a curve whose tangent vector is codirectional at 
each point with and a geodesic of the manifold is a curve whose cur- 
vature Otf is zero.] 


9. The principle of stationary action. The action line-element. 

We have seen that for every natural trajectory under a 
conservative force system there is an equation of energy 

T+ V = h, 


(61) 
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Jh being tbe constant of energy. In the present section we shall 
consider only trajectories for which the total energy is Ji, so 
that A remains a given constant throughout. Also if we have 
two configurations A and B there is in general only one natural 
trajectory, with the given energy constant, which passes through 
both A and B. 

Let us consider all the curves of the manifold of configurations 
that pass through the points A and B corresponding to the 
two given configurations. We may take a 
^ parameter A along each of these curves such 
/I that as X varies from a value Xq to a value X^ 
/ j the representative point moves from A to B. 

/ / Then the integral 

// ^ - /;{2 (/. - n ^ ^ f'ix (52) 

has a definite value for each curve through A 
and B, It is called the action from A to B for 
that curve. We have the following result, which is known as 
the p'inciple of stationary action: 

Of all curves passing through A and B that one for ivhich 
the action is stationary is the natural trajectory of the system 
under the force system F with h as the constant of energy. 

The proof of this principle is exactly the same as that given 
in the case of the motion of a particle in § 6, p. 228, and we 
refer the student to that section. The principle of stationary 
action for a particle is of course only a particular case of the 
principle for any dynamical system. 

Now instead, of taking the elementary distance ds between 
the points and q'^ + dq'^ as given by (37), p. 246, let us define 
it by the equation 

ds^ “ 2 (/i — F) arsdgff' dg% .... (53) 

which we shall refer to as the action line-element in order to 
distinguish it from the kinematical line-element already men- 
tioned. We note that ds^ is still a homogeneous quadratic form 
in dq'^. 

With this new line-element the action (52) becomes 
A = [ ds = [s]^ , 

: A 
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so that the action from 4 to 5 is the length of the curve from 
^ to J5, Thus the curves of stationary action become the curves 
of stationary length. But these latter are the geodesics of our 
manifold. 

Hence the natural trajectories with a given energy constant h 
are the geodesics of the manifold of configurations when the action 
line-element is taken. 


Examples. 

1. If tho kinematical line-element be used show that the action 
along a curve equals 

p f¥or-^)ds. 

"’A 

2. Show that the actioUj if calculated along a natural trajectory, 
equals 

2 f^Tdt. 

J A 

EXAMPLES XVIIL (A). 

Rectilinear Coordinates. 

1. Show that the planes through a point P with respect to which the 
moments of inertia equal Mlc^ all touch the tangent cone from P to the 
quadric whose tangential equation is 

2. Taking the origin at the centre of gravity show that the equation 
of the momontal ellipsoid at a point a’’ is 

{ (-1 '“h Af a") g^n , « H a,fn } x'^ jjj” = 1 , 

where a® — g^mn a” and == a”'. 

3. Show that the component of linear momentum along any line 
A’* is Xr . 

4. Show that the moment of momentum round an axis whose six 
coordinates are fir is A’* — yr- 

[For the six coordinates of a line see p. 71.] 

5. Show that the sum of the moments of a system of forces round 

the line is L^X^ — 

6. If is the moment of momentum relative to a point Xq and 
P® is the moment vector of the force system relative to the same point, 
show that we have the vector equation 


in the following cases: 
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(i) if the point Xq is fixed, 

(ii) if the centre of gravity is fixed, 

(iii) if the given point coincides with or is moving in the same direction 
as the centre of gravity. 

[Use the equations of Ex. 4,. p. 237.] 

7. If is the velocity of the point of a moving rigid body show that 


[We have co\ x\ where is skew-symmetric.] 

8. If A ^ is a vector fixed in a rigid body which is moving round 
a fixed point show that its components A ^ referred to axes fixed in space 
satisfy the relations 

dA y 

= ■ 


9. If the points of a rigid body have all two simultaneous velooities 

due to two angular velocity vectors and cofgj , show that the resultant 
velocities are given by an angular velocity vector co^' where = co\\^ -j- ; 

that is, angular velocities can he compounded as vectors, 

[For the velocities of the points of the rigid body in each case are 
given by yj]) ~ and yfg) = ajj. Thus the combined 

velocity is v'' = afi, + = e'''* (cOd,, + C 0 ( 2 ,,) aj^.] 

10. Show that the kinetic energy of a rigid body with one point 
fixed is 

T = ^ {I CO”) ~ "g" (-^ gm n '^mn) • 

[T =i I- ^ M 9pui ®(a) ^(a) ” I -2* ^(a) 9m n ^\a) ^(a) 

= i r ‘ ?"*” e-n,,, <0“ o>“ = \I\ s;,f 0 ,'^ = etc.] 

11. If the axes are the principal axes of inertia at the fixed point 
show that the kinetic energy becomes 

T = I {Ji(a)i)^ + /a W H- 

where are the three principal moments of inertia. 

dT 

12. Show that '-r — is the moment of momentum vector U . . 

rJo)’’ ^ 

13. Show that the kinetic energy of a rigid body is T ^ Tq^ 

where V is the velocity of the centre of gravity and is the kinetic 
energy relative to the centre of gravity (that is, it is calculated as if 
the centre of gravity were at rest). 


EXAMPLES XVIIL (B). 

Generalised Coordinates. 

1. Show that the kinetic energy of a rigid body with one point fixed, 
expressed in terms of the principal moments of inertia and Euler’s angles, 
is given by 

2 T = Ji (0 sin yj — <p sin 6 cos ip)^ Jg cos yf + sin 0 sin yj)^ 

■ H” ^3 (y^ + ^ cos 0)^. 
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2. A aymmetrical top with a point 0 on the asis fixed is acted upon 
by gravity, find tho Lagrangian function i in terms of theEulerian angles. 

{L — ^ ^Ix <p‘^ sin^ & + i hiV + V 00s 0)2 — Mgh cos 0, where 

Ix, Ix> are the principal moments of inertia, M is the mass of the top 
and h is the distance from 0 to tho centre of gravity.] 


3. If isT is 

d die dK 
dt Off d(f 


an invariant function of and show that 
are both covariant vectors. 




and 


4, Hamilton^ B equaiions. If we put Vr — a^.q^, we call 33^ the 
mo7nentum vector. Show that the equations of motion can be written 
in tho form 

dpr' dt ’ 

where 


H = + V. 


5. Deduce from the equations of Ex. 4 that ■— = 0, that is, these 

dt 

equations have a first integral H = co7isL Show that this integral is 
the equation of energy. 


0. If H is an invariant function of q^ and of a covariant vector 
show that is a contra vari ant veotor. Also if we take the curve defined 

in terms of a parameter u by means of the equations , show 

that -4^- “}"• is a covariant vector. 
du Oq^ 

[These results show that Hamilton's equations are vector equatio7is.'} 


7. In a natural motion show that the rate of increase of the idnetio 
energy equals the product of tho magnitude of the velocity vector, the 
magnitude of the force vector and the cosine of the angle between these 
two vectors. 

[The cosine of the angle between two unit vectors is defined as 


COS0 = 


Our result expressed analytically is that 


dT 

dt 


^Qr 


8, Show that along a natural trajectory Q cos (p, where Q is 

the magnitude of the force vector and 9? is the angle which this vector 
makes with the trajectory. 


9. Bonnet's theorem. If a dynamical system can pass through a certain 
sequence of configurations under the separate influences of a number 
of force systems, show that when all the force systems act together the 
system can pass through the same sequence of configurations with a 
kinetic energy equal to the sum of the kinetic energies it had in the 
separate motions under the several force systems. 

[From the geometrical view-point the proof is exactly the same as 
in the case of a particle.] 
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10. Prove that the curvature « of a trajectory is given by the formula 

^ /2 

[Use (47), p. 248.] 

11. If 9? is the angle between the acceleration and velocity vectors, 
show that the curvature of the trajectory is 


/sin (p 


[cob rp T I f]'2T , or, = 2 T cos^ 99. Substitute this result 
in Ex, 10.] 

12. If no force system is acting show that the representative point 
describes a geodesic in the manifold of configurations with the kine- 
matical line-element. 

[A geodesic is a curve whose % is zero. In all the above questions 
the kinematical line-element is used.] 


13. If a dynamical system is subjected to a constraint represented 
by an equation = 0, show that the equations of motion are 


/r = Qr-\-GWr 


dyj 


where 'ipr^ and 6 is an arbitrary multiplier. 

14. Impuldve motion. Show that the equations of impulsive motion are 



— Qr i 


where is the elementary work done by the impulsive forces under 

a virtual displacement dq'^. 

Deduce that the change in the velocity vector is 




15. If a dynamical system is suddenly subjected to a constraint 
gS) = 0, which persists, show that the change in the velocity 
vector is 


where 







16. A dynamical system moves under the action of a force system 
of potential 7, the energy constant being h. Show that, if the kine- 
matical line-element be used, the time along the trajectory is given by 

J |/2{^- F) 

17. In the manifold of configurations show that of all trajectories 
passing through two given configurations A and B and satisfying the 
energy equation T -{• V — h that which makes the integral 
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t 


1 2(A-F) / 


dX, 


stationary satisfies the equations 


df 

~dX’' 


dt dq' dqr df h V dtjf'' 


[The trajectories which make the time of passage stationary are 
called IraclhistocliTones, so that the above are the equations of the brachisto- 
chrones of our dynamical system.] 

18. Show that the equations of Ex. 17 can be put in the form 

dt dq^ dq* ’ 

where == TjOi-^V). Hence dediice that the brachistochrones of the 
dynamical system coincide with the natural paths of a dynamical system 
whose kinetic energy is Tj {li — V) and which is moving under no forces. 

19. Show that the brachistochrones of the dynamical system are 
geodesics in the manifold of configurations if the line-element is given by 

^ <j2 n d> q ' ^ d q" 

■ {h -1 F) • 

20. If a dynamical system starts from rest in a position 0, show 
that the natural trajectory and the line of force through 0 have the same 
tangent vectors and the same principal normals at 0, Also show that the 
curvature of the first curve is one -third the curvature of the second 
at 0. 


CHAPTER XIX 

ELECmiOITY AlTD MAGNETISM 

1. Green’s theorem. 

Before disciissing the applications of the tensor calculus to 
the mathematical theory of electricity and magnetism we shall 
deal with two important theorems on the transformation of 
volume integrals into surface integrals and of surface integrals 
into line integrals. 

Let us suppose that we refer space to a system of rectangular 
Cartesian axes The well-known theorem of Green is 

expressed in such coordinates as follows : 

If 8 is a closed surface hounding a volume V ^ and P,Q,R 
are three functions^ uniform, continuous and admitting partial 
derivatives of the first order throughout V, then 

Illy (If + If + If) ^ fi ^ (1) 
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•where l,m,n are the direction cosines of the outward normal 
of S, dr the element of volume and da ike surface element on S. 

The result is easily proved by integrating partially along 
lines parallel to the coordinate axes. 

We shall take a general curvilinear co- 
ordinate system cc’’ and express Green’s 
theorem in these coordinates. We know 
that a vector may be defined by taking as 
its components in one system of coordinates 
any three quantities and taking its com- 
ponents in all other systems to satisfy the 
transformation law of vectors. 

Let us define a vector F'*' such that its components in the 
2 ;)-cooxdinates are given by P, Q, P. This defines a vector- 
field, since the vector is a function of the coordinates. Now if 
denotes the covariant derivative of F^\ that is, if 





df 


+ 


dx^ Ips 


fP 


then is an invariant. Hence its value in the {x, y , 2;)-system is 


pr dP dQ dR 
dx dy dz ’ 


( 2 ) 


for the Christoffel symbols vanish in a Cartesian coordinate 
system. This invariant Ff'^^ is often referred to as the divergence 
of F^. Also, denoting by the unit outward normal vector to S, 
its components in the Cartesian axes and consequently 

the invariant F'^'v^ equals 

^ "h • . . * # . (3) 

Green’s theorem therefore reads in tensor form 


// fr 

The integral on the right of this equation is often called the 
flux of the vector across the surface S. Thus the flux of F^ 
across 8 equals the volume integral of the divergence of F 
throughout F. The theorem can be extended to regions lying 
between several surfaces and the volume integral can be extended 
to infinity provided satisfies certain restrictive conditions 
at infinity. 
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We can express Green’s theorem in another form. Let tp 
and 'ip be two invariant functions and let us put for brevity 


If we place 




Ff ^/r s 9^ y^T j 


= f'K., = (<PVr.s + Mr): 


where ^pr ^8 ^be covariant derivative of yj^. The invariant 
g'^^'ipr,s is often denoted by Af and is called the Laplacian 
of yj. Its value in the Cartesian coordinates is 

= = g + ^ + . ,a, 

Also g'^^(pry>s is an invariant and is denoted by v{(p, yi). Its 
value in the {x, 2/, 2^) -axes is 

v{<p,v>)-g dx + dy Qy+ ez-- ■ 

Thus 

+ ^i<P>V) (8) 

and Green’s theorem now reads 

IL9Wr‘>^^<^— JjL9^7>^'^- ■ ( 9 ) 


Examples. 

1. Show that 

1 A(y7i^r), 1 

} g dx^ y g dx^ \ J 

[Sea p. 165.] 

2. Calculate A(p in spherical polar and cylindrical polar coordinates. 
[Use Ex. 1.] 

3. Prove that 

IJ^y,,v'da = IJJ^dy>dr. 

[Put (p = 1 in (9)]. 

4. If V contains a surface 2! on ■wMcli is discontinuous show that 

Jf^^'vrda = fff^ fff,r dr- j JjiF' v,)i+ >'.)»} da, 

where the suffixes 1 and 2 refer to the two sides of 
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2. Stokes’s theorem. 

The second important theorem deals with the transformation 
of a line integral into a surface integral. It is known as Stokes’s 
theorem and in rectangular Cartesian coordinates reads: 

If S he a 'portion of a surface enclosed hy a contour C and if 
P,Q,B he three functions contmuous and possessing partial 
derivatives of the first order over 8, then 



where the line integral is taken round the whole circuit 0 and 
I, m, n are the direction cosines of the normal to 8. 

We shall now find the form of this theorem in curvilinear 
coordinates x'^. Let us again take the vector F'^', whose com- 
ponents in the {x, y, 2 ;) - coordinates are P, Q, R. The com- 
ponents of the associated vector in the sanxe Cartesian 
coordinates are also P, Q, R since there is no distinction in 
rectangular Cartesian axes between the covariant and contra- 
variant components of a vector. 

The covariant derivative F,, ,, oi F,, is a double tensor and 
consequently 

( 11 ) 

is a contravariant vector, where is the contravariant e-tensor, 

that is, equals 4 . 1 /y^ or — l/l/ry according as r, s, t is an 
even or odd permutation of 1, 2, 3 and vanishes for all other 
values of r, s, t. The vector (11) is usually called the curl or 
rotation of P,, and we see that its components in the rectangular 
Cartesian system (a?, y^ z) are 


dy dz ’ dz dx' dx dy ‘ 

Hence if we denote by v'^' the unit normal vector to 8 we see 
that G^Vr is an invariant and its value in the {x,y, 2 j)-coordinates 
is given by 


== 





dy 




dR 

dx 
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Also is the unit tangent vector to the curve G and con- 

sequently F,, ~ is an invariant whose value in the Cartesian 
(t s 

axes is 




dx^ 

ds 


as ds ds 


Stokes’s theorem therefore reads in 
tensor form 

The integral on the left of this equation is often called the ciroula^ 
Hon oj the vector F^ round the circuit C, 



Examples. 

1* Write down the components of the curl of a vector whose com- 
ponents are 'P,Q, B (i) in spherical polar coordinates (ii) in cylindrical 
polar coordinates, (iii)in oblique Cartesian coordinates (cf. Ex. 4, p. 155). 

2. If wo introduce curvilinear coordinates on the surface 8 ^ 
(cf. p. 163), show that 

where "^he surface covariant derivative of the surface vector 

' du^ ' 
dx^ d x^ 


1 


[Use the relation v,. = y proved in §4, p. 196, 


We obtain 


F 


dx^ 


du(^ \ ^ du^J 




' du^ du^ 

3. From Ex. 2 deduce that Stokes’s theorem maybe written in the form 


L 


■CT du^ , 




do. 


S. The electrostatic field. 


We know that the electric field produced at a given point 
by a number of electric charges in a vacuum is given by a 
potential function V where 



( 13 ) 
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wHeii the charges are isolated, e being the electric charge measured 
in theoretical units* and r the distance from the given point to 
the charge e. If the charges are uniformly distributed over 
volumes and surfaces the expression for V becomes 


fff^ + ± ff 

4:7Z J J Jy r 4:71 j Js 


[A. da 


(H) 


wlere q is the volume density of charge and ^ the surface density 
of charge. The density q will of course be zero at any point where 
no volume distribution of charges exists and similarly ^ will 
vanish at any point where no surface distribution exists. 

We shall denote the electric force vector by so that 



the coordinate system being a general curvilinear one 

Gauss's theorem states that the flux of electric force across 
any surface S equals the total electric charge inside the surface. 
Thus 

If Er v’’ da = /// Qdr + da , 


where S is any surface inside S having a surface distribution 
of charge upon it. But it is a simple deduction from Green’s 
theorem that 

J If ~ I + {ErV^).;^da, 

where the suffixes 1 and 2 refer to opposite sides of the surface 2*. 
Hence 

+ (ErV’^)^ + fi}da = 0 

and this result is true for all surfaces 8, Consequently we have 
at each point of space 

...... ( 16 ) 

Q being zero where no electric charge exists. Moreover at the 
surface 2 on which there is a surface distribution of density ^ 
we have 

(JE,.v-)^ + (JE]rV% + ix^O ( 17 ) 

These are the fundamental equations of the electrostatic field. 


♦ Theoretical or rational units are used throughout this chaiilor. 
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Examples. 

1. Show that = 0 at any point where no charge exists. 

2. Show that the first of equations (16) may be written AV ~ — q, 

where AV = « and is the Laplacian of F. 

3. Lines of force, A line of force is a curve whose tangent at each 
point is in the direction of the electric force vector. Show that the equations 
of a line of force are 


where \jh^ — 

4-. Show that the lines of force are orthogonal to the surfaces F = const. 
These surfaces are called equi-potential surfaces. 

4, Dielectrics. 

If there is a material medium in which the electric charges 
exist, it is found that the equations of the last section have 
to be modified. The electric field is now determined by two 
vectors : 

(i) the force vector which is minus the gradient of a potential 
function F, that is, 



(ii) a vector which is called the displacement vector. 

The vector Z),. is such that its flux across any surface equals 

the total charge inside the surface. Thus we prove by Green’s 
theorem exactly as on p. 260 that 

(19) 

throughout space, q being zero where no electric charge exists. 
Also at the surface S on which there is a surface distribution 
of density ix we have 

+ .... ( 20 ) 

where the suffixes 1 and 2 refer to opposite sides of E. 

The vectors E^. and are so related that when one is given 
the other is also given, that is, one is a function of the other. 
The simplest relation between them consistent with experiment 
is that one vector is a linear function of the other. This gives us 

( 21 ) 
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where the are functions of the coordinates alone. The relation 
(21) shows that is a mixed double tensor and we call it the 
dielectric tensor. 

Let us examine the conditions that the dielectric be homo- 
geneous. This means that if the same electric force exists at 
two different points then the displacement vector is also the 
same at the two points. Expressed in other words, if the electric 
force vector is a constant parallel vector-field so also is the 
displacement vector. The condition that jB,. is a constant parallel 
vector-field is expressed by being the co variant 

derivative, with similar results for D,.. Differentiating (21) 
covariantly with respect to we get 

B E , + e ,E, 

r,t 7' a, t I 7',t ^ 

and consequently the condition for homogeneity is 

( 22 ) 

that is, the covariant derivative of must vanish at each 
point. 

If the ’ dielectric is isotropic the displacement vector and 
the force vector must coincide in direction and this involves 
the relation 

(23) 

where s is an invariant and <3^ is a Kronecker delta. If the 
medium is both homogeneous and isotropic, the relations (22) 
and (23) show us that e is a constant throughout the medium 
In this case it is called the dielectric constant. 

The equations (18) to (21) are the fundamental equations 
of the electric field in anisotropic dielectrics, but there is another 
vector sometimes used to describe the properties of the di- 


electric. This is the vector 

Pr=Dr — Er, (24) 

which is called the polarisation vector. We see that 

(25) 


so that the components of the polarisation vector can be ex- 
pressed linearly in terms of the components of the electric force 
vector. The tensor — d^*) may be called the susceptibility 
tensor. 
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Exaiviples 

1. Show that 

where is the associated dielectric tensor 

2. Deduce from Ex. 1 that the potential function F satisfies the 
equation 

3 . If the dielectric is homogeneous we have 

e-^r,.„=-e. 

4. Show that in a homogeneous isotropic medium 

6^ F= sgf™" F„,„ = — e 
and at a boundary of two such dielectrics 

{eEjy)i-\- (sIJj. F)2= — iti, 
jj, being the surface charge on the boundary. 


5. The magnetostatic field. 


The potential at a given point dne to an elementary magnet 
at a point P is given by 





where the vector is called the magnetic moment vector and r 
is the distance from the given point to P. Thus the potential 
of any volume distribution of magnetism will be 



J,U 

y dx^ 


dr, 


(26) 


I^dr being the magnetic moment vector of the magnetism 
occupying the element of volume dr. We call I’* the magnetisation 
vector. Equation (26) becomes by Green’s theorem 




4 : 77 ; 




(27) 


which shows that the potential may be regarded as being dne 
to magnetic matter of volume density q and surface density [i 
where 
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The magnetic force vector Hr outside tlie magnetic matter is 



The magnetic force vector inside the magnetic matter is found 
to be the resultant of the vectors and 1^ at the point, where 
is defined by the equations (27) and (29). This vector jB^, 
which is called the magnetiG induction vector, is therefore given by 


= E,. I r (30) 

It follows from (29) and (27) that 

n'm n TJ == Q = — aI iQ = — ^ I 

Hence, from (30) 

= (31) 


showing that the divergence of the magnetic induction vector 
is zero. 

Some of the magnetism in our field may be permanent, 
and the magnetic moment density of permanent magnetism we 
shall denote by II • The remainder is induced by the magnetic 
field and consequently is a function of the magnetic force vector 
This function we shall take to be a linear function and 
we have therefore the total intensity of magnetisation given by 

= II + a;,//,. 

The tensor XI is called the magnetic susceptibility tensor. From 
this we have the result 

Br=^Ir + [lrH, (32) 

where 

a I* I 

The tensor is called the magnetic permeability tensor. 

The equations (29), (30), (31) and (32) are the principal 
equations of the magnetostatic field. Of course if there is no 
permanent magnetism we shall have /J! = 0 . 

Examples. 

1. Show that 

where is the associated permeability tensor 

2. Deduce from Ex. 1 that the potential function Q satisfies the 
•equation 



XIX] 


ELECTEICITY AOT) MAGNETISM 


265 


3. If the medium be homogeneous show that 

= 0 , 

and the potential function satisfies the eq^uation 

/f’ww 0 a'^n JO 

4. If the medium is isotropic show that 


1x6’',. 

5. If the medium is both isotropic and homogeneous show that Q 
satisfies the equation 

where ^ is a constant. 


6. The electromagnetic equations. 

In a conductor the electric current is represented by a vector 
C**, which we may call the current vector. This vector is such 
that the amount of electricity flowing through an element of 
area da, which is perpendicular to the unit vector is measured 
by C'^ Xr da. 

Ohm's law states that this current vector is a linear function 
of the electric force vector Thus 

( 33 ) 

the k's being functions of the coordinates only. We see that 
is a double tensor and we call it the conductivity tensor. If the 
medium is homogeneous we see as before that 

and if the medium is isotropic 

The electric current in a conductor is sometimes called the 
current of conduction to distinguish it from other kinds of electric 
currents which we shall meet later. 

Let us suppose that we have a medium at rest, which may 
consist of dielectrics and conductors and in which electric 
charges may be moving. We wish to find the electromagnetic 
equations under such conditions. 

The electromagnetic field is determined by the following 
vectors : 
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(i) The electric force vector E,-. 

(ii) The displacement vector D^. With these two vectors 
there is also associated the vector Pr—Dr—Er, which is 
called the polarisation vector. 

(iii) The magnetic induction vector 15^, which satisfies the 

equation = 

(iv) The induQed magnetisation vector of the medium 
This vector with defines a new vector equal to B^—I^, 
which is called the magnetic force vector. 

(v) The total current vector G’’. 

The total current vector O’' contains three different types 
of current vectors: 

(а) The condiiction current vector which is connected with 
Er by Ohm’s law. Thus the conduction current vector is 

being the conductivity tensor of the medium. 

(б) The displacement current vector which is given by 

dP’- 
dt ■ 

(c) The convection current vector, which is due to the motion 
of the electric charges in the medium. Thus if an electric charge, 
vohune density q, has a velocity n’’ then the convection current 
vector is 

gv’’. 

The first fundamental law of electromagnetism is Faraday’s 
law, which states that the electromotive force induced in a 
circuit is proportional to the rate of diminution of the flux 
of magnetic induction through the circuit. Now the electro- 
motive force in a circuit L is measured by the contour integral 



taken round the circuit. Faraday’s law therefore reads 

where /S is a surface passing through i. Applying Stokes’s 
theorem to the contour integral^ we have 
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idB’’ 
0 d I 




da 


0 , 


This equation is tiue for all surfaces S and consequently 


c dt *'*’ 


(36) 


or, expressed in words, the rate of change of equals minus 
c times the curl of This is the first vector equation of the 
electromagnetic field. 

The second fundamental law is Ampere's law, which states 
that the integral of the magnetic force vector round a closed 
circuit is proportional to the flux of current through the circuit. 


This law, expressed in symbols, gives 

//'S'*'-!//. w 

When we apply Stokes’ theorem as before we get 

1 O'- = iC,*, (37) 

c 


that is, the current vector equals g times the curl of H 
is the second vector equation of the field. 

To the two vector equations (35) and (37) we add 
two invariant equations 

y — V J 

ffvnri J> =s 0 


This 


the 


(38) 


which we have already seen to hold in statical fields (pp. 261—264). 
The equations (35), (37) and (38) complete the electromagnetic 


equations. 

The vectors D^, and Hr are of course connected by 
means of the formulae 


Dr^4E,A 

Br-KSj 


. ( 39 ) 


1. Show that 


Examples. 

1 




-A* 


dt 


Since the medium is at rest 


dn% _^d 6’-, 
dt ~ dt 
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2. Show that 






3. If the medium is homogeneous and isotropic show that the electro- 
magnetic eqLuations become 

e ^ ^m, n — Q 9 

fjinn Tj Q 

.r!,t E, _ 


1 C ri 


4. Show that in the electromagnetic field 




5. Show that the electromagnetic equations may be written in the 
form 

- E,_^ = ^ i Sj,„ 0“, 

i>% = Q, B’;, = o. 


EXAMPLES XIX. 

1. If i?;. is a vector-field such that the curl of is identically zero, 
show by Stokes’s theorem that there exists an invariant function <p such 
that 

dx^ 

2. Show by Green’s theorem that if the integral J j^F^v^da, taken 

over a surface B enclosed by a contour C, depends only on G then Fj^y, = 0 , 
that is, the divergence of F"^ is zerp. 

3. If the divergence of F^ is everywhere zero prove that we can 
find a vector Ay. such that F'' is the curl of A,., and show that F^ is 

also the curl of (a^.-^- , where cp is an arbitrary function of 

position. 

4. Show that the energy of the electrostatic field is 

W = iJff^sydr + iJJ^/iVdcy. 

5. Deduce from Ex, 4 that W can be expressed by the integral 

i/// S'mn-®’”-®” dT, 
taken over the whole of space. 
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6 . Show that the energy of the electric field in a dielectric is 

[W-UIIyeVdr + ifJ^I.Vda 

= i III dr - i- JJ^V ((D,i.’-)i H- {Dr v)^} da 

= J III -®"‘ Dot dr, by Green’s theorem..] 

7. Show that in an anisotropic dielectric there exist three systems of 
lines of force Biich that at each point the corresponding lines of dis- 
placement coincide with them. We may call these lines the frinci^al 
lines 0 / the dielectric, 

[The linos of displacement are those for which dir’’ ~ A principal 
direction of the dielectric is such that (6^8— <? 9 'rs)A® = 0 where 0 
is a root of the dotcrminantal equation |er 8 ”^ 9 fra|== 0 .] 

8. In the magnetostatic field show that a vector can be chosen 

such that equals the curl of that is, The vector 

is called the vector 'potential, 

0. Show that in any medium there are three orthogonal directions 
at each point such that if the lines of magnetic force through the point 
coincides with one of these directions so will and . 

[These directions A’* satisfy the equations (/4*— 66^)^^ = 0 where 6 
is a root of the equation | — 0d5’| =0.] 

10. Show that for the magnetic field 

JfjBrH’dr^O, 

the integral being taken throughout space and deduce that 

JJf If.B’'dr + Iff Hr.H'HHr^O. 

11. Show that the energy of the magnetic field is 

W==iJfJ ^„H’-H^dr, 

the integral being taken throughout space, and show that for a homo- 
geneous isotropic medium this becomes 

12. Show that at any point of a surface B in the magnetostatic field 

{B,,v\-h{B,,vn,^0 

wliere and Pq are the unit normals on the two sides of B . 

13. The energy of the electromagnetic field is taken to be the sum 
of the energies of the electric and magnetic fields. Show that the energy 
density w of the electromagnetic field is 

14. If ^ is any fixed surface enclosing a volume F, show that 

dt f f j F^v^da — j j ^ ^r) 

the vector == is called the Poynting energy flux vector. 
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' »/ -^r, m 71 • 


15. Show that the divergence of G^' is zero, that is, <7^,, = 0. 

16. Prove that, in a homogeneous isotropic mediimi which has no 
convection currents and which is a non-conductor, 

L/f ^77171 Jjt jpin 

^2 y 771 U , 771 7 ' ' 

If there is no electric charge at the point this equation becomes 
tH T? 

C2 dt- -^r,m7i' 

[Here = ly** == 0, s^s ^ e grs ^ 

17. Prove that the invariant function tp = where is the 

electric force vector in a homogeneous isotropic dicdectric and is a 
constant parallel vector system, satisfies the equation 

(p 

-7" = — A<p. 

dt-^ //e 

[Use fact that — 0 and the second result of Ex. IG.] 

18. In the electron theory we assume that there is a vacuum outside 
the electrons. Show that in this theory the electromagnetic equations are 

and Q is zero outside the electrons. 

[Here Sf, g = ^ ^ ® = 0 . [] 

19. The electromagnetic equations for an isotropic conducting medium 
at rest are 


— ( kE^ + 8 ' 


/i ()ir 




Show that 


Assuming g = 0, prove that 


0= c)«“ ^ c-'" dt 


[ 1 / f) \ 

We have - + e == _ gr,. ^ 0, ainoe S'.,,, is 

symmetric in t and r. Substitute ~ q!^ first result follows. 

Second result follows from the equation — = 8^*'**^ E , 1 

c Ot 

20. In an isotropic medium at rest prove that 

S^i ^S]LL?[jL^ V.. rr 

dt- ' dt ^ '^r,m7i* 

[The proof is similar to that used in Ex. 19.] 
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CHAPTER XX 

Mechanics oe Continhous Media 
1. Infinitesimal strain. 

Let us consider a continuous medium, the points of whicli 
are referred to a given curvilinear coordinate system x^\ If 
each point of the medium is displaced slightly so as to take 
up a neighbouring position, the medium 
is said to have an infinitesiTnal strain ox 
deformation and we shall now investigate the 
geometrical properties of such a strain. 

Let Pq ^ point of the medium in the 
unstrained state and let P be its new 
position. Since the strain is small, the dis- 
placement PqP is infinitesimal. .We shall 
denote this small vector by and we shall 
call it the displacement vector. Consequently R 

when the strain is given there is defined 
an infinitesimal displacement vector at each point of the 
medium. 

If the coordinates of P and P^ are x^' and x^ respectively 
we see that x"' Xq are the components of the displacement 
vector, that is, 

= ( 1 ) 

and f 0 is an infinitesimal of the first order. We wish to examine 
how the neighbourhood of the point Pq has been deformed. Let 
Qq be a neighbouring point and Q its deformed position. If 
we denote the small vector P^ by 7]^ and its deformed vector 
PQ by if, we see that the coordinates of Q and Qq are x'^ + 
and + r/l respectively. Also the vector QqQ is the value of 
at the point Qq and consequently 

(»'■ + rf) — « + i/„) = !'■ {x\ + rjl,xl + ifo, xl + ril) 

where we neglect powers of pi higher than the first. Using (1) 
we have 

<"> 
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In order to compare rf with let us take the vector 97 '"' 
at Pq which is 'parallel to if at P. Now if the axes were Cartesian 
the components of if and 97 '^ would be equal and we would have 



To obtain the corresponding relation in general curvilinear 
coordinates we have merely to introduce the covariant derivative 
of namely, 

Thus the equation 

(3) 

is a tensor equation, which is true in any system of Cartesian 
axes. It is therefore true in all coordinate systems. The difference 
vector — measures the strain of the vector 97 ^’ . 

Since we shall henceforward be dealing only with vectors at 
we may drop the zero suffix without confusion and write ( 3 ) 

(4) 

The associated tensor -where 1^,..., = is not in 

general symmetric. Let us put 







X 

I 2 




( 6 ) 


It follows that 

Sr,» = 

or, raising the index r, 


Therefore (4) reads 


6rf ^ 


( 6 ) 


If we neglect quantities of order higher than we sec that 
the two deformations 

drf = e’'.,rj‘ (7) 

and 

drj'' — ( 8 ) 

when performed successively have the same effect as ( 6 ) and 
the order in which they are taken is of no consequence. We 
call a strain of the type (7), e^s being a symmetric tensor, a 
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'pure 5^ramandwe shall see from the examples that (8) is a small 
rotation of the neighbourhood of round Thus ever 7 
infinitesimal strain is composed of 

(i) a pure strain, 

(ii) a rotation of the neighbourhood of P^ round P^, 

(iii) a translation of the neighbourhood of to P. 

The last two transformations are rigid-body movements and 
we see that the deformation proper is determined by the first 
transformation. Thus a strain is determined in the neighbourhood 
of Pq except for a rigid-body movement by the tensor e^s and 
this tensor is called the strain tensor, 

Exa.]mples. 

1. Show that the dilatation is given by 

Let us take three small vectors t/d) » at Pq and let us denote 
their deformed positions by dashed letters. If d F is the element of volume 
of the tetrahedron whose edges are the three original vectors at Pq and 
if A is the deformed volume, then {A V' — A V)/A V is called the dilatation 
at Pj). Wo have 

r = -S t Vm v\s ) . AV' = is^,t lil) nil) v'm ■ 

Thus, to the nearest order, 

AV' = dF + Jj ^rativli) V'Iq) Vli) V(3) 3" ^(2) v\d)) 

— A7 + ie„t( ijfa, -t- ?/('„ , p j/<3) + I’; , p nfu Vh) 'fw ) 

Conseqxiently the dilatation is given by 

AV'^AY 

dF 

that is, the dilatation equals the divergence of the displacement vector. 

2. Show that the dilatation is given by 

3. If 9 'j is the magnitude of the vector rj^ and dr} U the change in the 
magnitude after deformation, show that 

rjdf} — 

If A ^ is the unit vector in the direction of deduce that 
e = -^ = e„A'A». 

The quantity e is called the elongation of the vector 

4. If we take the elementary quadric surface 

SraV'' V' = 


E (287) 


18 
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where h is infinitesimal, show that the elongation of 77’’ equals hjrf. This 
quadric is called the strain quadric. 

5. The principal axes of the strain quadric are called the ‘principal 
axes of strain. Show that these principal axes are given by tJie equations 

i^ra ^drs) d, 

where e is a root of the equation | e^s — | = 0. 

6. By taking suitable Cartesian axes at Pq, show that the trans- 

formation (8) is an infinitesimal rotation round an axis A’' of amount (50, 
where e^^^cojnn — — ^ . 

[Take a Cartesian system in which = 0, A® — 1.] 


2. Analysis of stress. 

We shall next consider the forces acting on a portion of 
the continuous medium. 

First of all, there may exist external body forces which act 
on every particle of the medium and, if denotes the force 
vector per unit mass, then the force acting on the element of 
volume dx is F'^'qdx where q is the density of the medium. 
In addition to these body forces there may be external surface 
forces acting on the external surface of the medium such that 
on the surface element da there acts a force T'^da. 

The internal forces of the medium are analysed as follows. 
On an element of surface da in the medium the action of the 
matter on one side of the element upon that 
on the other side is represented by a force 
'T^a*yector T^da. We call one side of da the 
positive side and the other the negative and 
we draw the unit normal vector on the 
positive side. Also we shall let T'^da be the 
action of the matter of the positive side upon 
that of the negative. Then, of course, the 
action of the negative side upon the positive will be — T'^da 
by the principle of the equality of action and reaction. Now 
this force vector T^da depends not only on da but also on 
the orientation of da, that is, on By taking Cartesian 
coordinates it is easy to show that is a linear homogeneous 
function oi v'^ and we have 



(9) 

S’*® being symmetric in r and s and depending only on the 
coordinates at the point. We see that jS’*® is a double contra- 
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variant tensor. The internal forces of the medium are called 
stresses and we call the stress tensor. 

Ijct us now find the ec^uations of motion of any portion 
of the medium. Let the volume F be cut off by the surface S 
inside the medium. The equations of 
motion of this portion of matter are 

JJJ^Q — n Kdr + I fTn^da = 0 , 

where j'^ is the acceleration vector and 
is any constant parallel vector -field. 

If 9 ^^ is the unit normal vector to S drawn outwards we 
know that 

Tr Vs. 

Hence 

— + JJ^E^nrVsda = 0. 

Using Green's theorem we see that 

= ////:•, 

since = 0. Thus 

IJIy{eir-f) + E::jxjr = o, 

and this equation is true for any volume V and for any parallel 
vector-field >1^. Consequently 

(10) 

at each point of the medium. These are the equations of motion 
of the medium. 



Examples. 

1. If we take the quadric = h, show that the stress on the 

element do* acts in the direction of the perpendicular to the plane conjugate 
to the normal oi da with respect to this quadric. The quadric is called 
the. stress quadric. 

2. Show that the normal stress on an element da equals hjr}^ where 
r/ is the radius vector of the stress quadric in the direction of the normal 
to da. 

3. The principal axes of the stress quadric are called the principal 
axes of stress. Show that these principal axes are given by 

(■®ra ^Qra) A* = 0 , 

where is a root of the determinantal equation \ \ =0, 
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4. Show that the stress on the surface element perpendicular to 
one of the principal axes of stress is at right angles to the surface element. 
Such a stress is called a 'princi 2 )al stress. 


3, Equations of motion for a perfect fluid. 

In. the case of a perfect fluid the stress on the element da 
is always normal to da and consequently 

( 11 ) 

where p is an invariant The quantity p is called the pressure 
of the fluid. We notice that the magnitude of the pressure on 
a surface element at a given point is independent of the 
orientation of the element. 

The equations (10) may be written in the co variant form 
9^^ ^rs,t d' Q^r “ Qfr' 

But 

= - Cf^ ipgrs), 

Hence the equations of motion of the fluid are 

(12) 


If is the velocity vector of any point of the medium^ will 
be a function both of the time and of the coordinates of the 
point, that is, 

= cr^if) (13) 

Therefore we have 


fr^. 


dt 




( 14 ) 


or, lowering the index r, 

/r- 


dVr 

dt 




■ ( 15 ) 


and the equations of motion become 


1 dv,. 

Q dsr- '■ dt 




■ ■ ( 16 ) 


Again the mass contained in a fixed volunae V in the fluid is 
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and hence the rate of change of mass equals 

m _ rrr dg 
dt' 

But this rate of change of mass is also given hy 

where wo have made use of Green’s theorem. Equating the 
two values of we get 

This equation is true for any volume 7 in the fluid and con- 
sequoTitly 

^ + (q «'•),, ^0 (17) 

The equiitiou (17) is called the equation of continuittj. In addition 
there is the chaTacteristiG equation of the fluid 

K{V>q)=-0, (18) 

whicli, gives the connection between the pressure and density. 
The vector defined by 

2 ^ 3 ’' = ( 19 ) 

WO call the vortex vector and the curves given by the equations 

dx'^ __ 
ds Q' 

Q being the magnitude of are called the vortex lines. 


Examples. 


1. Show that — 0. 

2. Show that the equations of motion of a perfect fluid can be written 
in the form 


Q Ox^ ^ dt 




Qn _ 


1 dv^' 

2 dx'^^ 


where is the square of the magnitude of that is, 
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3. The fluid is incompressible when the density at a given point of 
the fluid is invariable. Show that for an incompressible fluid 


dt 


+ 


dx^ 


= 0 


and deduce that the equation of continuity becomes = 0. 

4, If a homogeneous liquid is acted upon by a force system derived 
from a potential function F, show that the equations of motion may 
be put into the form 



[For a homogeneous liquid ^ is a constant.] 

6. If = 0, the motion is said to be irroiational. Show that the 
necessary and sufficient condition is that there exists a function (p such 

that Vr== — j and show that the equations of motion may now be 
dx^ 

written 


The function (p is the velocity poientiaL 


4. The equations of elasticity. 

“We have seen that the equations of motion of an elastic 
body are 

9^ * Ej, , 9 , i Q ^ T ^ Q Ir 9 

being the stress tensor and /,, the accc^leration vector. Now 
in a small strain the point originally at x'^' has tak(Ui uj) tlie 
position x^' + Also we shall consider only small motions of 
the elastic medium. Thus the acceleration is given to the 
required degree of approximation by 

df' 

and the equations of motion become 

fr^JEr.,t + QJb\.=-q^ ( 20 ) 

The stress in an elastic medium depends upon the strain 
existing in the medium and vanishes when the strain disappcuirs. 
In other words, the stress tensor is a function of the strain 
tensor. Moreover Hooke's law states that the stress is a linear 
function of the strain. We may therefore assume 

J7I ^ Win 

Jl/rs — O C'wmj 


. ( 21 ) 
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wliore the c’s are functions of the coordinates alone. They are 
called tjia Glust'ic co(ifficic'l^^ts and we see that they form a mixed 
tensor of the fourth order. It is also clear that without loss of 
generality these coefficients can be taken to be symmetric both 
in the subscripts and superscripts, that is, 

jnfi nm 

-C;., — =0,,.. 

When we substitute for in the equations of motion, we get 


9" + 


or 


’ 


{/“ or: + !/" + p Jf',. = P . . (22) 


If tlic body is homogeneous, the same strain at different 
points of th('. medium produces the same stress. This is equi- 
valent to Baying that the stress tensor forms a constant parallel 
teiirtor-field whenever the strain tensor does, that is, ^ = 0 if 
0 . The necessary and sufficient conditions that a medium 
bo (daHtically homogeneous are therefore 




0 


(23> 


and thti ('equations of motion of such a medium become 


9^ 


^ r H ^mn,t Q r Q 


dt^ 


When the medium is isotropic, the relations between stress 
and strain are found to be 

XDg„ + 2fj.ers, ( 24 )' 


being elastic constants and d being the cubical dilatation 

0 = (25) 

The constants A, /i are invariants and we see from (24:) and 
(26) that for isotropic media the elastic constants are of the form 

« A g,., + ^ (dT c + (/r o • • • • ( 26 ) 

In the case of isotropic bodies we can now write down the 
equations of motion in terms of the displacement vector as 
follows. We have 


dd 
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Also 


9^^ ^rstt — 4rs,ri) r ^st ^ s^tr) 


+i^ 

- 3 « Cr... T 2 


Therefore the equations of motion are 

,11 

'ex 


dd d^£, 

(2 + §r,st + ^ Q "^P • . . (27) 


Examples. 

1. Show that in an isotropic body = {3 ^ + 2ii)0, 

2. Energy. Show that the work done during a small variation 
in the strain is given by 

<51F = ///^'»’‘<5e„„a!T, 

the integral being taken over the elastic body. Hence deduce that the 
work stored up in the strain is 

IF = 1///^’““ e’-Ulx. 

3. In the case of an isotropic body show that the energy of the strained 
body is W where 

21F= JJf {^(g^»e„,„)‘ + 2iug'«'g»U„„e,,}dx. 

5. The motion of a viscous fluid. 

The equations of motion of any deformable system wo have 
seen (p. 276) to be of the form 

9^* Ers.i + e i^r — ir) = 0 , 

where the acceleration vector is given in terms of the velocity 
u*” by the formula 

fr = -Jf + ^r.sV^. 

If the medium is a perfect fluid we have seen that 

3~ P 9r 8 9 

where p is the pressure and equals — | . If the medium 

is not a perfect fluid, we shall put 

^r,+ P9r.=K. 


(28) 
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and W6 shall call the viscosity tensor. Thus the equations 
of motion are 

dp 

doc/ * ^rs it "h* = Q fr» . . . (29) 


The deformation of the fluid in a time dt is given hj the 
displacement vector 

= v^dt, 

and consequently the strain components are 
Crs = I (Vr^s + 

Let us call e^s/dt the velocity strain tensor and let us denote 


it by so that 

= i (30) 

We shall also put as before 

(31) 

We assume that the viscosity tensor is a linear function 
of the velocity strain tensor, and thus 

(32) 


The quantities which form a mixed tensor of the fourth 
order, are called the coefficients of viscosity. We see that we 
may tab(?. them as being symmetric both in the subscripts and 
in the superscripts. Consequently 

"^VH fra m,n 

and. the equations of motion are 


df 


+ <f{yT:>u 


.. + r“ 


H 


+ gF^ = efr- ■ ( 33 ) 


If the fluid is homogeneous we have in addition yf!,]i^0. 

In the case of an isotropic fluid we have the relations 

yr:^rr^g,,,+fx'{d::6:+ . . . ( 34 ) 

and the equations (33) for a homogeneous isotropic fluid become 

+ /^')~ — fi'g‘*Vr,st = Q(K — fr)- . (35) 


Here 


= < 


( 36 ) 
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and tlie equation of continuity still reads 


Examples. 

1 . Show that vanishes and hence deduce that 

[ 32 ^ = — and use (28).] 

2. Deduce from Ex. 1 that if the fluid is isotropic A' = — § fjb\ 

3. Prove that the equations of motion of an isotropic fluid are 

iJ-y'*' 15-"' 

EXAMPLES XX. 

1 . Show that in a pure strain the change is a small vector 
orthogonal to the plane which is conjugate to r;’’ with respect to the 
strain quadric. 

2 . Show that the condition that a strain bo pure is that there 

exists a function (p such that . The function 9 ? is the strain 

potentiaL 

3. If a medium is homogeneous and incompressible, show that 

If, in addition, it is subjected to a pure strain, prove that 
the strain potential satisfies Laplace’s equation /d 9 '; = 0. 

4. Show that the strain components satisfy the identical relations 

8 , i w 4" ^tu,ra = < , 8 tt ®8 w , r f • 

[Use the fact that ers^t — ^rt,8 = (^8t,r differentiating co- 

variantly with respect to w, use the fact that cogt^ru is symmetric in 
r and u.'] 

f d 

5. The integral j du taken round a closed circuit is called 

the ciraulation round this curve. Prove that in the motion of a perfect fluid 


V,:^du^ Frdxr-^ 

D i j Q dll j Q J Q Q du 

where ^ means differentiation following the fluid. 


and hence -y- du = 

^ J)t £)t ^ du 

I X dx^ J ”I 


{ , dx^ , 
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6. Show that 


f^Vr dx^ ^ 2 J da , 


where S is a. surface in a perfect fluid, enclosed by a contour C, 

7 . Prove that, if the forces acting on a perfect fluid are conservative 
and ^ is a function of p, 


D_ 

Dt 



j. 

Q 




V 


r 

iS * 


Df 


^ ^ 1 nr 1 ^r7u n ,n / 

— + ^ ^ e 


Now use the equation of continuity, namely, -f- q vl%^ = 0 . 


8. We denote by 2 the curl of /,., that is, 2 == — 

Prove that as the surface S moves with the fluid 


Dt\ 


QrV^da\=^ II Jj, v^' da . 


[We have j v^dx"^^ ^ f^dx'^. Transform each line integral 

into a surface integral by means of Stokes’s theorem.] 

9. If the force system is conservative and ^ is a function of p, prove 
that z=zO, 

10. If the displacement vector of a deformed isotropic elastic 
medium is derived from a potential function cp show that the equations 
of motion become 

(A + 2^) — + pJV = Q fr. 


where the dilatation 6 equals A g>, 

11. In Ex. 10, if no body forces are acting and the body is in equi- 
librium, show that A <p kf where is a constant. 

12. Types of strain: Deduce the following expressions for the strain 
tensor. 

(i) Uniform dilatation, = ^9rB- 

(ii) Simple extension, = eA^-Ag, A^ being the unit vector in the 
given direction. 

(iii) Shearing strain, = e(A,.Aa + Ai-Ag), where A,., A^ are the 
unit vectors of the given directions. 

13. Show that, if the strain be expressed in terms of the stress by 
means of the equations 

nmn in 

^ra ^ r h ^7h n > 


then the G^s and c’s are connected by the formulae 
Cll = i {df. 3i + 61 3f) = oil Cf 
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14. Show that for an isotropic medium 

0 .. = ^ (&P 6^ + 6'i. 6P) - 2 ^^-^ 9” -‘ 9 .. . 

lo. If we apply a uniform spherical tension E to the elastic body, 
show that the ratio of E to the cubical dilatation equals 


This ratio is called the modulus of compressio7i. 

[Hint; Era = 

16. If a stress jE?(A,. Af, + A' AJ is applied to an elastic body, and 
A' being orthogonal unit vectors, the ratio of jE/ to 2e,,«A’*A'« is called the 
rigidity corresponding to the two given directions A% IShow that the 
rigidity is 


17. If a stress EXrX^ is applied to an elastic body, the ratio of E 
to the invariant e^X^X^ is called Younefs modulus corresponding to the 
direction A^ Show that Young’s modulus is 


nU^n 3 '3 V' ’ 

^ r & ^ ^ 

Also show that the ratio of the contraction in any dii’cction A'*", per- 
pendicular to A’', to the elongation Or^X'^X^ is 

rvn ri 3 g g / ;• g 

^ r .1 ^ 

n g g ~ g/’ g^^ ‘ 

This is called Poissov?s ratio for the directions A^ A^’*. 

18. If we have an isotropic elastic body on which no body forces 
are acting, show that the following relations connect the stress and strain 
tensors in the position of equilibrium: 

(i) AQ = Q. (ii) /I (sr»"E„„) = 0. (iii) (3 A + 

+ 2(A + /i)r”^?».n,r.= 0. (iv) (A-h/^)0,„+ /ir*' 0. 
(v) (A + 2/<) -f- 2^^'* = 0. (vi) p''"‘ = 0. 

19. Show that the stress in a viscous fluid is 


^ (y 4- I n> t,™ . 

20. If the motion of a viscous fluid is slow, prove that the equations 
of motion can be written approximately 


dVr 

'Tt 


'-qK 


^ + (A' + n') + n' i/"'" , 


If, in addition, the fluid is incompressible, 0' = 0. 

21. In the slow steady motion of a homogeneous viscous liquidj 
show that 
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and deduce that 




that is, the divergence of — g F^j is zero. 

[Use the fact that 0' = ~ 0 and as a consequence 


'^T , tuns — 9^^ '^T , smn — t) .] 


CHAPTER XXI 

The Special Theory op Relativity 
1. The four-dimensional manifold. 

We shall now consider the applications of tensor methods 
to the theory of relativity. We confine ourselves to the special 
theory since all the treatises on relativity already deal with 
the applications of tensors to the general theory. The student 
will indeed find that the equations at which we arrive can in 
many cases he immediately generalised to meet the requirements 
of the general theory. 

Let us suppose that the positions in space of certain events 
are recorded with reference to an orthogonal Cartesian system 
of axes {x, y, z), that is, the position of any event will be 
given by three numbers or space-coordinates. Moreover the 
observer who is using this coordinate system of axes also measures 
by means of a clock the times at which the events occupy the 
observed positions. Obviously then an event is completely 
recorded by the four quantities x, y, z, t. Up to the 
present we have found a geometrical representation of the 
event by plotting the point {x, z) in space and attaching 
to it as a scalar the time at which the event took place. But 
another form of geometrical interpretation is open to us. We 
may take a four-dimensional manifold, that is, a manifold in 
which it requires four numbers or coordinates to fix the position 
of, a point, and we shall take x, y, z, t coordinates in 
this space. Consequently we see that in our four -dimensional 
manifold every event is represented by a point and, conversely, 
every point represents an event. We shall see that this represent- 
ation of events is essential for the development of the ideas 
of this chapter. We call this manifold the manifold of space 
and time and we shall often refer to it briefly as space-time. 
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2. Generalised coordinates in space-time. 

If we are given four variables x^, x^, which are 
known functions of the space coordinates x, y, z and the 
time t, we shall obviously have four relations of the form 

x^=f^{x, y,z, t), 
x^ ==P{x, y,z, t), 
x^=f^(x, y, z, t), 
x^ = f^x, y, z, t). 

We shall suppose that these relations are reversible, that is, 
the rr, y, z, t variables can be expressed uniquely in terms of 
x^, x^, x^. As a result of these relations it is seen that any 

event can be expressed in terms of the four variables x'^, x^, x^, tA, 
which determine it uniquely. These variables, which we shall 
call coordinates, are a direct generalisation to four dimensions 
of curvilinear coordinates in space. 

We shall use Greeh indices to distinguish these variables 
and in this chapter we shall adopt the following conventions: 

A Greeh index, if free, is to have the range of values 1 to 
and a Greeh index, if repeated, is to he summed from 1 to 4 . Con- 
sequently the formulae (1) can be written briefly 

= y, 0 * 

On the other hand we shall keep our previous conventions that 
italic indices will range from 1 to 3. 

Any other observer, who is observing the same events, will 
similarly be able to record these events in terms of four other 
variables x“, and these must be uniquely related to the x"" 
since each set of variables records the same events. We have 
therefore the relations 

= x“ {x^, x^, x^, xA) (2) 

together with their inverses 

{x^, x^, ( 3 ) 

In other words, the transformation from one set of coordinates 
to another set is a functional transformation between the 
variables. 
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Exactly as in the case of transformations in three variables 
we can define tensors with respect to functional transformations 
in four variables and the definitions can be immediately extended. 
Thus the set of quantities is a tensor of the third order, 
contravariant in a and covariant in and y, if its components 
in the new coordinate system satisfy the relations 


^ dx'' dx^ dx^ 
dx^ dW dx^ 


( 4 :) 


We may call these tensors world tensors to distinguish them 
from the ordinary space tensors. 

Let (vo, y,z,t) the s]^ce coordinates and the time used by an 
observer 8 and le^(x,y,Zit) be the corresponding variables used by 
another observer 8 (the origin of space coordinates in each case coin- 
ciding with the observer). These are particular cases of generalised 
coordinates in space-time and we have 

x^x{x,y,z, t), y^y(x, y, z, ^), 
z = z {x , y, z, t)} t t (ic, 2/j z, t), 
and also the inverse equations 

X = x{x, y, z, t), etc., 

which give the relations connecting the space coordinates and the times 
used by two different observers. It is a simple matter to deduce from 
these equations the motion of the observer 8 relative to 8. S*s position 
in space at any time is given in his own coordinates by x = y = z = 0 
and therefore in 8^fi coordinates we have 


X = x(0, 0, 0, t), etc. 

The elimination of t gives {x, y, z) as functions of t, thus giving the 
motion of 8 in 8^’s coordinates. Moreover every point which lies in 
the » - coordinate surface of 8 satisfies the equation » = 0 , and con- 
sequently the equation of this surface referred to 8 is 

x(x, y, Zy /) = 0 , 

which is the equation of a surface moving relative to 8* Similar 
results hold for the other coordinate surfaces of 8, 


Examples. 

1. Show that the motion of a particle in space is represented in 
space-time by a curve of the four-dimensional manifold. This curve is 
called the world-line of the particle. 

2. Show that the motion of a surface in space is represented by a 
three-dimensional surface in space-time. This three-dimensional surface 
may be called the history of the moving surface. 
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3. If the space coordinates {x, y, z) of an_observer 8 are orthogonal 
and Cartesian and those of another observer 8 are connected with them 
by the formulae 

y = m(y-~-vt), z n {z wt) , 
t = (X. X -j- ^ y ’j- 

where I, u, a. etc. are all constants, show that the observer 8 is moving 
with a constant linear velocity relative to 8 and that his space-coordinate 
planes, as viewed by 8, are moving parallel to themselves with constant 
velocities. 

3. The principle of special relativity. The interval and the 
fundamental quadratic form. 

Our next step is to introduce the hypotheses (or principles) 
of the special theory of relativity. For our purpose these may 
best be expressed in the following form, which we call the prmciple 
of speoial relativity: 

The equations describing all physical phenomena in a def inite 
reference system transform into equations of the same form when 
referred to any other system moving with a constant uniform 
velocity relative to the first. 

Thus in the special theory of relativity there is a special 
class of privileged observers or reference systems, which are 
moving with constant velocities relative to each other. Wc^ call 
such special reference systems Galilean systems of reference. 

We shall make two important deductions from this 
principle by means of two hypotheses which have been already 
accepted in classical mechanics and optics^ Let S be one of 
our special class of reference frames and S a second, and let 
us suppose that the space-coordinates in both are Cartesian. 

(i) We first make the assumption that a particle, acted on by 
no forces, will describe a straight line in /S’s frame of reference, 
that is, its space-coordinates referred to 8 will be linearly ex- 
pressed in terms of the time. It results from our principle that 
the particle describes a straight line in S's frame and the new 
space-coordinates are also linearly expressed in terms of S^B 
time. Oonsequently the space-time coordinates of 8 are linear 
functions of the space-time coordinates of 8, 

(ii) Again we make the second assumption that the velocity 
of propagation of light referred to 8 is constant and independent 
of the motion of the light-source and we shall denote this 
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constant by c. Hence tlie velocity of propagation of ligiit 
referred to S is also a constant, which we shall denote by c. 
We have therefore found from onr principle the result that 
the velocity of 'pro'pagation of light referred to any one of our special 
reference frames is a constant. 

Let t) be the Galilean coordinates of S and let 

us denote the corresponding coordinates of S by barred letters. 
From our first assumption we see that the relations between the 
two sets of coordinates are 

where the y’s are constants. Moreover if a spherical light wave 
start from the point x^) at a time t, as observed by S, 

then at a time V the wave front will lie on the surface 

. . ( 5 ) 

where g^^^ is the fundamental metric tensor of 5’s space. Also, 
as observed by S , the wave front will lie on the surface 

= ^ • • ( 6 ) 

where barred letters refer to S’& observations. In other words, the 
equation (6) is a consequence of (6). Since the transformation 
from one set of coordinates to the other is linear, we therefore 
must have 

= K (*' “ - (a;'" - x") - {f - tf] , 

K being a constant. Now it can be immediately seen that by 
a change of S’s, units of space and time we can make not only 
K = I but also c = c. This change of units we shall suppose 
to be always effected and we get 

gmn (*' ” - - ^") - Ct’ - tf 

= gmn ”■ - (*'” ” ®”) - («' - • 

If the events {x'\ t) and (x'’', t') are neighbouring events we 
may put 

x'’- -i- dx\ t' = tJt-dt, 

with corresponding changes in the barred letters, thus giving us 
the relation 


(B 287) 


19 
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~~ 

or, as we may write it, 

(ia^ — dt^ — do^ — c^ dt^, (7) 


where do ^ da are the space elements of length for 8 and 8 
respectively. Also it is obvious that the relation (7) will still 
hold if we take any curvilinear space coordinates for 8 and 8 
instead of Cartesians. 

We therefore see that the quadratic form 

dt- — do^ = dt^ — g^m dx'^^ . (8) 

is an invariant for all changes of coordinates from one system 
8 to another 8 of our special class of observers. We call the 
invariant ds the interval between the two events (oj’’, i) and 
{x^' dx‘^,t-\- dt ) . If we use generalised coordinates as described 

in the previous section we see that ds^ will be a homogeneous 
quadratic form in dec®, that is, 

ds^ = dx^ dx^^ ( 9 ) 

where is a function of the coordinates symmetric in oc,/5. 
Since ds- is an invariant we deduce that is a double tensor, 
which we call the fundamental tensor, and we call (9) the funda- 
mental quadratic form. If we use one of our special frames of 
reference we know that our quadratic form takes the particular 
form (8). Moreover if we take a Galilean reference system in 
which the space-coordinates {x^, x^) are orthogonal and 

Cartesian, the fundamental quadratic form becomes 

ds^ = o^dt^--{dx^f--{dx^f---{dx^f,, . . ( 10 ) 

We have now deduced a fundamental quadratic form in 
the four-dimensional domain similar to that found for the 
distance between two points in three-dimensional space. Con- 
sequently we can write down the Christoffel symbols for such 
a form; they are defined by the equations 


[a/S,y] 


dX^ 92 !“ 


dx^ J’ 


. . ( 11 ) 




a’'^ being tbe cofactor of in tbe determinant divided 

In exactly the same manner as in Part III we can 



XXI] 


THE SPECIAL THEORY OF RELATIYITY 


291 


define the intrinsic and covariant derivatives of a tensor-field 
by means of these Christoffel symbols, and these derivatives will 
have similar properties in four dimensions to those in three. 
For example, we define the intrinsic derivative of A“ with 
respect to a parameter u (cf. pp. 146, 147) as 


8A” _ (^. 4 “ 

Su du fivl ^ ^ du \pv ^ du 
and its covariant derivative with respect to x' as 


( 12 ) 


A 


<X 




+ 




(13) 


Examples. 

] . Show that in a Galilean system of reference with Cartesian space 
axes the OhrivStoffel symbols are zero, and deduce that the intrinsic and 
CO variant derivatives reduce in such coordinates to ordinary derivatives. 

2. If a particle moves from one event A to another B with a velocity v 
rel alive to an observer B, show that the interval between the two events 
is given by 

s = !^ \ o' dt , 

3. If a particle moves from one event to another with uniform 
v(‘locity, show that the interval s between the two events, divided by c, 
equals thc^ time^ as measured by a clock carried with the particle. Thus s 
is sometimes called the local iime. 

[Ghoose a Galilean coordinate system whose origin always coincides 
with the particle and use Ex. 2.] 

4. Lorenlz imnsformation. If (.rb are orthogonal Cartesian 

Bpace,-coorclina.tcs and t the time of a Galilean system B, and the coordinates 
of another systc^m B are connected with those of 8 by the formulae 

•u' 

^ 1 1 J (iul _ ^ o-a ^ nA = 0-3 


show that B m moving along the a;’--axis of B with uniform velocity u 
and that ;«b are orthogonal Cartesian space axes for B, This trans- 
formation tlureforo gives the relation between the space and time co- 
ordinaif^s of two special systems of reference. 

[Show that = c^di^ ^ {dx^)^ — {dx^f — {dx^f‘.'] 
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6. SLow that in a Galilean system of reference 

flrs = — Ors’ a,i = 0, Uii = c^, a = — G^g 

a’'* = 0, a« = — , 

c 

where the gf’s refer to the space coordinates and 

^oj/? N 9 I I ' 

[Note that a is negative.] 


4. Local coordinate systems and their transformations. 

If we consider a point P of space which is moving in any way we 
can associate with this point a set of special coordinate systems wliicli 
we are now going to describe. If P is moving with a velocity v a-t the 
instant under consideration we can take a Galilean frame of r(‘f{Tence 
which has the same velocity v at this instant so that the point F is for 
the moment at rest in our reference system and we shall determine an;v' 
event by means of the space and time coordinates t) of our frame. 
Such a system of coordinates we shall call local coordinates (or the point P , 
We see that this does not determine our local coordinates uniquely and 
we shall find what is the transformation from one local coordinate 
system to another 

Since the two coordinate systems aro moving with the same xxniforni 
velocity we see that their times are identical, namely the time nn^asurod 
by a clock carried with them. Thus t t. Also the transformation of 
space coordinates will not involve the time as the space frames are not 
moving relative to each other. Hence = Sr’’ ir*) and wc have 
the result that the transformation from one local system to another is 
of the form 

X'*' = x'^ (x^ , , x^) , t = t (14) 

If we put x^ = ?for the present, we see that (14) may be written 

in the equivalent form 

x^ = x^ (a;l, X^i X^), =: X*, (15) 

Let us investigate how the components of world vectors and world 
tensors transform when wc change from one system of local coordinates 
to another at the same point. We consider first a contravariant world 
vector From the law of transformation wo have 




dx^ 
dx^ ’ 


from which we see that the transformation (15) gives 


= A 


da;” 


A4 = A^ 


(16) 
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In other words, under a local coordinate transformation {A\A%A^) 
transforms as a space vector whilst A^ transforms as an invariant. We 
can therefore conclude from this that we can always define a world vector 
A^ such that in any local coordinate system its first three components 
are those of a given space vector and its fourth component is a given 
space invariant. We shall have of course similar results for the covariant 
vector . 

We next consider the double world tensor Its law of trans- 
formation is 


= Af^-^ 


dx^ dx^ 
d d a;’' ’ 


When the transformation is from one local system to another we see 
from (15) that 


A^^ = 


J^mn 


dx^ 


dx^ 
dx» ' 


A^^ = 


dx^ 


Ir 


dx^ 
dx^ ' 




Wo can therefore divide up the components of A^^ into groups 






of which A^^ transforms as a double space tensor, A^^ and A^^ as contra- 
variant space vectors and as a space invariant under local coordinate 
transformations. We conclude that we can always define a double world 
tensor B\ich that in any local coordinate system the components 
form a given space tensor, form given contravariant space 

vectors and A^^ is a given space invariant, and we see that the particular 
local system used for the definition is immaterial. Similar results hold 
for the double tensor A^^, 


Examples. 


1. Show that in a local system 


^44 — C“, 





= 0 , 


^ n ^ 

dt 


2, Deduce from Ex. 1 that the Christoffel symbols [a/S,y] and 

A both vanish when one of the equals 4. 

a/5j 

3. Deduce from Ex, 2 that if we calculate the vector Afj^^ in a 
local coordinate system then its first three components are 




dA^^ 

dt 


and its fourth component is 


(-4?“,h + 


dA^^\ 
dt )' 
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Here and space co variant derivatives of A''^ 

and A^^, -which we have seen to he a space tensor and a space vector 
relative to local transformations. 


We have 

dj^avL 


OA^' 
' dt 




+ 


I “ { 4“’* + ( “ I 

\mn\ \nm] 


fipi 

A^^\ by using Ex, 2. 


4. Show that for the point P at the instant under consideration 


dt 


c, 


d^s 

df- 


==:0, 


when a local coordinate system is used. 

j^If V is the velocity of a point in a Galilean frame we see from (8) 

that ~ — and so v-^llc^ — v^. Now in a local 

dt ' dt'^ dt 

coordinate system for the point = 0.1 


5. Relativistic dynamics of a particle. 

Let us suppose that a particle is moving under the action 
of a certain force system. The representation of the motion in 
space-time will be a curve, which is called the world-line of 
the f article, and along this curve we can take as parameter 
the interval, which as before we shall denote by s . 

Let us consider the vector 


a 




do(f 

(Is 


Its components referred to a Gralilean system are 

(dx^ dx^ dx^ dt' 

.ds ^ ds ’ ds ' ds, 


(17) 


Now if we take a local coordinate system for the particle we 
d s 

easily see that — = c in such a system, and the components 
of Gt become 

0 , 0 , 0 , 1) 

We shall call the -veotoi (17) the world velocity vector. 


(18) 
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Again, let us consider the vector 




6a^ 
6 s 


(Po(f I f 1 doc- doc"' 
ds"^ l^cr/ ds ds ’ 


. . (19) 


which is the intrinsic derivative of cy/ with respect to s . To find 
its components in a local coordinate system we use the fact 

that in this system = 0 (Ex. ^ above) . Hence for the 


instant under consideration the components of referred to 
a local reference frame are 


1 d?x'^ 



( 20 ) 


We shall call the world acceleration vector. 

We shall investigate the equations of motion of a particle- 
under a given force system. We take a local frame of reference 
for the particle, that is, the observer is moving for the instant 
with the same velocity as the particle and we shall assume 
that the classical laws of dynamics hold in this special coordinate 
system. Consequently we have 


mo 


dr' 

df 




( 21 ) 


where mo is an invariant called the proper or local mass of the 
particle and X'^' is the force vector in the local system. Let us 
introduce a world vector P" whose components in the local 
system are 

(-1^% 0) (22) 

We have seen that this is possible in the previous section. By 
reference to (20), (21) and (22) we see that we have the tensor 
equation 

(23) 

Eor this vector equation is seen to be true in the local reference 
frame and is therefore true in all coordinate systems. We may 
calU'^ the world force vector and (23) gives the relativistic equations 
of motion. 
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1. Show that afiv a**' = 1 . 

[From analogy with three dimensions we say that is a unit world 
Yector.] 

2. Deduce that in a Galilean system (a^)2 = 1 + a”' a”. 

3. Show that oc’’ = 0 . 

[This relation is an invariant relation which is true in the local reference 
frame. From analogy with three dimensions we say that is ortho- 
gonal to a^.] 

4. Show that and deduce that in a Galilean system 

/7 

5. Show that in a local reference frame the associated vector = a^y a’' 
has the values (0, 0,0,c). 


6. Dynamics of a continuous medium. 

We shall now find the relativistic form of the equations of 
motion of a continuous medium. Let us consider a definite 
point of the medium and let us take a local coordinate system 
for this point. We assume, as before, that the classical equations 
■of motion hold for this special reference frame. The stress in 
the medium is defined by a space-tensor and the body 
force by a space-vector Z’*. The equations of motion in the 
local system are 

^:’, + eo{-3^’‘-f) = 0 (24) 

where Qq is the invariant f roper density and is the space 
acceleration vector. In addition we have the equation of con- 
tinuity 

(^0 ^0, f + ^ (25) 

u'^ being the velocity vector. Our object is to express these 
equations in terms of world tensors. 

For this purpose we shall introduce the vectors a^, and 
of the previous section and let us introduce a new world 
tensor defined by the conditions that its components in 
the local reference system are 



XXI] 


THE SPECIAL THEORY OP RELATIVITY 


297 


— W’ 0 

(26) 

0 , Oj 

That this is possible we have seen in § 4 (p. 292). In terms of 
these world tensors we easily see that the equations (24) and 
(26) may be written 


(27) 


(^0“'“),^ = 0, 

which are both tensor equations in space-time and therefore 
true in all coordinate systems. 

These two equations can be combined into a single equation 
as follows. We have 

(3a^ 




ds 


II V 

= a. ^ a 


Hence, making use of the second equation of (27), 

Thus if we put 

(28) 


we see that we have the tensor equation 

+ = o (29) 

This equation is equivalent to the equations (27). For, if we 
multiply (29) by and sum with respect to [jl from 1 to 4, we 
find that 

and consequently 

(i?o«’').. = = 0, 

that is, the equation of continuity is satisfied. We can now 
prove that the first of (27) is a consequence of (29) by merely 
reversing the steps. 

The tensor equation (29) is therefore the final relativistic 
form of the equations of motion of a continuous medium. 


Examples. 

1. Show that a,. = 0 and that == 0 . 

2. Show that = 0 . 

3. Show that the tensor equation (29) can be written in the form 

Br:r -f 00 
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7. The eleetromagnetie equations. 

In order to express the electrodynamical equations in terms 
of world tensors we must introduce the fundamental skew- 
symmetric world tensors of the fourth order. We denote them 
by and and they have properties analogous to the 

corresponding e-systems in three dimensions. They are defined 
as follows: 

(i) vanishes if any two indices are equal and equals 

~ a according X, jn, v, q is an even or odd permutation 

of 1, 2, 3, 4. 

(ii) vanishes if any two indices are equal and equals 
±1/ according as A, ^ ^ is an even or odd permutation 
of 1, 2, 3, 4. We choose ]/~ a instead of ]/a since a is always 
negative in the formulae of the theory of relativity. 

We prove in the same way as for three dimensions that 
they are world tensors. 

If we have a dielectric in motion we may take a special 
local reference frame with respect to a given point of the di- 
electric. This point is at rest for the instant relative to our 
reference system and we suppose that the classical electro- 
magnetic equations hold in such a system. The classical eh'ctro- 
magnetic field is defined by the space vectors 
and the equations in the local system are 


and 


.'■‘r 1 SiS" 




(30) 


(31) 


where O’* is the vector giving the conduction current. To these 
equations we must add the relations 


(32) 

connecting these four vectors. We shall now express these 
equations in terms of world-tensors. 
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Let us introduce tlie two skew-symmetric world tensors 
and wliose components in tke local system are 


' c 

- 

-~B'- 


1 


(33) 

B\ 0 





G C 

and also the world vector whose local components are 


S^=(-C\ - 0 ^ -G\ -Qo 
\g ' g c ' c 


. (34) 


We easily see that the equations (30) and (31) take the tensor 
form 

= (35) 

and these are the relativistic forms of the electromagnetic 
equations. 

We have to deduce the relations between the two tensors 
Q^tv result from the equations (32). These relations are 


and 


cjpw = gss + ^12 gzi 4. ^18 012)^ etc. 


0(?14 = _ 4. £13 etc. 

If we put //" and foi the world tensors whose components 
in the local system are 

'‘•”-ro':3' 

and if we remember that the special components of and 
are (|o, 0, 0, and (0, 0, 0, c) respectively, the relations 
take the tensor forms 






.... (37) 


Examples. 

1. If we define B^y as the world tensors whose local com- 

poncats are (D', 0), (//,, 0), (£',0) respectively, show that 

4. £1 a/* _ 0,1, 

Q>/1 ^ By ag — !»*' + D'* a^. 
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2. If is the world vector whose local components are 

/ J_ (71 JL o] show that = 0^? + Qq cc<-^ . 

\c C ■ G J 

3. If we define the tensor by means of the formula 

— a ^ftv Qa-^ ’ 

show that the first of the equations (35) may be written in the equi- 
valent form 

^== 0 . 

4. Prove the relation 

6. Show that the local components of are 

cjB, 

cE., 0 

6. If we take the associated tensor (?^,,, = , show that its 

local components are 

{SrstfP^ oDr] 

-cD,, 0 

EXAMPLES XXL 

1. An observer S is moving with uniform velocity u relative to 
another observer S, li 8 uses orthogonal Cartesian sx)acc axc's and 8 
uses as space coordinate planes the planers which coincide with 8'^h e-o- 
ordinate planes at the time i{ = ?==(), show that the transformation 
between the two coordinate systems is 



where are the comimnents of u relative to /9’s coordinates. 

Also show that the cosines of the angles between space coordinate 
planes as viewed by 8 are 



[We must assume (x^ /), etc. t — -h /? i, Uso fact 

that ds^ = c^dl^ - 2’ (dx^f = _ 2 - 2 2% d.^ dx^ for all 

values of the differentials, Sg, being the cosiiK's of the angles in 
question. Also -j- wj].] 

2. Lorentz transformations. If 8 is moving along 8\ rc-^-axis show that 
the transformation of Ex. 1 becomes 
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a;l = 

-r V>x^\ 




a.nd that B\ space coordinates are also orthogonal. 

3. Show that the cq^uations in generalised coordinates of the path 
of a particles under no forces is 


.( Q \ dx^ __ 
■*" ds ds 


' [juv 

LTlieso are called the geodesics of space-time from the similarity of 
th(‘ir c‘quatioiis to those of the geodesics of a surface.] 

4. In a Galilean reference frame show that the equations of motion 
of a particle may be written 


d 

dt 


/ Wq dx'^\ 

dt \]/^!nr 52 dt ) 

=yc2 


) == \c; 


■ 9m n 




dx^ 

dt 


wlu‘re V is tlie velocity of the particle relative to the reference system, 

r ^ . dfS 

L‘ 


L/s(i th(^ fact that in a Galilean system ~ j 


5. J^ed uce from Ex. 4 that the equations of motion of a particle 
in, a Galiknm frame of reference are 


di 


“wliore 


f dx^\ . 

r-5r}=- 




1 

c2 dt 


m 


Wo 




]/ 1 -- v^Ig^ 

[The student will notice the sixnilarity of these equations to those 
of classical dynamics. Wo may interpret m as the mass and as the 
fortJO vcaitor relative to the reference system, and we see that the rate 
of change of mass is proportional to the rate at which the force is 
doing work.] 

0. If a particle is acted on by no forces, show that the quantity 
... . . ig constant as viewed by an observer 8 of our special class 

fi ^ ^ 

and show also that its velocity relative to this observer is constant. 

7. |:ihow that the relativistic equations of a perfect fluid are 

T^'*' == - (3) + Qq) oF- 

Tim invariant p is the local pressure. u. y\ 1 

[Show tliat the stress tensor is = 3^ (a-" — a^a }.J 


where 
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8. In the motion of a continuous medium show that 

9. In the electromagnetic field show that we have the relations 

a ^/uv) C>^ff “ 0, 

connecting the tensors and Gjuy 

10. In the electromagnetic equations if the dielectric is isotropic 
show that we have the relations 

oc^ = 0, 

e and fi being invariants. 

11. Prove that the current vector iS^ satisfies the equation /S'^* ^ = 0. 

12. If we define a world vector satisfying the relations 


show that f/3^ satisfies the equation 

The vector is called the electromagnetic potential world vector. 

13. If we define the world tensor as that whose components in 
the local system are 

0( 

" “1 0 . or 


being the local conduction coefficients, show that is given by 

14. Show that the formula of Ex. 13 can be written in the equi- 
valent forms 

^ I -h eo 

15. For the relativistic form of the equations of the electron theory 

we have merely to remark that in the local system is identical with 
Br and with Show that for the electron theory and 

= Qq oF and deduce that the equations are 

16. If we transform from the local frame of reference to another 
Galilean system in accordance with the Lorentz transformation 

=: h(x'^ — vx^)^ x^ = x^, x^ — x^t = h (x^ — vx^jc^). 


show that the new values for B^ and^^ in the electron theory are 
= E^==h(B^-- 

H^ = E\ E^^h(E^- pB^). 

[Use the fact that E^^ is a double tensor.] 
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Orthogonal Curvilinear Coordinates 
in Mathematical Physics 


1. The classical notation. 

In the test we have dealt with the use of ouivilinear 
coordinates in mathematical physics by the methods of the 
tensor calculus. Since orthogonal curvilinear coordinates are 
introduced into the ordinary text-books on mathematical physics 
without using tensor methods or tensor notation, it will be 
useful to translate our results into the classical notation em- 
ployed in such books*. 

In this notation we take three families of surfaces 


fi{x,y,z) = ci, f^{x,y,z) = ^, U{x,y,z)-=y, . (1) 


which cut mutually at right angles, x, y, z being Cartesian 
coordinates. A point is determined by the three coordinates 
a, p,y and the line-element is given by the formula 


hi + + hi ’ 


( 2 ) 


hi, \ being functions of a, jS, y. That is, connecting the 
notation with that of the text, 


_ 1 _ 


x^ = a, x^ = /S, a;® = y, 

1 1 

933 — ~ 0 5 

1 

hlhlhl' 


. ( 3 ) 


The notation we use here is that employed in books like Love’s 
Mathematical Theory of Elasticity. 


803 
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Also the associated tensor has the values 

We easily verify that the Christoffel symbols are 



IaI 

iil Ilf dx^’ Uji 



h dx^ ’ 


A, dx^' ^ 


i^) 

( 5 ) 


where i, j, h are unequal and the summation convention has 
been dropped (cf. Ex. 9, p. 155). 


2. The physical components of vectors and tensors. 

Let us denote by ej'^) the unit vector tangent to the 
coordinate curve. We see immediately that 

== (^•^) 

If we are given a vector A'^\ instead of taking A^, A'-^ 

as the components of the vector, in the classical notation we 
take as the components the projections of tlie vector on the 
tangents to the coordinate curves. We shall denote tliese 
components by A^, A^, A^ and we have 

A^ = A^^ = -d,;. e|2)j ^ 


where A,, equals grs^^ is tiie associated vector of 
Thus 



We call these components the 'physical components of the vector 
to distinguish them from the tensor components. Since A^, 
A^, A^ are the projections of A^ on the tangents to the 
coordinate curves, we see that the physical cojuponents of 
a vector are simply its components referred to a Cartesian 
system of axes coinciding with the tangents mentioned. 

Similarly, if we are given a double tensor we define 
its physical components as A^^, A^^, etc., where 

'^ota ^(i) ^(i) 9 "^fty ~ A^^ , etc. , 
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Afs being the associated tensor of Hence 

'^ota ^ ^ ? ^py — ^2 ^^3 ^23 ^ 

An interpretation of the physical components of a double 
tensor can be given similar to that given in the case of a 
vector. The expressions 

■^aa ^rs ^(1) ^(1) ’ ^fiv -^rs ^(3) ^{3) 5 ctc. 

are obviously invariants for all transformations of axes so 
long as e[^), are three fixed; vectors. They are fixed 

if their directions are fixed, since they are unit vectors. As 
a special coordinate system, then, let us take Cartesian rec- 
tangular axes X, y, z with Ox, Oy, Oz in the directions 
of da, (1^9 dy at the point concerned. Tor this system of 
coordinates have components (1, 0, 0), (0, 1, 0), 

(0, 0, 1) respectively, so that 

, ALo. A .22 9 etc. 


Thus the physical components of A^^ are simply the com- 
ponents of the tensor referred to Ox, Oy, Oz. 

For example, if A^^ is the strain tensor defined on 
page 272, then 


A 


act 


du . - ^ 


etc., 


where u,v,w^m the components of the displacement vector 
referred to Ox, Oy, Oz. 

We can obyiously extend the definition of physical com- 
ponents to tensors of any order. 


3. Dynamics. 


We shall obtain the equations of motion of a particle in 
the coordinate system (a, /9, y). 

Let v^, Vy) be the physical components of the velocity 
vector. Then, since == a, ^ y, we see from (7) 

that 




cc B y 


( 9 ) 


(n 287) 


20 
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The acceleration vector may be found by substituting 
directly in (4), p. 219, or as follows. Using (10), p. 222, we 


have 


fd<p\ 

dcp 


dt 

idJ 


where 


+ 11 

'-) + [fj 

3/ W3/ . 


Hence the physical components of the acceleration vector are 

L = hk 

(dh^ 


d (a 


+ 


\ da 


_! , dhgh ^ k 

kl Pt. M 


F V ^ 

3 jL 

A? 


(10) 


etc.. 


the other two components being written down by symmetry. 

The physical components of the force vector (Q^, Q^) 

are given by 


Qa — ^h. Ql 


■h 


dV 

da. ’ 


Qq — Ag ll 


dp 


Qy A3 Qg A3 


dV 
dy ’ 


( 11 ) 


y being the potential function; and the equations of motion are 

ML = Q,, Mf^ = Q'^, Mf^ = Q^. . . . ( 12 ) 


4. Electricity. 

We use the following notation for the physical components 
of the electromagnetic field- vectors : (i) E^, E.^) the electric 

force vector, (ii) {D^, D^, D^) the displacement vector, 
(iii) Hf, H^) the magnetic force vector, (iv) B^, B^) 
the magnetic induction vector, and (v) (0^, G^, 0^) the current 
vector. 


From 

CO 

p. 267, 

we 

see that 



1 dB, 

_ 1 

dB’^ 

ri ____ 

_ 1 

dB^ 

— ]l h . 

dE,\ 

G dt 

~ e ' 

Umn 

‘"(1) 

o\ 

dt 


dfJ’ 

that is, 









1 

0 

1 

J 12 

'— ( 
' dy ' 



. . (13) 
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and the other two equations follow from symmetry. Similarly 


c “ 


lid ho 


d (H^ 


d (H, 


\h^J dy \ h 


tA 


etc. 


(14) 


Also, from (38), p. 267, we have but (Ex. 5, p. 155) 

1 


Hence 

hi J12 h^ 
and similarly 
7^1 J12 h^ 


d: 


d ( D. 


da \ 7^2 7^3 
'd ( 


+ 


A 


^ UgD^)- 


[jAl] 

\ Jifi hi J 


+ 


B, 


^ dy \hi h^J} 


d ( B„ 


Af 

V/ig /ii J ^ dy\ \ li^ yj 


+ a- • 


= e. (15) 


0. (16) 


Equations (13) — (16) are the electromagnetic equations in 
our curvilinear coordinate system. 

For the electrostatic field in a vacuum there exists a 
potential function 7, which satisfies Poisson’s equation 
AV = — Q, and this can be written 


AV =llx ^2 

+ 


dal/iaSg dot.) dpKli^h^ 9/S 

9 ( h 

'^y\hj_Ii^ dy)} 


(17) 


by using Ex. 6, p. 155. It gives the expression for the 
Laplacian of F in orthogonal curvilinear coordinates. 

5. Elasticity* 

If we denote by (w^, the projections of the dis- 

placement vector of p. 271, we have 


= hi ^i = -y— J == 72-2 ' 


£2 tz 


The physical components of the strain tensor are therefore 


^aa ~~ 7^1 ^11 — hi^i i — h^ 




^ L da 

I 




, etc., 


— 7^2 7% 623 — hz h ^ (^2^ 3 + 1^3, 2) 

1 
2 


= ” 722 h 


di, ■ gga g 
L dy dp 




etc. 
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On substituting the values of the Christoffel symbols from (5), 
these formulae can be reduced to the form 


= h 


2 


d<x. 


etc, 




Ju d 


dy 




(18) 


etc. 


Also tlie physical components of the rotation tensor co^g are 


that is, 


(0^^ — ^2 ^^3 ^23 2 ^8,2] 

[dis dis 
.dy 9/9. 


/i2 


etc., 


CO 


'fiv 


■ \ \ 


A _ A 

dyKli^l 


, etc. . . (19) 


The physical components of the stress tensor are 
denoted by aa, etc.; thus 

JJ 23 


aa==~^, fty 


hk 


•, etc. 


Now 'the equations of motion of a continuous medium are 
given by (10), p. 275. Expressing these in physical components 
we get 


K 


hi y!g 

(cf. Ex. 7, p. 155). We have then 


1 

mn 




d 1 

f ) 

1 + A| 

( \ 

i+^i 

dy 


.9a 

hi h^ h^ ) 


V/q ^2 h^ J 

\hi li^ h^J .. 


_ dlog/ti ^„ 74 d log 

9a hi dec 

^ ^ldIog/^3^33 _ odHhEi^ 

hi doe dy 


Introducing the physical components of E^^, we obtain the 
equations of motion in the final form 
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^ '■4 (js) 

d ( ay 


+ *.^W + J. 


Slog ^3 


^ Soc ‘ da 
Also the formula for the dilatation 6 is 


yy, etc. 




— ^2 ^3 


L9a 


. A r A f-AV . 

Kk^h^J^ dp \h^li-y) dy VAi^g/J 


( 20 ) 


(21) 


6. Hydrodynamics. 

In the motion of a fluid the acceleration vector fr Is given 
by (15), p. 276. Hence its physical components are 

~ dv-^ 


h 


fa — \ fl — ^ 

L dt 


dt 


+ v, V 
1 d 




since = 2 that is, 


fa = h 


d fv„ 


+ 


AAAAA'lU t) 

Si? l/ii/ da\hj\ ^ ^ 


+ 


(AfA 

_A( 

\]i^) 

da \ 


da \ju)\ 2 da 


AU . i_ lA_ + + 


where v^, are the physical components of the velocity 
vector. Therefore 




f + iis 


'dy 




dv^ 
“da 


d (v, 


d^ \h 


, d\ogh . 

da da 


( 22 ) 


etc. 


The equations of motion are derived from (12), p. 276, 
and are 
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= (23) 

Q da. «i 

Also jfrom (17), p. 277, we see that the equation of continuity 
can be written 


dg , , r. dg 
dt dt 




or, in terms of the physical components, 


dg j , . \ d 


+ 


A 

dy 


Zl'2 

J.^V„ 

\ K 


+ 


d 

dp 

0. 


A,/^J 


(24) 


Examples. 


1. Spherical polar coordinates. EstfiliJish tlio following rchsiiltn 
spherical polar coordinates {r, d. (p): 

(i) Line-ehmenL 

ds^ = (dr)“ + {(10)^ -}- 

(ii) Dynamics. 

M [r — rd'^ — r sin^ B 9^“} ~ Qr ‘ ? 

dr 

mID-i; -% (r^ sins e 7')l -- -= ’ „ . 

[T'iMnddt^ rmxO (hp 

(iii) Elecif icily. 


-L^_ L- 

G dt r fiin Q [. 0 (p 



c dt 


l^J)^ 
r Or 




_ 1 
r sinT^ 


() Er 

0 (p 


1^ 0 B,f, ^ 1^ ’f)E, 
c di r „ do 




] r d 




i)inq 

<><f J 


I dHr „l./7 
rHin0 dp r <)r ^ * 



= _L ^ 


dr 


{rile) 


dU, ] 

dO J* 
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^2 ysin^ c>0 ^ ^ysm0 d(p 

r'- 9r sine 90 r sine dtp 


2 er\ , 1 a /- ay 

^ dr 1 r^ sin 6 99 v 99 


1 ggy 
f ^ sin^ 0 ^ (^2 * 


(iv) Elasticity, 


> ^ee- r dO ^ r 
r sin 0 d(p r ^ ^^6 ' 


,ysin0 Oip 

r 00 r 

' 1 dUr 

, OUqt 

U(p\ 

^rsinO 0(p 

dr 

r )‘ 

''I OUr 

'1 n ”y 

9% 

n 

U^\ 


^dcp 2rain0L^<p ^0 

I ri d , 


(sin d %)J , 


1 dv,r 


2 Lr dr rainO d<p 

L. r — (ru ) 1 * 

rd- 2r I 06 dr ]^ 


Q if, - F,) = ;ra7 (»•“’•»•) + ;:^ee 


(sin 6 rd) 


. 1 ^ 


■{99 + tpcp), 


9 ife -^6) = iw + ^ie W 


~ r sin 9 9 (p 

1 9 . 


9 (/-P '^M^W -P ^ > + 7^ ^ ?> e ^ 

+ 7^9^^^^- 
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(v) Hydrodynamics, 


, UVr , dVr , ^ « t ax 

/r — P, +«'r 9^ + ^ QQ ^ rAsxQ d(p r <®e + V ’ 


/ g ' I ®e ^®a , ^®e cote 

Si r 5r 8^ r 50 ~^rsm6 3^ >• ’ 

, dVw . Vr d , - , ^0 ^ / • \ , 'y?' 

dr ■’’rsine 36 ^ ■*■ rsin6 d<p ' 


— = r sin 6 (jFj> — /ip) . 


,, 1 5/-n ^, 1 S{QVq,) „ 

2. Gylmdrical coordinates. Establish the following results for cylin- 
drical coordinates (r, 0, z)\ 

(i) Line-elemmt, 

ds^ == (ir)3 -f (i^0)2 4- (dz)^, 

(ii) Dynamics. 

M{f-r6^)^Q, = -^, lfU4-(’-^e)l = e„ = -i ^Z-. 


M{r-re^)^Q, = --^, Ifj 
M'i = Sa = 

(iii) Electricity. 


- 3 _ 

1 dE, 

1 

dEr 

dz 

r do ’ 

c dt •dr 

^ dz ^ 

c dt 

1 rdEr 
'' r 1 dd ' 



,l_0H,_ 

dH, 

1 dHr 

IEl. 

r dd 

dz'^ 

T^e-~dr~ 

dr 

7 ^^ = 




Id 1 dD 

r dj- ^ '•z ~ j, dd ^ d;?: 


1 dB 


r dr V*" dr j r^ d6^ dz^ 
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(iv) BlasUcity. 


e.„ + e _ du, 

00 r do ^ r * 


1 / dUg , dUr 


1 

^0^ - Y 

/^_^0 t 1 

\ (9^ ^ r f90 / ’ 

e,r = 


1/1 du. 

, 


2 U ae 

'^'dr 

^62 =="4 

_ 1 du,\ 

\dz r do )' 

0>zr'' 


1 f du^ 

d 

dr ' 


2 [dr ^ dz 

= -i / N 

2 V ar ~dr )’ 


(>•“6) • 


, (/. -i^.) = (..7) + (.1) M 

(/o ■• --^7) = + 7^ i^) + ^ (^) . 

e (/, - F,) = J -1- (^j + A . 


(v) IlydrodynamiGa. 


0% 


+ 

% 

dVr 

+ 'y;s 


”1 

<)«• + 


r 

■ l)f 

1^' 

r ’ 

dt ' 

r dr 


■ ^0 

+ 

dv^ 
dz ’ 

<9?;, 

dvz 

•f' 


dv» 


dvg 


-ar-i- 


f 

■ aa 

dz 


-1r), 

1 dp 

i - 

z T 


■/e)^ 

e 

If-"- 


<^( 1 , 10 , , , 1 a , , , a , , „ 

ar 'i' r + + = 
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Coordinates, curvilinear, in space, 130 et 

seq. 

— , — , on a surface, 163, 164. 

— , cylindrical, 132, 136, 312, 313. 

— , elliptic, 132, 136. 

— , (Jaussian geodesic, 190. 

— , generalised, in dynamics, 240, 241. 

— , — , in space-time, 286, 287. 

— geodesic, 176, 177. 

— , — polar, 177, 178. 

— , orthogonal curvilinear, 138, 139, 155, 
' ’ • -166, 303 et seq. 

— , parabolic, 132, 136, 

— , plane, 61*e.t seq, 

— , rectilinear, 8'5 ,et seq. 

— , spherical polar, 132, 136, ■310—312. 
Covariant derivative of a siirkce tensor, 181. 

of a tensor, 47. , 

. of a vector, 145,' 146 

— ' — ^of a world tenSor, 291. 

— differentiation, 140 et seq. 

jlaws of, 148, 149, 181. 

— tensor, 23. 

— vector, 21, 22. 

Curl of a vector, 151, 152, 155, 258. 

, — , surface, of a space vector, 207, 

I Curreiit'^vector. ^05, 266, 306. 
rOdrvatiwe-j^Tinssian, 183, 191, 192. 

— , geodesic, 184—186, 190—192, 210. 

— , linos of, 212, 215, 216. 

— , mean, 203, 205, 211. 

— , normal, of a surface, 209. 

— of a curve, 157, 159, 247. 

—.total, 183, 191, 192. 
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Curvatures, principal, 211. 

Curve, particle on a, 223 — 225. 

Curves, coordinate, 131, 163. 
in space, 156 efc seq. 

— on a surface, 207 et seq. 

Curvilinear coordinates in space, 130 et seq, 
on a surface, 163, 10i. 

Deformation, homogeneous, 120 et seq. 

— , infinitesimal, 126, 127. 

Deltas, Kronecker, 8, 9, 24, 28, 30, 134 
165. 

Density, tensor, 139. 

Derivative, covariant, of a tensor, 147, 181, 
291. 

— , — , of a vector, 145, 146. 

— , intrinsic, of a tensor, 146, 147, 181. 

— , — , of a vector, 143 — 145, 179. 
Derivatives of invariants, 143, 144, 291. 
Determinantal equation, 16, 17. 
Determinant, cofactora of, 12, 15, 28, 34. 
— , expansion of, 12, 13, 15, 

Determinants, 10 et seq. 

— , as invariants, 34. 

— , symmetric and skew-symmetric, 15. 

— functional, 18. 

— , multiplication of, 11. 

— , reciprocal, 13. 

Dielectric tensor, 262. 

Dielectrics, 261—263. 

Differential parameters, Beltrami’s, 186, 
187. 

Differentiation, covariant, 140 et seq. 

— , intrinsic, 143 et seq. 

• — , tensor, 197 — 199. 

Dilatation, 273, 309. 

— , uniform, 283. 

Direction in space, 136, 137. 

— on a surface, 108. 

Displacement current vector, 266. 

— vector, electrostatics, 261, 266, 306. 

, elasticity, 271, 307. 

Displacements, 37. 

— , rigid body, 124, 125. 

Divergence of a vector, 151, 155, 256, 257. 
— , surface, 187, 206. 

Duality, principle of, 66. 

Dummy index, 4, 166. 

Dupin’ s theorem, 216. 

Dynamics of a particle, 218 et seq., 305, 306. 

— of rigid bodies, 233 et seq. 

— , relativistic, 294 — 297, 

e-systems, 8, 30, 34, 134, 165, 166. 

£-systems in space, 42, 135, 

— in space-time, 298. 

— on a surface, 167. 

— , derivatives of, 150, 181. 

Elastic coefficients, 279, 

Elasticity, equations of, 278 — 280, 307, 308. 
Electric force vector, 260, 261, 266, 306. 
Electricity, 259 et seq. 306, 307. 
Electromagnetic equations, 265 — 268, 306, 
307. 

, relativistic, 298—300. 

— potential world vector, 302. 

Electron theory, equations of, 270. 

, relativistic, 302. 

Electrostatic field, 259 — 261, 

Elementary divisors, 97—99. 

Elongation of a vector, 273. 

Energy, equation of, 223, 225, 249, 263. 

— of a dynamical system, 243. 

— of a particle, 221. 

— of a rigid body, 252. 


Energy of an elastic body, 280. 

— of electromagnetic field, 269. 

— of electrostatic field, 268, 269. 

— of magnetic field, 269. 

Enneper’s formula, 214. 

Equations, linear, 14. 

Bquipotential surfaces, 261. 

Euler’s angles, 241, 242. 

— equations, 239, 

— theorem, 212. 

Excess of a geodesic triangle, 192. 
Extension, simple, 128, 283. 

Faraday’s law, 206. 

Fluid, perfect. 276—278, 309, 310. 

— , — , relativistic equations of, 301. 

— , viscous, 280 — 282. 

Flux of a vector, 256. 

Force, lines of, 226, 261. 

— vector, dynamical, 219 — 221, 306, 

, electric, 200, 261, 206. 

— : — , generalised, 244, 249. 

, magnetic, 204, 266. 

— , world, 295. 

Free index, convention regarding, 4, 166. 
Frenet formula), 169; (surface) 185. 

Galilean systems of reference, 288, 290, 292. 
Gauss equations of a surface, 204. 

Gauss’s formulae, 200, 201. 

— theorem on total curvature, 211. 

in electrostatics, 200. 

Gaussian curvature, 183, 193, 192. 

Geodesic curvature, 384 — IBO, 390—192, 

210. 

— torsion, 216. 

Geodesics in space-time, 301. 

on a surface, 171 — 174. 

— .trajectories as, 230, 251. 

Geometry of dynamics, 240 efc seq. 

Gradient of a function, 134, 151. 

Gravity, centre of, 233, 237. 

Greek indices, conventions regarding, 165, 
286. 

Green’s theorem, in space, 255—257. 

, on a surface, 188, 189. 

Groundform of a surfaeii, first, 195. 

, second, 201. 

, third, 202. 

Groundforms, relation connecting, 205. 
Group of transformations, 20. 

Hamilton’s equations of motion, nartiele, 
232. 

, dynamical system, 253, 

Hooke’s law, 278. 

Hydrodynamics, (‘(piations of, 270 -278, 
280—282, 309, 310. 

Impulsive motion, 254. 

Induction vector, magnetic, 2G4, 266. 
Inertia, moments of, 233, 234. 

— , principal axes of, 234. 

— tensor, 233. 

Infinitesimal deformations, 126, 127. 

Inner multiplication, 6. 

Interval, 290. 

. . 1,43- -147. 

‘ , -19. 

— geometry of a surface, 1(53 ot seq. 
Invariant, definition of, 21. 

— , derivatives of, 143, 144. 

Invariants of a quadric, 119. 

— of two cones, 102. 

"rrotational motion, 278. 

Italic index, conventions ri'garding, 4. 
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Jacobian, 18. 

J oacliimstbars theorem, 215. 

Kinematical line-element, 246. 

Kronockor doltaa, 8, 9; (surface) 165. 

, tensor character of, 24, 28, 30, 134. 

, derivatives of, 150, 181. 

Lagrange’s equations of motion, particle in 
space, 222. 

, particle on surface, 227. 

, dynamical system, 244, 245. 

Laguorre’s formulye, 191, 217. 

Lame’s relations, 164, 156. 

Laplacian, 151, 155, 257, 307. 

Length, elomont of, in space, 41, 134. 

— , , on a surface, 167. 

Idght, eonatan<3y of velocity of, 289, 

Iduear transformations, 19. 

Line-element, action, 250. 

““ , in space, 134. 

— — , kimunatical, 240. 

^ on a surface, 107. 

Line, straight, 08 nt aoq. 

— , six coordinates of, 71, 74. 

Lo<‘.al coordinate systems, 292 — 294. 

— mass, 295. 

l^ortuitK transformations, 291, 300 — 302. 

Magruddc force vector, 204, 206, 300. 

— indiiotion vector, 264, 260, 300. 
Magru^tisation vector, 203, 260. 
Magnetostatic field, 2(53—205. 

Magtilfcudti of a vector, J35, 107. 

Manifold, four-dimensional, 285. 

MeiiTi (uirvabun^, 203, 205, 211. 

M(d-.ru‘. t(3nHor, derivatives of, 150, 181, 200. 

— - in space, 41, 134, 136. 

, on a surface, 167. 

MensnliT’s theorem, 209, 

Minimal surfaces, 210. 

Moduli of (daati(3ity, 284. 

Moimuifc of a force system, 251. 

M.oment vector of a force system, 236, 237. 
MoUKUital ellipsoid, 234, 261. 

Momentum, linear, 251. 

nionumt of, 251. 

— vector, angular, 230, 237, 252. 

. - . — , gimorallsed, 263. 

« - — , linear, 230. 

of a i)arblolo, 232, 

Moving ax(i8, 238, 239. 

Mulbiplloatlon of 8y8t(uns, 6. 

' ■ of t(mHorH, 25, 29. 

Natural trajectory, 225, 246. 

Normal curvature, 209. 

" principal, 157, 159. 

— - to a surface, 190, 197. 

- vector to a curve in space, 157, 168. 

— on a surface, 185. 

Ohm’s law, 205. 

Order of a system, 2, 3. 

Orlmitation of a triad, 47, 43, 138. 
Ortlmgonal curvilinear coordinates in 
space, 138, 189, 155, 150. 

— — on a surface, 175, 

classical notation for, 303 et seq. 

vectors, 43, 137, 109. 

Pa railed force system, 231. 

— pr p- a circuit, 101, 192. 

I ■I'-;'. -Id ::i -pace, 140 — 142, 145, 
140. 

... on a surface, 178 — 180. 


Parallelism with respect to a surface, 178 to 
ISO. 

Particle, dynamics of, 218 et seq., 305, 306. 
— , relativistic dynamics of, 294 — 296, 301. 
Permeability tensor, magnetic, 264. 
Perpendicular on a plane, 55. 

Physical components of vectors and tensors, 
304, 305. 

Plane, 53 et seq. 

— coordinates, 61 et seq. 

Point, plane equation of, 64, 65. 

Poisson’s ratio, 284. 

Polar directions, common, 89 — 91. 

Poles and polar planes with respect to a 
cone, SO. 

a quadric, 105, 113. 

Polarisation vector, 252. 

Potential function, dynamics, 221, 245. 

, electrostatics, 259, 260, 261, 263. 

, magnetostatics, 263—265. 

— , strain, 282. 

— , vector, 209. 

Poynting energy flux vector, 269. 
Principal axes of a cone, 83, 84. 

of a quadric, 107, 112. 

— curvatures of a surface, 211. 

— directions on a surface, 211, 212. 
Principle of least action, particle, 228, 229. 

— — , dynamical system, 250. 

special relativity, 288. 

Proper density, 296. 

— mass, 295. 

Pure strain, 272, 273, 

Quadratic forms, positive definite, 16. 
(i^uadrio, central, 104 et seq. 

— cone, 75 et seq. 

— , general, 113 et seq. 

— of an affine transformation, 121, 122. 
— , reduction of equation of, 115 — 117, 119. 
Quadrics, confocal, 110, 111. 

— , classification of, 115 — 117, 119. 

Quotient law of tensors, 26, 27, 29. 

Relative invariant, 29. 

— tensor, 28. 

— vector, 29. 

Relativity, special theory of, 285 et seq, 
Ricci’s lemma, 151. 

Riomann-Ohriatoffel tensor, of space, 
162—154. 

^ of a surface, 182, 183. 

Rigid bodies, dynamics of, 233 et seq. 
Rigid body displacements, 124, 125, 129. 

, energy of, 252. 

Rigidity, modulus of, 284. 

Rodrigues’ formulae, 216. 

Rotation, infinitesimal, 127. 

— of a vector, 258. 

— on a surface, sense of, 170. 

— round an axis, 124 — 126, 128, 129. 
Rotor of a vector, 151, 152, 155, 258. 

Scalar, 21. 

Scalar product, 46, 137, 

Shear, 128. 

Shearing strain, 283. 

Skew-symmetric system, 7. 

tensor, 24. 

Space-time, 285. 

— , generalised coordinates in, 286, 287. 
Stokes's theorem, 258, 259. 

Straight line, 68 et seq. 

, in curvilinear coordinates, 161. 
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Strain, homogeneous, 120 et seq. 

— , mfinitesimal, 271—274. 

— potential, 282. 

— , pure, 123, 127, 272, 273. 

— quadric, 127, 273. 274. 

— tensor, 272, 273, 307, 308. 

, velocity, 281. 

types of, 283. 

Stress, analysis of, 274, 275. 

— quadric, 275, 

— tensor, 274, 275, 308. 

Summation convention, 3. 

Surface, curves on, 207 efc scq. 

— fundamental formnlse of, 193 et seq. 
groundforms of, 195, 201, 202. 

— , intrinsic geometry of, 103 et seq. 
—.particle on, 220, 227. 

— tensors, 166. 

Surfaces, coordinate, 131. 

— , equipotential, 261. 

— , minimal, 21G. 

Susceptibility tensor, 262. 

, magnetic, 264. 

Symbols, Cliristoffel, in space, 141—143. 

— , — , in space-time, 290. 

— , — , on a surface, 173, 174. 

Symmetric systems, 6. 

— tensors, 24. 

Systems, 2, B. 

—.addition of, 5. 

— , components of, 2. 

—.contraction of, 5. 

— , multiplication of, 5. 

Tangent plane to a cone, 28, 29. 

to a quadric, 105, 114, 

— vector of a curve, 150, 157, 150, 184. 

— vectors to a surface, 194, 195. 
Tangential equation of conic, 77. 

Tensor, as coefficients of a multilinear form, 

27. 

— , definition of, 20—23, 32. 

— density, 139, 

— differentiation, 199. 

— equation, 25. 

— -fields, 133. 

— , oovariaut derivative of, 146, 147. 
—.intrinsic derivative of, 147. 

— , metric, in space, 134, 135, 

— , — , on a surface, 167. 

— , lliemann-Cliristoffel, 152—164, 182, 183. 
Tensors, absolute, 28. 

— , addition of, 24, 25, 29. 

—, associated, 135, 

— , contraction of, 25, 26, 29. 

— , multiplication of, 25, 29. 

— , relative or weiglited, 28, 

— , surface, 166, 

—, world, 287. 


Three-systems, skew-symmetric, 7, 8. 
Torsion, geodesic, 215. 

— of a curve, 158, 159. 

Total curvature of a surface, 183. 
Trajectoiiei ' ‘ ‘""l- 

Trajectory ■ ■ ' . 140—240, 

— of a particle, 218, 225. 

Transformations, affine, 120 cfe scq. 

functional, 30, 31. 

— , linear, 19, 

Triad, orientation of, 47, 48, 138. 

Umbilics on a sm’faco, 216, 

Unit planes, 62. 

— points, 38. 

Vector, contravariant, 21. 

— , covariant, 21, 22. 

— , curl of, 151, 152, 165, 258. 

— , derivatives of, 143—146, 

— , divergence of, 161, 155, 250, 257, 

— -fields, 133. 

, parallel, in space, 340™ J 42, 146, 346. 

, — , on a surface, 178—180. 

— , magnitude of, 42, 135. 

— potential, 269. 

— product, 47, 48, 137. 

— , tangent, of a curve, 156, 157, 159, 
Vectors, normal, to a curve, 157, 158. 

— , orthogonal, 137, 

— , parallel, in space, 160. 

, with respect to a surface, 178—180. 

, world, 2S7. 

Velocity of point of rigid body, 129. 
potential of a fluid, 278. 

— strain tensor, 281. 

™ vector, 218, 219, 305. 

— vector, generalised, 243, 247. 

.surface, 226. 

.world, 294. 

Versor, 42. 

Viscosity, eoeffiejents of, 281. 
tensor, 2S1, 

Viscous fluid, 280— 2H2, 

Volume, clement of, 239. 

Volumes, 49, 

Vortex vc(5tor, 277. 

Wcingarfceii's formulas, 201, 202. 

W<‘ight oi a tensor, 28. 

Wclgljted tensors, 28, 20. 

Work of a force system, 220, 221, 244. 
World accoleration vector, 296. 
force vector, 295. 
line, 294, 
tensors, 287. 

— velocity VGCtov, 294. 


Young's modulus, 284, 
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